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a 
The forces created by wind and water on the sails and keel of a sailboat determine the direction in which the boat travels. Forces such as 
these are conveniently represented by vectors because they have both magnitude and direction. In Exercise 12.3.52 you are asked to 
compute the work done by the wind in moving a sailboat along a specified path. 
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Vectors and 
the Geometry of Space 


IN THIS CHAPTER WE INTRODUCE vectors and coordinate systems for three-dimensional space. 
This will be the setting for our study of the calculus of curves in space and of functions of two 
variables (whose graphs are surfaces in space) in Chapters 13—16. Here we will also see that 
vectors provide particularly simple descriptions of lines and planes in space. 
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12.1 


FIGURE 1 


Coordinate axes 


FIGURE 2 
Right-hand rule 


FIGURE 3 


FIGURE 4 


Three-Dimensional Coordinate Systems 


To locate a point in a plane, we need two numbers. We know that any point in the plane 
can be represented as an ordered pair (a, b) of real numbers, where a is the x-coordinate 
and b is the y-coordinate. For this reason, a plane is called two-dimensional. To locate a 
point in space, three numbers are required. We represent any point in space by an ordered 
triple (a, b, c) of real numbers. 


E 3D Space 


In order to represent points in space, we first choose a fixed point O (the origin) and three 
directed lines through O that are perpendicular to each other, called the coordinate axes 
and labeled the x-axis, y-axis, and z-axis. Usually we think of the x- and y-axes as being 
horizontal and the z-axis as being vertical, and we draw the orientation of the axes as in 
Figure 1. The direction of the z-axis is determined by the right-hand rule as illustrated 
in Figure 2: if you curl the fingers of your right hand around the z-axis in the direction of 
a 90° counterclockwise rotation from the positive x-axis to the positive y-axis, then your 
thumb points in the positive direction of the z-axis. 

The three coordinate axes determine the three coordinate planes illustrated in Fig- 
ure 3(a). The xy-plane is the plane that contains the x- and y-axes; the yz-plane contains 
the y- and z-axes; the xz-plane contains the x- and z-axes. These three coordinate planes 
divide space into eight parts, called octants. The first octant, in the foreground, is deter- 
mined by the positive axes. 


(a) Coordinate planes (b) 


Because many people have some difficulty visualizing diagrams of three-dimensional 
figures, you may find it helpful to do the following [see Figure 3(b)]. Look at any bottom 
corner of a room and call the corner the origin. The wall on your left is in the xz-plane, 
the wall on your right is in the yz-plane, and the floor is in the xy-plane. The x-axis runs 
along the intersection of the floor and the left wall. The y-axis runs along the intersection 
of the floor and the right wall. The z-axis runs up from the floor toward the ceiling along 
the intersection of the two walls. You are situated in the first octant, and you can now 
imagine seven other rooms situated in the other seven octants (three on the same floor 
and four on the floor below), all connected by the common corner point O. 

Now if P is any point in space, let a be the (directed) distance from the yz-plane to P, 
let b be the distance from the xz-plane to P, and let c be the distance from the xy-plane to 
P. We represent the point P by the ordered triple (a, b, c) of real numbers and we call 
a, b, and c the coordinates of P; a is the x-coordinate, b is the y-coordinate, and c is the 
z-coordinate. Thus, to locate the point (a, b, c), we can start at the origin O and move 
a units along the x-axis, then b units parallel to the y-axis, and then c units parallel to the 
z-axis as in Figure 4. 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


FIGURE 5 


FIGURE 7 


SECTION 12.1 Three-Dimensional Coordinate Systems 831 


The point P(a, b, c) determines a rectangular box as in Figure 5. If we drop a perpen- 
dicular from P to the xy-plane, we get a point Q with coordinates (a, b, 0) called the pro- 
jection of P onto the xy-plane. Similarly, R(0, b, c) and S(a, 0, c) are the projections of 
P onto the yz-plane and xz-plane, respectively. 

As numerical illustrations, the points (—4, 3, —5) and (3, —2, —6) are plotted in Fig- 
ure 6. 


FIGURE 6 


The Cartesian product R X R X R = {(x, y, z) | x, y, z © R} is the set of all ordered 
triples of real numbers and is denoted by R°. We have given a one-to-one correspon- 
dence between points P in space and ordered triples (a, b, c) in R°. It is called a three- 
dimensional rectangular coordinate system. Notice that, in terms of coordinates, the 
first octant can be described as the set of points whose coordinates are all positive. 


E Surfaces and Solids 


In two-dimensional analytic geometry, the graph of an equation involving x and y is a 
curve in R’. In three-dimensional analytic geometry, an equation in x, y, and z represents 
a surface in R°. 


EXAMPLE 1 What surface in R? is represented by each of the following equations? 
(a) z=3 (b) y=5 


SOLUTION 

(a) The equation z = 3 represents the set {(x, y, z) | z = 3}, which is the set of all 
points in R? whose z-coordinate is 3 (x and y can each be any value). This is the hori- 
zontal plane that is parallel to the xy-plane and three units above it as in Figure 7(a). 


(a) z= 3, a plane in R°? (b) y = 5, a plane in R? 


(b) The equation y = 5 represents the set of all points in R? whose y-coordinate is 5. 
This is the vertical plane that is parallel to the xz-plane and five units to the right of it as 
in Figure 7(b). E 
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(2, 0, 0) 


(a) In R?, x = 2 is a plane. 
YA 
> 
0 2 x 
(b) In R?, x = 2 is a line. 
FIGURE 8 
ZA 


FIGURE 9 


The circle x? + y? = 1, z 


CHAPTER 12 Vectors and the Geometry of Space 


NOTE When an equation is given, we must understand from the context whether it rep- 
resents a curve in R? or a surface in R*. For example, x = 2 represents a plane in R°, but 
of course x = 2 can also represent a line in R? if we are dealing with two-dimensional 
analytic geometry. See Figure 8. 

In general, if k is a constant, then x = k represents a plane parallel to the yz-plane, 
y = kis a plane parallel to the xz-plane, and z = k is a plane parallel to the xy-plane. In 
Figure 5, the faces of the rectangular box are formed by the three coordinate planes 


x = 0 (the yz-plane), y = O (the xz-plane), and z = 0 (the xy-plane), and the planes 
x =a, y = b, and z = c. 
EXAMPLE 2 


(a) Which points (x, y, z) satisfy the equations 


xX +y =l and z=3 


(b) What does the equation x? + y? = 1 represent as a surface in R*? 
(c) What solid region in R° is represented by the inequalities x? + y? < 1,2 < z 


SOLUTION 

(a) Because z = 3, the points lie in the horizontal plane z = 3 from Example 1(a). 
Because x* + y* = 1, the points lie on the circle with radius 1 and center on the z-axis. 
See Figure 9. 


<= 


Z| 


4? 


(b) Given that x? + y? = 1, with no restriction on z, we see that the point (x, y, z) 
could lie on a circle in any horizontal plane z = k. So the surface x? + y? = 1 in R? 
consists of all possible horizontal circles x? + y? = 1,z = k, and is therefore the circu- 
lar cylinder with radius 1 whose axis is the z-axis. See Figure 10. 


(c) Because x? + y? < 1, any point (x, y, z) in the region must lie on or inside the 
circle of radius 1, centered on the z-axis, in a horizontal plane z = k. We are given that 
2 < z < 4, so the given inequalities represent the portion of the solid circular cylinder 
of radius 1, with axis the z-axis, that lies on or between the planes z = 2 and z = 4. See 
Figure 11. 


—_ z 
O N 
y 
A 
FIGURE 10 FIGURE 11 
The cylinder x? + y? = 1 The solid region x? + y? < 1, 
2szs4 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


SECTION 12.1 Three-Dimensional Coordinate Systems 833 


EXAMPLE 3 Describe and sketch the surface in R? represented by the equation y = x. 


SOLUTION The equation represents the set of all points in R* whose x- and 
y-coordinates are equal, that is, {(x, x, z) | x E R, z € R}. This is a vertical plane that 
intersects the xy-plane in the line y = x, z = 0. The portion of this plane that lies in the 
first octant is sketched in Figure 12. E 


E Distance and Spheres 


The familiar formula for the distance between two points in a plane is easily extended to 
the following three-dimensional formula. 


FIGURE 12 
Part of the plane y = x Distance Formula in Three Dimensions The distance | P,P, | between the 
points Pi(xı, yi, zı) and Pa(x2, Y2; z2) is 
| PiP2| = V = 1)? + 2 — yP + (2 — 21) 
ZA To see why this formula is true, we construct a rectangular box as in Figure 13, where 


P, and P, are opposite vertices and the faces of the box are parallel to the coordinate 
planes. If A(x2, yı, 21) and B(x2, y2, zı) are the vertices of the box indicated in the figure, 
then 


|Pi\A| = |x. — xı | |AB| =|» — yi| | BP2| = |z — zı | 


Because triangles P, BP; and P,AB are both right-angled, two applications of the Pythago- 
rean Theorem give 


| P:P2|? = | PiB|* + | BP2|? 
FIGURE 13 and | PiB|? =|PiA|? + |AB|? 
Combining these equations, we get 
| P:Ps|? =|P,A|? + |AB|? + | BP2|? 
= |a= ai)? + [ye = y > [ae = ai 


= (x2 = x1) + (y2 = yY + (z2 = ay 


ZA 
P(x, y, Z) Therefore | PiP2| = V(x = x1)? + (y2 = yi)? + (zo = z) 
A 
a EXAMPLE 4 The distance from the point P(2, — 1, 7) to the point Q(1, —3, 5) is 
|Po|= JO - 2} + (-3+ 1} + 6-72 = y1 +444 =3 m 
A sphere with radius r and center C(h, k, L) is defined as the set of all points P(x, y, z) 
0 whose distance from C is r. (See Figure 14.) Thus P is on the sphere if and only if 
, i | PC| = r, that is 
x 
y V(x- hP + (y-k? +(z-1} =r 
FIGURE 14 Squaring both sides, we have the following result. 
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834 CHAPTER 12 Vectors and the Geometry of Space 


Equation of a Sphere An equation of a sphere with center C(h, k, l) and radius r 


is 
(x -hP + (y-k? + (z-i =r 


In particular, if the center is the origin O, then an equation of the sphere is 


rPtyt+2?=r 


EXAMPLE 5 Find an equation of the sphere with center (3, — 1, 6) that passes through 
the point (5, 2, 3). 


SOLUTION The radius r of the sphere is the distance between the points (3, — 1, 6) 
and (5, 2, 3): 


r= (5 — 3? + [2 — (-DP + 3 — 6? = 22 
Then an equation of the sphere is 
= 3) + y=) + G6) =(/22) 
or (x — 3? + (y + 1? + (z — 6) = 22 | 


EXAMPLE 6 Show that x? + y? + z? + 4x — 6y + 2z + 6 = Ois the equation of a 
sphere, and find its center and radius. 


SOLUTION We can rewrite the given equation in the form of an equation of a sphere if 
we complete squares: 


II 


(x? + 4x + 4) + (y? = 6y + 9) + (? + 2z + 1)=-6+4+9+1 


II 


(x+ 2? + (y-3f+(z+1ř=8 


Comparing this equation with the standard form, we see that it is the equation of a 
sphere with center (—2, 3, — 1) and radius /8 = 2/2. E 
EXAMPLE 7 What region in R° is represented by the following inequalities? 
lsx +y +z Ss4 50 
SOLUTION The inequalities 
1s x +y +z Ss4 


can be rewritten as 


lLayr ty tr <2 


so they represent the points (x, y, z) whose distance from the origin is at least 1 and at 
most 2. But we are also given that z < 0, so the points lie on or below the xy-plane. 
Thus the given inequalities represent the region that lies between (or on) the spheres 

x? + y? + 2? = Land x? + y? + z? = 4 and beneath (or on) the xy-plane. It is 
FIGURE 15 sketched in Figure 15. a 
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SECTION 12.1 Three-Dimensional Coordinate Systems 835 


12.1 | Exercises 


1. Suppose you start at the origin, move along the x-axis a dis- 
tance of 4 units in the positive direction, and then move 
downward a distance of 3 units. What are the coordinates 
of your position? 


2. Sketch the points (1, 5, 3), (0, 2, —3), (—3, 0, 2), and 
(2, —2, —1) ona single set of coordinate axes. 


3. Which of the points A(—4, 0, —1), B(3, 1, —5), and C(2, 4, 6) 
is closest to the yz-plane? Which point lies in the xz-plane? 


4. What are the projections of the point (2, 3, 5) on the xy-, yz-, 
and xz-planes? Draw a rectangular box with the origin and 
(2, 3, 5) as opposite vertices and with its faces parallel to the 
coordinate planes. Label all vertices of the box. Find the 
length of the diagonal of the box. 


5. What does the equation x = 4 represent in R’? What does it 
represent in R°? Illustrate with sketches. 


6. What does the equation y = 3 represent in R°? What does 
z = 5 represent? What does the pair of equations y = 3, 
z = 5 represent? In other words, describe the set of points 
(x, y, z) such that y = 3 and z = 5. Illustrate with a sketch. 


7. Describe and sketch the surface in R? represented by the 
equation x + y = 2. 


8. Describe and sketch the surface in R? represented by the 
equation x? + z? = 9, 


9-10 Find the distance between the given points. 


9. (3,5, —2), (=1,1,—=4) 10. (—6,—3,0), (2,4,5) 


11-12 Find the lengths of the sides of the triangle POR. Is it a 
right triangle? Is it an isosceles triangle? 


11. PG, —2,—3), Q(7,0,1), RQ, 2,1) 
12. PQ, =1, 0), Q(4,1,1), R(4, —5,4) 


18. Find an equation of the sphere that passes through the origin 
and whose center is (1, 2, 3). 


19-22 Show that the equation represents a sphere, and find its 
center and radius. 


19. x? +y? +z +8x-2z=8 

20. x? + y? + z? = 6x — 4y — 10z 

GD 2x? + 2y? + 227 - 2x + 4y+1=0 
22. 4x? + 4y? + 42? = 16x — 6y — 12 


23. Midpoint Formula Prove that the midpoint of the line seg- 
ment from P;(x1, yi, 21) to P2(X2, Y2, Z2) is 


24. Use the Midpoint Formula in Exercise 23 to find the center of 
a sphere if one of its diameters has endpoints (5, 4, 3) and 
(1, 6, —9). Then find an equation of the sphere. 


25. Find an equation of the sphere with center (—1, 4, 5) that 
just touches (at only one point) the (a) xy-plane, (b) yz-plane, 
and (c) xz-plane. 


26. Which coordinate plane is closest to the point (7, 3, 8)? Find 
an equation of the sphere with center (7, 3, 8) that just 
touches (at one point) that coordinate plane. 


27-42 Describe in words the region of R° represented by the 
equation(s) or inequalities. 


@3) Determine whether the points lie on a straight line. 
(a) A(2, 4,2), B(3,7,—2), C(I, 3,3) 
(b) D(O, —5,5), E(1,—2,4), F(, 4,2) 


14. Find the distance from (4, —2, 6) to each of the following. 
(a) The xy-plane (b) The yz-plane 
(c) The xz-plane (d) The x-axis 
(e) The y-axis (f) The z-axis 

(5) Find an equation of the sphere with center (—3, 2, 5) and 
radius 4. What is the intersection of this sphere with the 
yz-plane? 

16. Find an equation of the sphere with center (2, —6, 4) and 


radius 5. Describe its intersection with each of the coordinate 
planes. 


17. Find an equation of the sphere that passes through the point 
(4, 3, —1) and has center (3, 8, 1). 


27. z = -2 28. x=3 

29. y> 1 30. x< 4 

31. -11sx <2 32. z=y 

33. x + y =4, z=-1 34. x +y’ =4 

@ +z <25 36. xP +2 <25, 0Sy<2 


37. x +y4+27=4 
@isr+y+275 40. 


41..0<5x<3,0Sys3,02z 


0 
38. x? +y? +z <4 
+ 


IN 
we 


42.x°+y? +27 >22 


43-46 Write inequalities to describe the region. 
43. The region between the yz-plane and the vertical plane x = 5 


44. The solid cylinder that lies on or below the plane z = 8 and 
on or above the disk in the xy-plane with center the origin 
and radius 2 


45. The region consisting of all points between (but not on) the 
spheres of radius r and R centered at the origin, where r < R 
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836 CHAPTER 12 Vectors and the Geometry of Space 


46. The solid upper hemisphere of the sphere of radius 2 centered 48. Consider the points P such that the distance from P to 


at the origin 


A(—1, 5, 3) is twice the distance from P to B(6, 2, —2). Show 


that the set of all such points is a sphere, and find its center 
and radius. 


47. The figure shows a line L, in space and a second line L2, which 


is the projection of Lı onto the xy-plane. (In other words, the 


149. Find an equation of the set of all points equidistant from the 


points on L, are directly beneath, or above, the points on Lı.) points A(—1, 5, 3) and B(6, 2, —2). Describe the set. 

(a) Find the coordinates of the point P on the line L;. 

(b) Locate on the diagram the points A, B, and C, where 50. Find the volume of the solid that lies inside both of the 
the line L; intersects the xy-plane, the yz-plane, and the spheres 


xz-plane, respectively. 


A 


FIGURE 1 


Equivalent vectors 


C 


A 
FIGURE 2 


12.2 


and X +ty +z = 


51. Find the distance between the spheres x? + y* + z* = 4 and 
2 


x? + y? +77 [= 4x + 4y+ 42-11. 


52. Describe and sketch a solid with the following properties: 
When illuminated by rays parallel to the z-axis, its shadow is 
a circular disk. If the rays are parallel to the y-axis, its shadow 
is a square. If the rays are parallel to the x-axis, its shadow is 
an isosceles triangle. 


Vectors 


The term vector is used in mathematics and the sciences to indicate a quantity that has 
both magnitude and direction. For instance, to describe the velocity of a moving object, 
we must specify both the speed of the object and the direction of travel. Other examples 
of vectors include force, displacement, and acceleration. 


E Geometric Description of Vectors 


A vector is often represented by an arrow or a directed line segment. The length of the 
arrow represents the magnitude of the vector and the arrow points in the direction of the 
vector. We denote a vector by printing a letter in boldface (v) or by putting an arrow 
above the letter (v). 

For instance, suppose a particle moves along a line segment from point A to point B. 
The corresponding displacement vector v, shown in Figure 1, has initial point A (the tail) 


and terminal point B (the tip) and we indicate this by writing v = AB. Notice that the 
— 


vector u = CD has the same length and the same direction as v even though it is in a 
different position. We say that u and v are equivalent (or equal) and we write u = v. 
The zero vector, denoted by 0, has length 0. It is the only vector with no specific 
direction. 

We will often find it useful to combine vectors. For example, suppose a particle moves 

— 
from A to B with displacement vector AB, and then the particle changes direction and 
— 

moves from B to C, with displacement vector BC, as shown in Figure 2. The combined 
effect of these displacements is that the particle has moved from A to C. The resulting 


— — = 
displacement vector AC is called the sum of AB and BC and we write 


— — — 
AC = AB + BC 
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In general, if we start with vectors u and v, we first place v so that its tail coincides 
with the tip of u and define the sum of u and v as follows. 


Definition of Vector Addition If u and v are vectors positioned so the initial 
point of v is at the terminal point of u, then the sum u + vis the vector from the 


initial point of u to the terminal point of v. 


The definition of vector addition is illustrated in Figure 3. You can see why this defi- 
nition is sometimes called the Triangle Law. 


u 
uty oa = 
v 
u u 
FIGURE 3 FIGURE 4 
Triangle Law Parallelogram Law 


In Figure 4 we start with the same vectors u and v as in Figure 3 and draw another 
copy of v with the same initial point as u. Completing the parallelogram, we see that 
u + y = v + u. This also gives another way to construct the sum: if we place u and v so 
they start at the same point, then u + v lies along the diagonal of the parallelogram with 
u and v as sides. (This is called the Parallelogram Law.) 


a "S EXAMPLE 1 Draw the sum of the vectors a and b shown in Figure 5. 
a b 
SOLUTION First we place b with its tail at the tip of a, being careful to draw a copy of b 
that has the same length and direction. Then we draw the vector a + b [see Figure 6(a)] 
starting at the initial point of a and ending at the terminal point of the copy of b. 


FIGURE 5 Alternatively, we could place b so it starts where a starts and construct a + b by the 
Parallelogram Law as shown in Figure 6(b). 


FIGURE 6 (a) (b) E 


We now define multiplication of a vector v by a real number c. In this context we call 
the real number c a scalar to distinguish it from a vector. For instance, we want the sca- 
lar multiple 2v to be the same vector as the sum v + v, which has the same direction as 
v but is twice as long. In general, we multiply a vector by a scalar as follows. 


Definition of Scalar Multiplication If c is a scalar and v is a vector, then the 
scalar multiple cv is the vector whose length is |c | times the length of v and 


whose direction is the same as v if c > 0 and is opposite to v if c < 0. If c = 0 or 
v = 0, then cy = 0. 
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FIGURE 7 


Scalar multiples of v 


FIGURE 8 
Drawing the difference u — v 


This definition is illustrated in Figure 7. We see that real numbers work like scaling fac- 
tors here; that’s why we call them scalars. Notice that two nonzero vectors are parallel 
if they are scalar multiples of one another. In particular, the vector —v = (—1)v has the 
same length as v but points in the opposite direction. We call it the negative of v. 


a Sf» Sf 


By the difference u — v of two vectors we mean 
u — v =u + (—y) 


For the vectors u and v shown in Figure 8(a), we can construct the difference u — v by 
first drawing the negative of v, —v, and then adding it to u by the Parallelogram Law as 
in Figure 8(b). Alternatively, since v + (u — v) = u, the vector u — v, when added to v, 
gives u. So we could construct u — v as in Figure 8(c) by means of the Triangle Law. 
Notice that if u and v both start from the same initial point, then u — v connects the tip 
of v to the tip of u. 


(a) (b) 


EXAMPLE 2 Ifa and b are the vectors shown in Figure 9, draw a — 2b. 


SOLUTION We first draw the vector —2b pointing in the direction opposite to b and 
twice as long. We place it with its tail at the tip of a and then use the Triangle Law to 
draw a + (—2b) as shown in Figure 10. 


R a 


FIGURE 9 FIGURE 10 E 


a— 2b 


E Components of a Vector 


For some purposes it’s convenient to introduce a coordinate system that allows us to treat 
vectors algebraically. If we place the initial point of a vector a at the origin of a rectan- 
gular coordinate system, then the terminal point of a has coordinates of the form (a1, a2) 
or (a, a2, a3), depending on whether our coordinate system is two- or three-dimensional 
(see Figure 11). These coordinates are called the components of a and we write 


a= (a, a>) or a= (ai, da, a3) 
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We use the notation (a, a2) for the ordered pair that refers to a vector so as not to confuse 
it with the ordered pair (a), a2) that refers to a point in the plane. 


(4), a2) 

a | 

| 

> | 

0 x P JJ 

FIGURE 11 a= (a, a) a= (dj, a», a3) 
(4, 5) For instance, all of the vectors shown in Figure 12 are equivalent to the vector 
-5 

OP = (3, 2) whose terminal point is P(3, 2). What they have in common is that the 
P(3, 2) terminal point is reached from the initial point by a displacement of three units to the 


right and two upward. We can think of all these geometric vectors as representations 


> of the algebraic vector a = (3, 2). The particular representation OP from the origin to 
maa the point P(3, 2) is called the position vector of the point P. 
In three dimensions, the vector a = OP = (a), a2, a3) is the position vector of the 
point P(aı, a, a3). (See Figure 13.) Let’s consider any other representation of a by a 
FIGURE 12 directed line segment AB with initial point A(x, yı, zı) and terminal point B(x, yo, z2). 
: Then we must have x; + ad; = x2, yı + a2 = yo, and zı + a3 = z and so ad; = x2 — Xi, 
Representations of a = (3, 2) ; 
a) = yo — yı, and a3 = z2 — zı. Thus we have the following result. 
ZA 
position [1] Given the points A(x, yı, zı) and B(x2, y2, z2), the vector a with represen- 
venir or E tation AB is 
P(d,, dy, a3) a = (x2 — X1, Y2 — Yn 22 — 21) 


EXAMPLE 3 Find the vector represented by the directed line segment with initial 
point A(2, —3, 4) and terminal point B(—2, 1, 1). 


FIGURE 13 SOLUTION By (1), the vector corresponding to AB is 
Representations of a = (ai, a2, a3) 
a = (-2 -— 2,1 — (—3), 1 — 4) = (-4, 4, —3) E 


xs Alx, y,z) B(x +a, y +a, z+ as) 


The magnitude or length of the vector v is the length of any of its representations and 
is denoted by the symbol |v| or ||v ||. By using the distance formula to compute the 
length of a segment OP, we obtain the following formulas. 


The length of the two-dimensional vector a = (a, a2) is 


lal = Va FaF 


The length of the three-dimensional vector a = (a1, a2, a3) is 


EJ =J ta ta 
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(a, + by, dy + by) 


ay 


FIGURE 14 


l 
l 
l 
J 


dı ca, 


FIGURE 15 


Vectors in n dimensions are used to 
list various quantities in an organized 
way. For instance, the components of 
a six-dimensional vector 


P = (Pi, P2, P3, P4, Ps, Po) 


might represent the prices of six 
different ingredients required to 
make a particular product. Four- 
dimensional vectors (x, y, z, t} are 
used in relativity theory, where the 
first three components specify a 
position in space and the fourth 
represents time. 


CHAPTER 12 Vectors and the Geometry of Space 


How do we add vectors algebraically? Figure 14 shows that if a = (a, a2) and 
b = (bı, b2), then their sum isa + b = (a, + bı, a) + bz), at least for the case where the 
components are positive. In other words, to add algebraic vectors we add corresponding 
components. Similarly, to subtract vectors we subtract corresponding components. From 
the similar triangles in Figure 15 we see that the components of ca are ca; and caz. So 
to multiply a vector by a scalar we multiply each component by that scalar. 


Ifa= (ai, a2) and b = (bi, bo), then 
a + b= (a, + bi, a + b2) a 


b = (a, — bi, a2 — bz) 
ca = (ca, car) 


Similarly, for three-dimensional vectors, 


(ai, a2, a3) + (hi, bo, b3) = (a + bi, a2 + bo, a3 + b3) 


(di, a2, a3) — (bi, bo, b3} = (ay 


c(a, a2, a3) = (cai, cad, cas) 


bi, a2 bo, a3 b3) 


EXAMPLE 4 Ifa = (4, 0,3) and b = ( —2, 1, 5), find |a | and the vectors a + b, 
a — b, 3b, and 2a + 5b. 


SOLUTION |a| = /42 + 02 + 32 = 25 =5 


a + b = (4,0, 3) + (2, 1, 5) 
= (4 + (—2),0 + 1,3 + 5) = (2, 1, 8) 
a — b = (4,0, 3) — (—2, 1, 5) 
= (4 — (-2),0 — 1,3 — 5) = (6, —1, —2) 


3b = 3(-2, 1, 5) = (3(—2), 3(1), 3(5)) = (—6, 3, 15) 


2a + 5b = 2(4, 0, 3) + 5(—2, 1, 5) 
= (8, 0, 6) + (—10, 5, 25) = (—2, 5, 31) a 


We denote by V, the set of all two-dimensional vectors and by V; the set of all three- 
dimensional vectors. More generally, we will later need to consider the set V, of all 
n-dimensional vectors. An n-dimensional vector is an ordered n-tuple: 


a = (ai, d2,...,4n) 


where aj, d2,..., An are real numbers that are called the components of a. Addition and 
scalar multiplication in V, are defined in terms of components just as for the cases n = 2 
andn = 3. 


Properties of Vectors Ifa, b, and c are vectors in V, and c and d are scalars, 
then 


la+b=bta 
3.a+0=a 

5. cla + b) = ca + cb 
7. (cd)a = c(da) 


2. a + (b +c¢c)=(a+b)+ce 


4. a+ (-a) =0 
6. (c + d)a = ca + da 
8. la=a 
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These eight properties of vectors can be readily verified either geometrically or alge- 
braically. For instance, Property 1 can be seen from Figure 4 (it’s equivalent to the Paral- 
lelogram Law) or as follows for the case n = 2: 


a + b = (a), a2) + (bi, bo) = (a, + bı, a2 + b2) 
= (by + ay, b2 + ar) = (hi, br) + (ai, ar) 
Q =bt+a 
c 


We can see why Property 2 (the associative law) is true by looking at Figure 16 and 


(arbre applying the Triangle Law several times: the vector PÒ is obtained either by first con- 
=at+(b+ce) b structing a + b and then adding c or by adding a to the vector b + c. 
Three vectors in V3 play a special role. Let 
P a i= (1,0,0) j = (0, 1,0) k = (0,0, 1) 
FIGURE 16 
These vectors i, j, and k are called the standard basis vectors. They have length 1 and 
point in the directions of the positive x-, y-, and z-axes. Similarly, in two dimensions we 
define i = (1, 0) and j = (0, 1). (See Figure 17.) 
y 
(0, 1) 
3 (1, 0) 
of i x 
FIGURE 17 
Standard basis vectors in V2 and V3 (a) 


If a = (a1, a, a3), then we can write 
a = (ai, a2, a3) = (a), 0,0) + (0, a2, 0) + (0, 0, a3) 
= a,(1, 0,0) + a2(0, 1,0) + a3¢0, 0, 1) 
[2] a=aqitajt+ask 
Thus any vector in V3 can be expressed in terms of i, j, and k. For instance, 
(1, -2,6) =i — 2j + 6k 


Similarly, in two dimensions, we can write 


[3] a = (a, a) = ai + aj 
See Figure 18 for the geometric interpretation of Equations 3 and 2 and compare with 
Figure 17. 


EXAMPLE5 Ifa =i + 2j — 3k and b = 4i + 7k, express the vector 2a + 3b in 
terms of i, j, and k. 


SOLUTION Using Properties 1, 2, 5, 6, and 7 of vectors, we have 
(b) a= ait aj + ak 2a + 3b = 2(i + 2j — 3k) + 3(4i + 7k) 
FIGURE 18 = 2i + 4j — 6k + 12i + 21k = 14i + 4j + 15k E 
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A unit vector is a vector whose length is |. For instance, i, j, and k are all unit vectors. 


Gibbs In general, if a # 0, then the unit vector that has the same direction as a is 
Josiah Willard Gibbs (1839-1903), a 
professor of mathematical physics at 1 a 
Yale College, published the first book [4] u= [a] a= al 
on vectors, Vector Analysis, in 1881. 
More complicated objects, called qua- In order to verify this, we let c = 1/| a |. Then u = ca and c is a positive scalar, so u has 
ternions, had earlier been invented by . . 
a . the same direction as a. Also 
Sir William Rowan Hamilton as math- 
ematical tools for describing space, | | _ | | = | | | | jill | | =i 
but they weren't easy for scientists BS a= eel |a| aS 


to use. Quaternions have a scalar 


part and a vector part. Gibb’s idea . . A . . , : 
was to use the vector part separately. EXAMPLE 6 Find the unit vector in the direction of the vector 2i — j — 2k. 


Maxwell and Heaviside had similar . 
ideas; büt Gibb approach has-provedđ SOLUTION The given vector has length 


to be the most convenient way to |2i -j- 2k| = 2? + (-1)? + (-2)2 = /9 =3 
study space. 


so, by Equation 4, the unit vector with the same direction is 


}(2i — j — 2k) =3i-4j-—¢k E 


E Applications 


Vectors are useful in many aspects of physics and engineering. In Chapter 13 we will see 
how they describe the velocity and acceleration of objects moving in space. Here we first 
look at forces. 

A force is represented by a vector because it has both magnitude (measured in pounds 
or newtons) and direction. If several forces are acting on an object, the resultant force 
experienced by the object is the vector sum of these forces. 


EXAMPLE7 A 100-lb weight hangs from two wires as shown in Figure 19. Find the 
tensions (forces) T, and T, in the wires and the magnitudes of these tensions. 


\ 50° 32°. A 
A 


FIGURE 19 100} 


SOLUTION We first express T, and T; in terms of their horizontal and vertical compo- 
nents. From Figure 20 we see that 


A T, = —|T; | cos 50° i + |T: | sin 50° j 
A T; = [To] cos 32° + |T|sin 32° j 
The resultant T, + T, of the tensions counterbalances the weight w = — 100 j and so 


we must have 
T: + T: A 100j 


Thus 
(—|T;|cos 50° + |T2|cos 32°) i + (| T: |sin 50° + | T2|sin 32°) j = 100j 


FIGURE 20 


Equating components, we get 
—| T; |cos 50° + | T2|cos 32° = 0 
|T: |sin 50° + |T2|sin 32° = 100 


II 
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Ve 0 


FIGURE 21 


When describing directions for 
navigation, we often use a bearing, 
such as N 20° W, which means from 
the northerly direction, turn 20° 
toward west. (Note that a bearing 
always begins with either north or 
south.) 


12.2 | Exercises 
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Solving the first of these equations for | T» | and substituting into the second, we get 


| Ti|cos 50° 
— si 
cos 32° 


|T; | sin 50° + n 32° = 100 


in 32° 
|T,|{ sin 50° + cos 50° ———— ] = 100 
cos 32° 


So the magnitudes of the tensions are 


|T,| = 1o = 85.64 Ib 
! sin 50° + tan 32° cos 50° i 
T eo} 
aad |T,| = IT: [cos 50° _ 64.91 Ib 
cos 32° 


Substituting these values in (5) and (6), we obtain the tension vectors 
T, ~ —55.05i + 65.60j 
T: ~ 55.051 + 34.40j E 


If an airplane is flying in wind, then the true course, or track, of the plane is the direc- 
tion of the resultant of the velocity vectors of the plane and of the wind. The ground 
speed of the plane is the magnitude of the resultant. Similarly, a boat navigating through 
flowing water follows a true course in the direction of the resultant of the velocity vectors 
of the boat and of the water current. 


EXAMPLE 8 A woman launches a boat from the south shore of a straight river that 
flows directly west at 4 mi/h. She wants to land at the point directly across on the 
opposite shore. If the speed of the boat (relative to the water) is 8 mi/h, in what 
direction should she steer the boat in order to arrive at the desired landing point? 


SOLUTION Let’s choose coordinate axes with the origin at the initial position of the boat, 
as shown in Figure 21. The velocity of the river current is v. = —4i and, since the speed 
of the boat (in still water) is 8 mi/h, the boat’s velocity is v, = 8(cos 0i + sin 0 j), 
where 0 is as shown in the figure. The resultant velocity is 


v=wtv 
= 8 cos Oi + 8 sin 0 j — 4i = (—4 + 8 cos 0)i + (8 sin 0) j 


We want the true course of the boat to be directly north, so the x-component of v must 


be zero: 
—4 + 8cos 6 =0 => cos0 = 5 => 0 = 60° 


Thus the woman should steer the boat in the direction 0 = 60°, or N30°E. E 


1. Is each of the following quantities a vector or a scalar? (c) The initial flight path from Houston to Dallas 


Explain. 
(a) The cost of a theater ticket 


(b) The current in a river 


(d) The population of the world 


2. What is the relationship between the point (4, 7) and the 
vector (4, 7)? Illustrate with a sketch. 
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3. Name all the equal vectors in the parallelogram shown. 8. If the vectors in the figure satisfy |u| = |v| = 1 and 
u + v + w= 0, what is |w]? 


A B 
u 
w 
v 
D C 


9-14 Find a vector a with representation given by the directed 
4. Using the vectors shown in the figure, write each sum or dif- 


— — 
i line segment AB. Draw AB and the equivalent representation 
ference as a single vector. 


starting at the origin. 


w ABF RC (b) OD DB 9. A(—2, 1), BC, 2) 10. A(—5,-1), B(-3, 3) 
= => = => — 
(©) DB - AB (d DC + CA + AB 11. A3, —1), B(2,3) 12. A(3,2), B(1,0) 
A B @ 4G, -2,4), B(-2,3,0) 14. A(,0,-2), B(O, 5, 0) 
15-18 Find the sum of the given vectors and illustrate 
D geometrically. 
C 
15. (—1,4)}, (6, —2) 16. (3,—1), (—1,5) 
5. Copy the vectors in the figure and use them to draw the 17. (3,0, 1), (0, 8, 0) 18. (1,3, —2), (0, 0, 6) 

following vectors. 

a arth ose 19-22 Finda + b, 4a + 2b, |a|, and |a — b|. 

(c) ate (d) a-c 

© b+a+e (f) a-b—e a = (-3, 4, b= (9, -1) 


20. a=5i+3j, b=-i- 2j 


. a @ a = 4i -3j + 2k, b=2i-4k 


22. a = (8, 1, —4)}, b = (5, —2, 1) 


6. Copy the vectors in the figure and use them to draw the 23-25 Find a unit vector that has the same direction as the given 
following vectors. vector. 
(ay uty (b) uY 23. (6, —2) 24. —5i+ 3j-—k 
(c) 2u (d) —zVv ee 
(e) 3u+v ®© v—2u @) si -j + 4k 
o 26. Find the vector that has the same direction as (6, 2, —3) but 
has length 4. 
y 27-28 What is the angle between the given vector and the posi- 
tive direction of the x-axis? 
7. In the figure, the tip of ¢ and the tail of d are both the mid- 27.i+ /3j 28. 8i+ 6j 


point of QR. Express ¢ and d in terms of a and b. 


29. The initial point of a vector v in Vz is the origin and the termi- 
nal point is in quadrant II. If v makes an angle 57/6 with the 
positive x-axis and | v| = 4, find v in component form. 


30. Ifa child pulls a sled through the snow on a level path with a 
d force of 50 N exerted at an angle of 38° above the horizontal, 
Q find the horizontal and vertical components of the force. 
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iP A quarterback throws a football with angle of elevation 40° 
and speed 60 ft/s. Find the horizontal and vertical compo- 
nents of the velocity vector. 


32-33 Find the magnitude of the resultant force and the angle it 
makes with the positive x-axis. 


32. 33. 
; 201b 


> 
0 30° Ps 


34. A crane suspends a 500-Ib steel beam horizontally by support 
cables (with negligible weight) attached from a hook to each 
end of the beam. The support cables each make an angle of 
60° with the beam. Find the tension vector in each support 
cable and the magnitude of each tension. 


60° 60° 


(35. A block-and-tackle pulley hoist is suspended in a warehouse 
by ropes of lengths 2 m and 3 m. The hoist weighs 350 N. 
The ropes, fastened at different heights, make angles of 50° 
and 38° with the horizontal. Find the tension in each rope and 
the magnitude of each tension. 


50° 


2m 


36. The tension vector at each end of a chain has magnitude 25 N 
(see the figure). What is the weight of the chain? 


N a 


ne 7 
eae reels 
RS ZA 
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37. Three forces act on an object. Two of the forces are at an 
angle of 100° to each other and have magnitudes 25 N and 
12 N. The third is perpendicular to the plane of these two 
forces and has magnitude 4 N. Calculate the magnitude of the 
force that would exactly counterbalance these three forces. 


38. A rower wants to row her kayak across a channel that is 
1400 ft wide and land at a point 800 ft upstream from her 
starting point. She can row (in still water) at 7 ft/s and the 
current in the channel flows at 3 ft/s. 

(a) In what direction should she steer the kayak? 
(b) How long will the trip take? 


39. A pilot is steering a plane in the direction N 45° W at an air- 
speed (speed in still air) of 180 mi/h. A wind is blowing in 
the direction S 30° E at a speed of 35 mi/h. Find the true 
course and the ground speed of the plane. 


40. A ship is sailing west at a speed of 32 km/h and a dog is run- 
ning due north on the deck of the ship at 4 km/h. Find the 
speed and direction of the dog relative to the surface of the 
water. 


41. Find the unit vectors that are parallel to the tangent line to the 
parabola y = x? at the point (2, 4). 


42. (a) Find the unit vectors that are parallel to the tangent line to 
the curve y = 2 sin x at the point (7/6, 1). 
(b) Find the unit vectors that are perpendicular to the tangent 
line. 
(c) Sketch the curve y = 2 sin x and the vectors in parts (a) 
and (b), all starting at (7/6, 1). 


43. If A, B, and C are the vertices of a triangle, find 
— — — 
AB+BC+CA 
44. Let C be the point on the line segment AB that is twice as far 
= => => 
from B as it is from A. If a = OA, b = OB, and ¢ = OC, 
show that c = a + $b. 


45. (a) Draw the vectors a = (3, 2), b = (2, — 1}, ande = (7, 1). 
(b) Show, by means of a sketch, that there are scalars s and t 
such that c = sa + tb. 
(c) Use the sketch to estimate the values of s and t. 
(d) Find the exact values of s and t. 


46. Suppose that a and b are nonzero vectors that are not parallel 
and ¢ is any vector in the plane determined by a and b. Give 
a geometric argument to show that ¢ can be written as 
c = sa + tb for suitable scalars s and t. Then give an argu- 
ment using components. 


47. If r = (x, y, z) and ro = (xo, Yo, Zo), describe the set of all 
points (x, y, z) such that |r — ro| = 1. 


48. Ifr = (x, y}, ri = (xı, yi), and r2 = (x2, yo), describe the 
set of all points (x, y) such that |r — r,| + |r — r| = k, 
where k > |r; — r|. 
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49. 


50. 


51 


52 
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Figure 16 gives a geometric demonstration of Property 2 of the resulting ray is parallel to the initial ray. (Scientists have 
vectors. Use components to give an algebraic proof of this used this principle, together with laser beams and an array of 
fact for the case n = 2. corner reflectors on the moon, to calculate very precisely the 


Prove Property 5 of vectors algebraically for the case n = 3. distance iron Earth to Me moon) 


Then use similar triangles to give a geometric proof. 


Use vectors to prove that the line joining the midpoints of 
two sides of a triangle is parallel to the third side and half 
its length. 


Corner Reflectors Suppose the three coordinate planes are all 
mirrored, forming a corner reflector, and a light ray given by 
the vector a = (dj, a2, a3) first strikes the xz-plane, as shown 
in the figure. Use the fact that the angle of incidence equals 
the angle of reflection to show that the direction of the 
reflected ray is given by b = (a1, —a2, a3). Deduce that, after 
being reflected by all three mutually perpendicular mirrors, 


DISCOVERY PROJECT | THE SHAPE OF A HANGING CHAIN 


In Section 3.11 we stated that a heavy flexible chain or cable suspended between two points 
at the same height takes the shape of a curve called a catenary (a term reportedly coined by 
Thomas Jefferson) with equation y = a cosh(x/a). Here we use the interpretation of the deriv- 
ative as the slope of a tangent to derive this equation. 

Suppose that a chain (or cable) of uniform linear mass density p is hanging between two 
points, as shown in the figure. We place the origin at the vertex of the catenary, and let (x, y) be 
any point on the curve, x > 0. (By symmetry, if x < 0 we obtain a similar result.) 


YA 
n IM O M 
T, 
T 
(x, y) w T 
LIAA w 
z x 
T x 


Consider the section of the chain from the origin to (x, y). The forces that act on the section 
are the downward gravitational force w and the tensions To and T at each end of the section— 
each of which is tangent to the curve. Because the section of chain is in equilibrium, we know 
that 

To+T+w=0 


1. Let y = f(x) be the equation of the curve and let s(x) be the arc length function (Equa- 
tion 8.1.5) from the origin to the point (x, y). Show that T = (|To|, gps(x)), where g is 
the acceleration due to gravity. 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


SECTION 12.3 The Dot Product 847 


2. By interpreting dy/dx as the slope of a tangent at (x, y), show that 
dy _ s(x) 


dx a 
where a = | To |/(gp), a constant. 


3. Differentiate both sides of the differential equation in Problem 2 and use Equation 8.1.6 to 
obtain the second-order differential equation 


d’y T dy\ 
ais” a Ndx 


with initial conditions y(0) = 0 (the curve passes through the origin) and y’(0) = 0 (the 
tangent at the origin is horizontal). Solve this equation by first substituting z = dy/dx and 
then solving the resulting first-order differential equation. Conclude that the equation of the 
curve is 


z 
y =acosh——a 
a 


AY 4. Graph y = a cosh(x/a) — a for a = $, a = 1, and a = 3. How does the value of a affect 
the shape of the curve? 


12.3 | The Dot Product 


So far we have seen how to add two vectors and how to multiply a vector by a scalar. The 
question arises: is it possible to multiply two vectors so that their product is a useful 
quantity? One such product is the dot product, which we now define. Another is the cross 
product, which is discussed in the next section. 


E The Dot Product of Two Vectors 


To find the dot product of vectors a and b we multiply corresponding components and 
add. 


[1] Definition of the Dot Product If a = (a), a, a3) and b = (by, by, bz), then 
the dot product of a and b is the number a > b given by 


a-b= a,b, + dob + a3b3 


The dot product of two vectors is a real number, not a vector. For this reason, the dot 
product is sometimes called the scalar product (or inner product). Although Defini- 
tion 1 is given for three-dimensional vectors, the dot product of two-dimensional vectors 
is defined in a similar fashion: 


(ai, a) . (bi, b2) = a,b, + ab: 


EXAMPLE 1 
(2, 4) « 3, -1) = 2(3) + 4—1) =2 
(-1,7, 4) (6,2, -4) = (-1)(6) + 72) + 4(-4) = 6 
(i + 2j — 3k) - (2j — k) = 1(0) + 2(2) + (-—3)(-1) = 7 E 
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The dot product obeys many of the laws that hold for ordinary products of real num- 
bers. These are stated in the following theorem. 


[2] Properties of the Dot Product Ifa, b, and c are vectors in V3 and c isa 
scalar, then 


1.a-:a=|al’ 2.a:b=b-a 


3.a-(bt+ec)=—a-‘bta-e 4. (ca) + b = c(a » b) =a: (cb) 
5.0-a=0 


PROOF These properties are easily proved using Definition 1. For instance, here are 
the proofs of Properties 1 and 3: 


l.a:a=aj + a +a; = |a} 


3. a- (b + c) = lai, a2, a3) 7 (bı + Cis bo + Co, bs + c3) 


I 


ab, + cı) + a(b + c2) + a3(b3 + c3) 


= abı + aicı + azb2 + azc2 + a3b3 + a3c3 


I 


(ab, + axb + a3b3) + (aici + a2C2 + 4303) 
=a:‘bta-ce 


The proofs of the remaining properties are left as exercises. E 


The dot product a - b can be given a geometric interpretation in terms of the angle 6 
between a and b, which is defined to be the angle between the representations of a and 
b that start at the origin, where 0 < 6 < 7. In other words, 0 is the angle between the 
line segments OA and OB in Figure 1. Note that if a and b are parallel vectors, then 
0=00r0 =T. 

The formula in the following theorem is used by physicists as the definition of the dot 
product. 


FIGURE 1 [3] Theorem If 6 is the angle between the vectors a and b, then 


a: b= |a||b| cos 8 


The Law of Cosines is reviewed in PROOF If we apply the Law of Cosines to triangle OAB in Figure 1, we get 


Appendix D. 
[a] |AB|? = | OA? + | OB}? — 2|OA||OB| cos 6 


(Observe that the Law of Cosines still applies in the limiting cases when 0 = 0 or 7, or 


a = 0orb = 0.) But | OA| = |a|, |OB| = |b|, and |AB| = |a — b |, so Equation 4 
becomes 
[5] |a- bf = lal? +|b|?—2|a]|b]|cosð0 


Using Properties 1, 2, and 3 of the dot product, we can rewrite the left side of this 
equation as follows: 
|a- b 


? = (a — b)- (a — b) 
=a:‘a-—a:b—b:a+b:b 
=|a|? — 2a: b + |b| 
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Therefore Equation 5 gives 


Ja? — 2a -b + |b}? = |a|? + |b]? — 2/al|b| cos 6 


Thus —2a-b 


—2|a||b| cos 6 
or a-b=|a||b| cos 0 E 


EXAMPLE 2 If the vectors a and b have lengths 4 and 6, and the angle between them 
is 7/3, find a - b. 


SOLUTION Using Theorem 3, we have 
a: b= |al||b| cos(7/3) = 4-6-3 = 12 E 


The formula in Theorem 3 also enables us to find the angle between two vectors. 


[6] Corollary If 6 is the angle between the nonzero vectors a and b, then 


a:b 
cos 0 = ———— 
|a||b| 


EXAMPLE3 Find the angle between the vectors a = (2, 2, —1) and b = (5, —3, 2). 
SOLUTION Since 


la| = /22?+2?+(-12 =3 and |b| = /5? + (—3)? + 2? = /38 


and since 


a+b = 2(5) + 2(—3) + (-1D(2) = 2 


we have, from Corollary 6, 
a:b 2 


jal[b] 3/38 


cos 0 = 


So the angle between a and b is 


2 
= o(a) = 1.46 (or 84°) E 


3/38 


Two nonzero vectors a and b are called perpendicular or orthogonal if the angle 
between them is 6 = 7/2. Then Theorem 3 gives 


a: b= |a||b| cos(z/2) = 0 


and conversely if a + b = 0, then cos 0 = 0, so 0 = 77/2. The zero vector 0 is considered 
to be perpendicular to all vectors. Therefore we have the following method for determin- 
ing whether two vectors are orthogonal. 


Two vectors a and b are orthogonal if and only if a - b = 0. 
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EXAMPLE 4 Show that 2i + 2j — k is perpendicular to 5i — 4j + 2k. 
SOLUTION Since 
(2i + 2j — k) - (5i — 4j + 2k) = 2(5) + 2(-4) + (-1)(2) =0 


these vectors are perpendicular by (7). E 


hi Pee Because cos 0 > 0 if 0 <60 < m/2 and cos @ < 0 if 7/2 < 0 < m, we see that 
b 6 acute a: b is positive for 0 < 7/2 and negative for @ > 7/2. We can think of a - b as mea- 
suring the extent to which a and b point in the same direction. The dot product a - b is 
a ab =0 positive if a and b point in the same general direction, 0 if they are perpendicular, and 
a b 0= 2/2 negative if they point in generally opposite directions (see Figure 2). In the extreme case 
where a and b point in exactly the same direction, we have 0 = 0, so cos 0 = 1 and 
a a+b <0 a+b = |a||b| 
0 b 6 obtuse 
a If a and b point in exactly opposite directions, then we have 0 = ~ and so cos 0 = —1 


FIGURE 2 anda +b = —|a||b|. 


E Direction Angles and Direction Cosines 


The direction angles of a nonzero vector a are the angles a, B, and y (in the interval 
[0, 7]) that a makes with the positive x-, y-, and z-axes, respectively (see Figure 3). 

The cosines of these direction angles, cos a, cos B, and cos y, are called the direction 
cosines of the vector a. Using Corollary 6 with b replaced by i, we obtain 


a:-l dı 


cos a = = ET a 


lalli] fal 


(This can also be seen directly from Figure 3.) 
Similarly, we also have 


FIGURE 3 


[9] cos B = jal cos y = ja] 


By squaring the expressions in Equations 8 and 9 and adding, we see that 
cos°a + cos’ß + cos?y = 1 


We can also use Equations 8 and 9 to write 


a = ( a, G@, a3) = (Jal cos a, |a| cos 8, |a| cos y) 
= |a | (cos a, cos B, cos y) 
Therefore 
1 
[11] lal = (cos q, cos B, cos y) 


which says that the direction cosines of a are the components of the unit vector in the 
direction of a. 
EXAMPLE 5 Find the direction angles of the vector a = (1, 2, 3). 
SOLUTION Since |a| = y1? + 2? + 3? = 4/14, Equations 8 and 9 give 
2 3 
Vit cos y =s- 


Ja 


cos a = cos B = 


1 
v 14 
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E Projections 


Figure 4 shows representations PO and PR of two vectors a and b with the same initial 
point P. If S is the foot of the perpendicular from R to the line containing PQ, then the 
vector with representation PS is called the vector projection of b onto a and is denoted 
by proja b. (You can think of it as a shadow of b.) 

The scalar projection of b onto a (also called the component of b along a) is defined 
to be the signed magnitude of the vector projection, which is the number |b | cos 9, 
where 0 is the angle between a and b. (See Figure 5.) This is denoted by comp, b. 
Observe that it is negative if 7/2 < 0 < 7. The equation 


a-b =|a||b| cos @ =|a|(|b| cos 8) 


shows that the dot product of a and b can be interpreted as the length of a times the 
scalar projection of b onto a. Since 


a T =A ah 
la| a| 


FIGURE 4 


Vector projections 


the component of b along a can be computed by taking the dot product of b with the unit 
vector in the direction of a. We summarize these ideas as follows. 


Scalar projection of b onto a: compa b = 


|b| cos 6 = comp, b 


FIGURE 5 


Scalar projection 


Vector projection of b onto a: proja b = ( 


Notice that the vector projection is the scalar projection times the unit vector in the direc- 
tion of a. 


EXAMPLE 6 Find the scalar projection and vector projection of b = (1, 1, 2) 
onto a = (—2, 3, 1). 


SOLUTION Since |a| = /(—2)? + 3? + 1? = ¥/14, the scalar projection of b onto a 
is 


acb  (-2)(1) +30) +12) 3 


jal Jia is 


The vector projection is this scalar projection times the unit vector in the direction of a: 


. 3 a 3 3 9.3 
msm u == mm E 
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F 


FIGURE 6 


FIGURE 7 


12.3 | Exercises 


E Application: Work 


One use of projections occurs in physics in calculating work. In Section 6.4 we 
defined the work done by a constant force F in moving an object through a distance d as 
W = Fd, but this applies only when the force is directed along the line of motion of the 


2 
object. Suppose, however, that the constant force is a vector F = PR pointing in some 
other direction, as illustrated in Figure 6. If the force moves the object from P to Q, then 


the displacement vector is D = PO. The work done by this force is defined to be the 
product of the component of the force along D and the distance moved: 


W = (|F | cos 6)|D| 
But then, from Theorem 3, we have 
[12] W = |F| |D | cos 0 = F - D 


Thus the work done by a constant force F is the dot product F + D, where D is the dis- 
placement vector. 


EXAMPLE7 A wagon is pulled a distance of 100 m along a horizontal path by a 
constant force of 70 N. The handle of the wagon is held at an angle 35° above the 
horizontal. Find the work done by the force. 


SOLUTION If F and D are the force and displacement vectors, as pictured in Figure 7, 
then the work done is 


W=F-D=|F||D| cos 35° 
= (70)(100) cos 35° ~ 5734 N-m = 5734 J E 


EXAMPLE 8 A force is given by a vector F = 3i + 4j + 5k and moves a particle 
from the point P(2, 1, 0) to the point Q(4, 6, 2). Find the work done. 


SOLUTION The displacement vector is D = PO = (2,5, 2), so by Equation 12, the 
work done is 


W=F-D=(3,4,5) - (2,5,2) 
=6+ 20+ 10 = 36 


If the unit of length is meters and the magnitude of the force is measured in newtons, 
then the work done is 36 J. a 


1. Which of the following expressions are meaningful? Which 3. a = (1.5, 0.4}, b = (-4, 6) 
are meaningless? Explain. 


(a) (a- b)» c 
(c) |al(b -+ œ) 
(ec) ac: bt+e 


2-10 Finda b. 
2. a= (5, —2), 


(b) (ab)c 4. a = (6, —2,3), b= (2,5,—1) 


(d) a: (b + ¢) 


(f) | 


b = (3, 4) 


5. a= (4,1,1), b= (6, -3, -8) 
a|- (b +œ) ( :) 


6. a= (p, —p, 2p), b= (24, q, —4) 
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9. |a| =7, |b|=4, the angle between a and b is 30° 


10. |a| = 80, |b| = 50, the angle between a and b is 37/4 


11-12 Tf u is a unit vector, find u + v and u ° w. 


11. 12. u 


13. (a) Show thati-j =j-k=k-i=0. 
(b) Show thati-i=j-j=k-k=1. 


14. A street vendor sells a hamburgers, b hot dogs, and c bottles 
of water on a given day. He charges $4 for a hamburger, 
$2.50 for a hot dog, and $1 for a bottle of water. If 
A = (a,b,c) and P = (4, 2.5, 1), what is the meaning of 
the dot product A - P? 


15-20 Find the angle between the vectors. (First find an exact 
expression and then approximate to the nearest degree.) 


15. u = (5,1), v= (3,2) 


16.a=i-3j, b 
@ a = (1, —4, 1), b= (0, 2, -2) 


18. a = (—1,3,4), b= (5,2,1) 


19. u=i—4j+k, v=—3i+j+5k 


20. a= 8i —j+4k, b=4j+2k 


21-22 Find, correct to the nearest degree, the three angles of the 
triangle with the given vertices. 


21. P(2,0), Q(0,3), R(3,4) 


22. A(1,0, —1), B(3,—2, 0), C(1,3,3) 


23-24 Determine whether the given vectors are orthogonal, 
parallel, or neither. 


23. (a) a = (9,3), b = (—2,6) 
(b) a = (4,5, -2), b= (3, -1,5) 
(c) a= —8i + 12j + 4k, b= 6i -— 9j — 3k 
@ a=3i-j+3k, b= 5i+9j-— 2k 
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24. (a) u = (—5, 4, —2), v= (3,4, —1) 
(b) u=9i— 6j + 3k, v= —6i+ 4j — 2k 
(c) u=(c,c,c), v = (c, 0, —c) 


25. Use vectors to determine whether the triangle with vertices 
P(1, —3, —2), Q(2, 0, —4), and R(6, —2, —5) is right-angled. 


26. Find the values of x such that the angle between the vectors 
(2, 1, -1), and (1, x, 0) is 45°. 


27. Find a unit vector that is orthogonal to bothi + j andi + k. 


28. Find two unit vectors that make an angle of 60° with 
v= (3,4). 


29-30 Find the acute angle between the lines. Use degrees 
rounded to one decimal place. 


29. y=4-3x, y=3x +2 


30. 5x-y=8, x+3y=15 


31-32 Find the acute angles between the curves at their points of 
intersection. Use degrees rounded to one decimal place. (The 
angle between two curves is the angle between their tangent lines 
at the point of intersection.) 


31. y=2x7, y=x3 


32. y = sinx, y=cosx, 0<x<7/2 


33-37 Find the direction cosines and direction angles of the 
vector. (Give the direction angles correct to the nearest tenth of a 
degree.) 


@ 4.1.8) 


35. 3i — j — 2k 


34. (—6,2,9) 
36. —0.7i + 1.2j — 0.8k 


37. (c,c,c), wherec > 0 


38. Ifa vector has direction angles a = 77/4 and B = 7/3, find 
the third direction angle y. 


39-44 Find the scalar and vector projections of b onto a. 


39. a = (—5, 12), b= (4,6) 


40. a = (1,4), b= (2,3) 


41. a = (4,7, -4), b= (3, —1,1) 


42. a = (—1,4,8), b = (12, 1, 2) 


43. a=3i—3j+k, b=2i+4j—k 


44. a=i+2j+ 3k, b=5i-k 
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45. Show that the vector orth, b = b — proj, b is orthogonal to a. 


(It is called an orthogonal projection of b.) 


46. For the vectors in Exercise 40, find orth, b and illustrate by 
drawing the vectors a, b, proj, b, and orth, b. 


47. Ifa = (3, 0, —1), find a vector b such that comp, b = 2. 


48. Suppose that a and b are nonzero vectors. 
(a) Under what circumstances is comp, b = comp) a? 


(b) Under what circumstances is proj, b = proj» a? 


49. Find the work done by a force F = 8i — 6j + 9k that 
moves an object from the point (0, 10, 8) along a straight line 
to the point (6, 12, 20). The distance is measured in meters 
and the force in newtons. 


50. A tow truck drags a stalled car along a road. The chain makes 
an angle of 30° with the road and the tension in the chain is 
1500 N. How much work is done by the truck in pulling the 
car 1 km? 


ST) A sled is pulled along a level path through snow by a rope. 
A 30-lb force acting at an angle of 40° above the horizontal 
moves the sled 80 ft. Find the work done by the force. 


52. A boat sails south with the help of a wind blowing in the 
direction S 36° E with magnitude 400 1b. Find the work done 
by the wind as the boat moves 120 ft. 


53. Distance from a Point to a Line Use a scalar projection to 
show that the distance from a point P;(x1, yı) to the line 
ax + by + c = Qis 


Jax, + by; + c| 
Ja +b? 


Use this formula to find the distance from the point (—2, 3) to 
the line 3x — 4y + 5 = 0. 


54. Ifr = (x, y, z}, a = (a, a2, a3), and b = (b,, by, b3}, show 
that the vector equation (r — a) + (r — b) = O represents a 
sphere, and find its center and radius. 


55. Find the angle, in degrees rounded to one decimal place, 
between a diagonal of a cube and one of its edges. 


56. Find the angle, in degrees rounded to one decimal place, 
between a diagonal of a cube and a diagonal of one of its 
faces. 


57. A molecule of methane, CHy, is structured with the four 
hydrogen atoms at the vertices of a regular tetrahedron and 
the carbon atom at the centroid. The bond angle is the angle 
formed by the H—C—H combination; it is the angle between 
the lines that join the carbon atom to two of the hydrogen 
atoms. Show that the bond angle is about 109.5°. 


[ Hint: Take the vertices of the tetrahedron to be the points 


58. 


59 
60. 


61 


62 


63 


64 


65 


66. 


(1, 0, 0), (0, 1, 0), (0, 0, 1), and (1, 1, 1), as shown in the fig- 


ure. Then the centroid is (5, 5, 1). 


. Ifc = |a|b + |b]|a, where a, b, and ¢ are all nonzero 
vectors, show that ¢ bisects the angle between a and b. 


. Prove Properties 2, 4, and 5 of the dot product (Theorem 2). 


. Suppose that all sides of a quadrilateral are equal in length 
and opposite sides are parallel. Use vector methods to show 
that the diagonals are perpendicular. 


. Cauchy-Schwartz Inequality Use Theorem 3 to prove the 
Cauchy-Schwarz Inequality: 


|a-b| <|al|b| 
. Triangle Inequality The Triangle Inequality for vectors is 
ja+ b| <|a| + |b| 


(a) Give a geometric interpretation of the Triangle Inequality. 
(b) Use the Cauchy-Schwarz Inequality from Exercise 61 to 
prove the Triangle Inequality. [Hint: Use the fact that 
|a + b|? = (a + b)- (a + b) and use Property 3 of the 
dot product. ] 


. Parallelogram Identity The Parallelogram Identity states that 


ja+b|? + |a—b|? = 2|al? + 2|b/? 


(a) Give a geometric interpretation of the Parallelogram 
Identity. 

(b) Prove the Parallelogram Identity. (See the hint in 
Exercise 62.) 


. Show that ifu + v andu — v are orthogonal, then the 
vectors u and v must have the same length. 


. If 0 is the angle between vectors a and b, show that 
proja b + proj, a = (a b) cos’0 


. (a) Show that if u and v are nonzero orthogonal vectors, then 
2 2 2 
[u +v’ = |ua + |v. 
(b) Show that the converse of part (a) is also true: if 
|u + v|? = |u|? + |v|?, then u and v are orthogonal. 
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Hamilton 


The cross product was invented by 
the Irish mathematician Sir William 
Rowan Hamilton (1805-1865), who 
had created a precursor of vectors, 
called quaternions. When he was five 
years old Hamilton could read Latin, 


Greek, and Hebrew. At age eight he 
added French and Italian and at ten 
he could read Arabic and Sanskrit. 

At the age of 21, while still an under- 
graduate at Trinity College in Dublin, 
Hamilton was appointed Professor of 
Astronomy at the university and Royal 
Astronomer of Ireland! 


12.4 
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The Cross Product 


Given two nonzero vectors, it is very useful to be able to find a nonzero vector that is 
perpendicular to both of them, as we will see in the next section and in Chapters 13 and 
14. We now define an operation, called the cross product, that produces such a vector. 


E The Cross Product of Two Vectors 


Given two nonzero vectors a = (dj, œ, a3) and b = (bı, bz, bs), suppose that a nonzero 
vector € = (Ci, C2, C3) is perpendicular to both a and b. Then a: c = 0 and b:c=0 
and so 

[1] ac; + ac. + azc3 = 0 

[2] bıcı + baca + b363 = 0 
To eliminate c3 we multiply (1) by b; and (2) by a; and subtract: 


[3] (aib; — azbı)cı + (mb; — azb2)c. = 0 


Equation 3 has the form pc, + gc. = 0, for which an obvious solution is cı = q and 
cı = —p. So a solution of (3) is 


cı = ab; — aba c2 = a3b, — aib; 
Substituting these values into (1) and (2), we then get 

C3 = aiba — abı 
This means that a vector perpendicular to both a and b is 


(ci, C2, C3) = (abs — a3b2, a3b, — aib, aiba — abı) 


The resulting vector is called the cross product of a and b and is denoted by a X b. 


[4] Definition of the Cross Product Ifa = (ai, a2, a3) and b = (bi, bo, bs), 
then the cross product of a and b is the vector 


axb= (abs = azbə, azbı = aibs, aiba = 


abı) 


Notice that the cross producta X b of two vectors a and b is a vector (whereas the dot 
product is a scalar). For this reason it is also called the vector product. Note that a X b 
is defined only when a and b are three-dimensional vectors. 

In order to make Definition 4 easier to remember, we use the notation of determinants. 
A determinant of order 2 is defined by 


a b 


— = ad — bc 
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(Multiply across the diagonals and subtract.) For example, 


= 2(4) — 1(-6) = 14 


21 
-6 4 


A determinant of order 3 can be defined in terms of second-order determinants: 


bi b 


Observe that each term on the right side of Equation 5 involves a number a; in the first 
row of the determinant, and a; is multiplied by the second-order determinant obtained 
from the left side by deleting the row and column in which a; appears. Notice also the 
minus sign in the second term. For example, 


a a 0 1 3 3 0 
3 0 =j -2 # (=i) 

4 2 -5 2 -5 4 
-5 4 2 


= 1(0 — 4) — 2(6 + 5) + (—1)(12 — 0) = —38 


If we now rewrite Definition 4 using second-order determinants and the standard basis 
vectors i, j, and k, we see that the cross product of the vectors a = aii + a2j + azk and 
b= bii + boj + b3k is 


dz a3 


by b; 


a, a3 
bi b; 


dı d 
bi b 


[6] a X b= i- j+ k 


In view of the similarity between Equations 5 and 6, we often write 


ij k 
a XxX b= a, a a3 
bi b b; 


Although the first row of the symbolic determinant in Equation 7 consists of vectors, if 
we expand it as if it were an ordinary determinant using the rule in Equation 5, we obtain 
Equation 6. The symbolic formula in Equation 7 is probably the easiest way of remem- 
bering and computing cross products. 


EXAMPLE 1 Ifa = (1, 3, 4) and b = (2, 7, —5), then 


ij k 
aXb=/1 3 4 
27 -5 
c af Aal ee 
7 gl |2 =5 27 


= (—15 — 28)i — (—5 — 8)j + (7 — 6)k = —43i + 13j + k a 
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EXAMPLE 2 Show that a X a = 0 for any vector a in V3. 
SOLUTION Ifa = ( a\, a2, a3), then 
ij K 
axa=/q@ a @ 
ay a2 a3 
= (aa; — a342)i — (aiaz — a3a)) j + (aia — aa) k 


=0i-0j+0k=0 a 


E Properties of the Cross Product 


We constructed the cross product a X b so that it would be perpendicular to both a and 
b. This is one of the most important properties of a cross product, so let’s emphasize and 
verify it in the following theorem and give a formal proof. 


Theorem The vector a X b is orthogonal to both a and b. 
PROOF In order to show that a X b is orthogonal to a, we compute their dot product 
as follows: 


a2 a3 
by b; 


a, a3 


bi b; 


a; a2 


aXb):a J 
( ) bo $ 


II 


äi = da + a3 


= alab; — azb2) — ax(aib3 — azbı) + az(aibı — abı) 
= aiazb3 gi aıba3 aa a\arb; + biaza3 + aıba3 m biaa 


=0 


A similar computation shows that (a X b) + b = 0. Therefore a X b is orthogonal to 
both a and b. E 


If a and b are represented by directed line segments with the same initial point (as 
in Figure 1), then Theorem 8 says that the cross product a X b points in a direction 
4 perpendicular to the plane through a and b. It turns out that the direction of a X b is 
given by the right-hand rule: if the fingers of your right hand curl in the direction of a 
rotation (through an angle less than 180°) from a to b, then your thumb points in the 
direction of a X b. 
Now that we know the direction of the vector a X b, the remaining thing we need to 
complete its geometric description is its length |a X b |. This is given by the following 
theorem. 


D 


FIGURE 1 
The right-hand rule gives the direction 
ofa X b. 


[9] Theorem If 6 is the angle between a and b (so 0 < 0 < 7), then the length 
of the cross product a X b is given by 


|a X b| = |a||b| sin@ 
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PROOF From the definitions of the cross product and length of a vector, we have 
|a xb |? = (ab; — azb)? + (azb; = aıb;} + (aiba — abı} 
= as b2 = 2a203b2b3 + asbs + as b? = 2a,a3b\b3 + ajb3 


+ arbs = 2a, arb, bo + as b? 


II 


(a? + a? + as)(b? + b? + b?) m (ab, + azb2 + ab} 


= |a} |b]? — (a- by’ 

= |a|?|b|? — |a|?’ |b| cos’ (by Theorem 12.3.3) 
= |a|? |b|? (1 — cos’@) 

= |a|’ |b|’ sin? 


Taking square roots and observing that Jsin?9 = sin 0 because sin 9 = 0 when 
0 <0 < r, we have 


|a x b] = |a||b]sin0 a 


Corollary Two nonzero vectors a and b are parallel if and only if 


axb=0 


PROOF Two nonzero vectors a and b are parallel if and only if 0 = 0 or m. In either 
case sin 0 = 0, so |a X b| = 0 and therefore a X b = 0. | 


Geometric characterization of a X b Since a vector is completely determined by its magnitude and direction, we can now 
say that for nonparallel vectors a and b, a X b is the vector that is perpendicular to both 
a and b, whose orientation is determined by the right-hand rule, and whose length is 
|a||b|sin 9. In fact, that is exactly how physicists define a X b. 

The geometric interpretation of Theorem 9 can be seen by looking at Figure 2. If a 
and b are represented by directed line segments with the same initial point, then they 
determine a parallelogram with base |a |, altitude |b | sin 6, and area 


A = |a|(|b|sin@) =|a x b] 


Thus we have the following way of interpreting the magnitude of a cross product. 


FIGURE 2 


The length of the cross product a X b is equal to the area of the parallelogram 


determined by a and b. 


EXAMPLE3 Find a vector perpendicular to the plane that passes through the points 
P(1, 4, 6), O(—2, 5, —1), and RU, —1, 1). 


SOLUTION The vector PO x PRis perpendicular to both PO and PR and is therefore 
perpendicular to the plane through P, Q, and R. We know from (12.2.1) that 


PÒ =(-2 = I)i + (5 — 4)j + (1 = 6)k = -3i +j — 7k 


PR = (1 — 1)i + (-1-4)j+ (1 — 6)k = —5j — 5k 
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We compute the cross product of these vectors: 


i j k 

— —= 
PÓ x PR=|-3 1 -7 
0 -5 -5 


= (—5 — 35)i — (15 — 0)j + (15 — 0)k = —40i — 15j + 15k 
So the vector (—40, —15, 15) is perpendicular to the given plane. Any nonzero scalar 
multiple of this vector, such as (—8, —3, 3), is also perpendicular to the plane. E 
EXAMPLE 4 Find the area of the triangle with vertices P(1, 4, 6), Q(—2, 5, — 1), 
and R(1, —1, 1). 


SOLUTION In Example 3 we computed that PO x PR = (—40, —15, 15). The area of 
the parallelogram with adjacent sides PQ and PR is the length of this cross product: 


|PO x PR| = \(—40)? + (— I5} + 15? = 5/82 


The area A of the triangle PQR is half the area of this parallelogram, that is, x 82. E 


If we apply Theorems 8 and 9 to the standard basis vectors i, j, and k using 0 = 7/2, 
we obtain 


Observe that ixjAjx<i 


@ Thus the cross product is not commutative. Also 
ix (xX j=ixk=-—-j 
whereas ixi)xj=0xj=0 
@ So the associative law for multiplication does not usually hold; that is, in general, 
(a X b) X c Xa X (bxc) 


However, some of the usual laws of algebra do hold for cross products. The following 
theorem summarizes the properties of vector products. 


[11] Properties of the Cross Product Ifa, b, and c are vectors and c is a 
scalar, then 


l.aXb=-bXa 2. (ca) X b = c(a X b) = a X (cb) 


3,.aX(bt+c=axXbt+axXe 4.(a+b)Xc=aXct+bXe 
5.a-(bXc)=(aXb)-e 6. a X (b X c) = (a: c)b — (a: b)c 


These properties can be proved by writing the vectors in terms of their components 
and using the definition of a cross product. We give the proof of Property 5 and leave the 
remaining proofs as exercises. 
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PROOF OF PROPERTY 5 If a= (a, a2, a3), b= (bı, bo, bs), and c = (ci, C2, c3), 
then 


[12] a- (b X ¢) = ai(bzc3 — bsc) + ax({bzcı — dics) + az(bica — bzcı) 
= ayboc3 — aıbzc2 + azb3cı — azbıc3 + az3bıc2 — a3b:cı 
= (abs — a3b2)c, + (a3b, — aıbz)c2 + (aib — a2b1)c3 
=(aXb)-c oO 


E Triple Products 


The product a - (b X c) that occurs in Property 5 is called the scalar triple product of 
the vectors a, b, and c. Notice from Equation 12 that we can write the scalar triple prod- 
uct as a determinant: 


dı a2 a3 
[13] a: (bX c)= bı bz bs 


Ci C2 C3 


The geometric significance of the scalar triple product can be seen by considering the 
parallelepiped determined by the vectors a, b, and c. (See Figure 3.) The area of the base 
parallelogram is A = |b X c|. If @ is the angle between a and b X c, then the height h 
of the parallelepiped is h = |a| | cos 0 |. (We must use | cos 8| instead of cos 0 in case 
0 > a/2.) Therefore the volume of the parallelepiped is 


V=Ah=|b X e||a||cos@|=|a+(b Xc)| (by Theorem 12.3.3) 


FIGURE 3 


Thus we have proved the following formula. 


The volume of the parallelepiped determined by the vectors a, b, and ¢ is the 
magnitude of their scalar triple product: 


V=|a-(bXco)| 


If we use the formula in (14) and discover that the volume of the parallelepiped 
determined by a, b, and c is 0, then the vectors must lie in the same plane; that is, they 
are coplanar. 


EXAMPLE 5 Use the scalar triple product to show that the vectors a = (1, 4, —7), 
b = (2, —1, 4), and c = (0, —9, 18) are coplanar. 


SOLUTION We use Equation 13 to compute their scalar triple product: 


1 4 -7 
a:(bXc)=|2 -1 4 
0 -9 18 

get 4) og Be cee 

—9 18 0 18 0 -9 


1(18) — 4(36) — 7(-18) = 0 
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Therefore, by (14), the volume of the parallelepiped determined by a, b, and c is 0. 
This means that a, b, and ¢ are coplanar. a 


The product a X (b X c) that occurs in Property 6 is called the vector triple product 
of a, b, and c. Property 6 will be used to derive Kepler’s First Law of planetary motion 
in Chapter 13. Its proof is left as Exercise 50. 


E Application: Torque 


The idea of a cross product occurs often in physics. In particular, we consider a force F 
acting on a rigid body at a point given by a position vector r. (For instance, if we tighten 
a bolt by applying a force to a wrench as in Figure 4, we produce a turning effect.) The 
torque 7 (relative to the origin) is defined to be the cross product of the position and 
force vectors 


T=rxF 


and measures the tendency of the body to rotate about the origin. The direction of the 
torque vector indicates the axis of rotation. According to Theorem 9, the magnitude of 
the torque vector is 


|r| = |r X F| = |r||F|sing 


where @ is the angle between the position and force vectors. Observe that the only com- 
ponent of F that can cause a rotation is the one perpendicular to r, that is, |F | sin 0. 
The magnitude of the torque is equal to the area of the parallelogram determined by r 
and F. 


EXAMPLE 6 A bolt is tightened by applying a 40-N force to a 0.25-m wrench, as 
shown in Figure 5. Find the magnitude of the torque about the center of the bolt. 


SOLUTION The magnitude of the torque vector is 
|z| = |r x F| = |r||F|sin 75° = (0.25)(40) sin 75° 
= 10sin 75° ~ 9.66 N-m 


If the bolt is right-threaded, then the torque vector itself is 


FIGURE 5 t=|7|n~ 9.66n 
where n is a unit vector directed down into the page (by the right-hand rule). a 
12.4 | Exercises 
1-7 Find the cross product a X b and verify that it is orthogonal 6. a= ti + cos tj + sintk, b =i — sin tj + cos tk 


to both a and b. 
1. a = (2,3,0), b= (1,0,5) 


2. a = (4,3, —2), b= (2, —1, 1) 
3. a=2j- 4k, b=-i+3j+k 


7. a= (P, t,t), b= (t, 2t, 3t) 


8. Ifa =i — 2kandb = j + k, finda X b. Sketch a, b, and 
a X b as vectors starting at the origin. 


9-12 Find the vector, not with determinants, but by using 


4. a= 3i + 3j — 3k, b= 3i- 3j + 3k properties of cross products. 
J a=4}i+4j+ł}k, b=i+2j-3k 9. (ix j) Xk 10. k x (i — 2j) 
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@ (j — k) x (k - ìi) 12. (i+ j) X (i—-j) 


13. State whether each expression is meaningful. If not, explain 
why. If so, state whether it is a vector or a scalar. 
(a) a+ (b X ce) (b) a x (b: œ) 
(c) a X (b X œ) (d) a: (b-c) 
(e) (a: b) x (ec: d) (£) (a X b)» (c x d) 


14-15 Find |u X v| and determine whether u X v is directed 
into the page or out of the page. 


14. 


24. Property 2: (ca) X b = c(a X b) = a x (cb) 


25. Property 3: a X (b +c) =~aXbt+axXe 


II 


26. Property 4: (a +b) Xc=aXec+bXe 


27. Find the area of the parallelogram with vertices A(—3, 0), 
B(—1, 3), C(5, 2), and D(3, —1). 


28. Find the area of the parallelogram with vertices P(1, 0, 2), 
Q(3, 3, 3), R(7, 5, 8), and S(5, 2, 7). 


29-32 (a) Find a nonzero vector orthogonal to the plane through 
the points P, Q, and R, and (b) find the area of triangle POR. 


29. P(3, 1,1), O(5,2,4), R(8, 5, 3) 
30. P(—2, 0,4), Q(1,3,—2), R(0, 3,5) 
@ Pv, -2,0), (3, 1,3), R(4, —4, 2) 


32. P(2, —3, 4), Q(—-1, —2,2), R(, 1, —3) 


16. The figure shows a vector a in the xy-plane and a vector b in 
the direction of k. Their lengths are |a| = 3 and |b| = 2. 
(a) Find |a X b]. 
(b) Use the right-hand rule to decide whether the components 
of a X b are positive, negative, or 0. 


17. Ifa = (2, —1,3) andb = (4, 2, 1), finda X bandb X a. 


18. Ifa = (1,0, 1), b = (2,1, -1), and c = (0, 1, 3), show 
thata X (b X c) Æ (a X b) x c. 


19. Find two unit vectors orthogonal to both (3, 2, 1) and 
(=1,.1,0), 


20. Find two unit vectors orthogonal to both j — k andi + j. 
21. Show that 0 X a = 0 =a X 0 for any vector a in V3. 
22. Show that (a X b) - b = 0 for all vectors a and b in V3. 


23-26 Prove the specified property of cross products 
(Theorem 11). 


23. Property 1: a X b = —b Xa 


33-34 Find the volume of the parallelepiped determined by the 
vectors a, b, and c. 


33. a= (1,2,3), b= (—1,1,2), c= (2,1,4) 


35-36 Find the volume of the parallelepiped with adjacent edges 
PQ, PR, and PS. 


G5 P(-2,1,0), Q(2,3,2), R(Q, 4,—1), S83, 6,1) 
36. P(3,0, 1), Q(-1,2,5), R(5,1,—1), S(0,4,2) 
37. Use the scalar triple product to verify that the vectors 


u = i+ 5j — 2k,v = 3i — j, and w = 5i + 9j — 4k 
are coplanar. 


38. Use the scalar triple product to determine whether the points 
A(1, 3, 2), B(3, —1, 6), C(5, 2, 0), and D(3, 6, —4) lie in the 
same plane. 


39. A bicycle pedal is pushed by a foot with a 60-N force as 
shown in the figure. The shaft of the pedal is 18 cm long. 
Find the magnitude of the torque about P. 


60 N 
70° 
EO | | 10° P 
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40. 


(a) A horizontal force of 20 Ib is applied to the handle of a 
gearshift lever as shown in the figure. Find the magnitude 
of the torque about the pivot point P. 

(b) Find the magnitude of the torque about P if the same 
force is applied at the elbow Q of the lever. 


41, A wrench 30 cm long lies along the positive y-axis and grips 


42. 


43. 


44. 


45. 


a bolt at the origin. A force is applied in the direction 
(0, 3, —4) at the end of the wrench. Find the magnitude of 
the force needed to supply 100 N -m of torque to the bolt. 


Let v = 5j and let u be a vector with length 3 that starts at 
the origin and rotates in the xy-plane. Find the maximum and 
minimum values of the length of the vector u X v. In what 
direction does u X v point? 


Ifa: b = /3 anda X b = (1, 2, 2), find the angle between 
a and b. 


(a) Find all vectors v such that 
(1,2,1) X v = (3,1, —5) 
(b) Explain why there is no vector v such that 
(1,2,1) X v = (3,1,5) 


Distance from a Point to a Line Let P be a point not on the 
line L that passes through the points Q and R. 
(a) Show that the distance d from the point P to the line L is 


q- 12l 
lal 
= = 
where a = QR and b = QP. 
(b) Use the formula in part (a) to find the distance from 
the point P(1, 1, 1) to the line through Q(0, 6, 8) and 
R(-1, 4, 7). 


46. 


47. 


48. 


49. 


50. 


51. 


52. 


53. 


54. 
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Distance from a Point to a Plane Let P be a point not on the 
plane that passes through the points Q, R, and S. 
(a) Show that the distance d from P to the plane is 


_ ja‘ bxo| 


d 
jaXb| 


where a = OR,b = OS, and c = OP. 

(b) Use the formula in part (a) to find the distance from the 
point P(2, 1, 4) to the plane through the points Q(1, 0, 0), 
R(0, 2, 0), and S(0, 0, 3). 

Show that |a x b|? = |a |?|b|? — (a- b} 

Ifa + b + c = 0, show that 

axXb=bxXc=cXa 

Prove that (a — b) X (a + b) = 2(a X b). 

Prove Property 6 of cross products, that is, 

a x (b x c) = (a- c)b — (a: b)c 


Use Exercise 50 to prove that 


aX (bX ec) + bX (ec X a) + e¢X (aX bb) = 0 


Prove that 
atc b-c 
(a X b)» (c x d) = 
ard b-d 
Suppose that a # 0. 


(a) Ifa +b = a · c, does it follow that b = c? 

(b) Ifa X b = a X c, does it follow that b = c? 

(c) Ifa- b =a: canda X b = a X c, does it follow 
that b = c? 


If vı, V2, and v; are noncoplanar vectors, let 


k= V X V3 k, = v3 X Vi 


vi * (Vo X vs) 


vi * (v2 X v3) 


k; = Vi X Vo 
vi © (V2 X v3) 


(These vectors occur in the study of crystallography. Vectors 
of the form nı Vı + n2V2 + n3V3, Where each n; is an integer, 
form a lattice for a crystal. Vectors written similarly in 
terms of kı, k2, and k; form the reciprocal lattice.) 
(a) Show that k; is perpendicular to v; if i # j. 
(b) Show that k; + v; = 1 fori = 1, 2, 3. 

1 


Show that k; - (kə X k3) = ————_. 
(c) Show that k;  (k2 X k;) ER 
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864 CHAPTER 12 Vectors and the Geometry of Space 


DISCOVERY PROJECT | THE GEOMETRY OF A TETRAHEDRON 


P A tetrahedron is a solid with four vertices, P, Q, R, and S, and four triangular faces, as shown 
in the figure. 


1. Let vi, V2, V3, and v4 be vectors with lengths equal to the areas of the faces opposite the 
vertices P, Q, R, and S, respectively, and directions perpendicular to the respective 
faces and pointing outward. Show that 


vtvyt v +vyu=0 


2. The volume V of a tetrahedron is one-third the distance from a vertex to the opposite face, 
times the area of that face. 
(a) Find a formula for the volume of a tetrahedron in terms of the coordinates of its 
vertices P, Q, R, and S. 
(b) Find the volume of the tetrahedron whose vertices are P(1, 1, 1), Q(1, 2, 3), 
RL, i, 2), eine SE, = il, 2), 


Ta 


Suppose the tetrahedron in the figure has a trirectangular vertex S. (This means that the 
three angles at S are all right angles.) Let A, B, and C be the areas of the three faces that 
meet at S, and let D be the area of the opposite face POR. Using the result of Problem 1, 
or otherwise, show that 


D? =A? + B? + C? 


(This is a three-dimensional version of the Pythagorean Theorem.) 


12.5 | Equations of Lines and Planes 


E Lines 


A line in the xy-plane is determined when a point on the line and the direction of the line 
(its slope or angle of inclination) are given. The equation of the line can then be written 
using the point-slope form. 

Likewise, a line L in three-dimensional space is determined when we know a point 
Po(xo, yo, Zo) on L and a direction for L, which is conveniently described by a vector v 
parallel to the line. Let P(x, y, z) be an arbitrary point on L and let ro and r be the posi- 


—= — 
tion vectors of Po and P (that is, they have representations OP, and OP). If a is the vector 
— 
with representation P)P, as in Figure 1, then the Triangle Law for vector addition gives 
r=r +a. 


ZA 


P(Xo> Yo» Zo) 


z) 


FIGURE 1 
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Since a and v are parallel vectors, there is a scalar t such that a = tv. Thus 


[1] r=r+tv 


which is a vector equation of L. Each value of the parameter ¢ gives the position vector 
r of a point on L. In other words, as f varies, the line is traced out by the tip of the vector 
r. As Figure 2 indicates, positive values of t correspond to points on L that lie on one side 
of Po, whereas negative values of t correspond to points that lie on the other side of Po. 
FIGURE 2 If the vector v that gives the direction of the line L is written in component form as 
v = (a,b,c), then we have tv = (ta, tb, tc). We can also write r = (x, y,z) and 
ro = (xo, Yo, Zo), so the vector equation (1) becomes 


(x, y,Z) = (xo + ta, yo + th, zo + tc) 


Two vectors are equal if and only if corresponding components are equal. Therefore we 
have the three scalar equations: 


x = Xo + at y = yo + bt Z = Z + ct 


where t E R. These equations are called parametric equations of the line L through the 
point Po(xo, yo, Zo) and parallel to the vector v = (a, b, c}. Each value of the parameter t 
gives a point (x, y, z) on L. 


[2] Parametric equations for a line through the point (xo, yo, Zo) and parallel to the 
direction vector (a, b, c) are 


xX =x + at y = yo + bt Zz=z% + ct 


EXAMPLE 1 


Figure 3 shows the line LinExample1 (a) Find a vector equation and parametric equations for the line that passes through the 
and its relation to the given point and point (5, 1, 3) and is parallel to the vectori + 4j — 2k. 

to the vector that gives its direction. (b) Find two other points on the line. 

SOLUTION 

(a) Here rp = (5, 1,3) = 5i + j + 3k and v =i + 4j — 2k, so the vector equa- 
tion (1) becomes 


r= (5i + j + 3k) + ti + 4j — 2k) 


Patras or r=(5+ i+ (1+4)j+G-2)k 


Parametric equations are 


x=3 +1 y=1+4t Z=3:— 2 


FIGURE 3 (b) Choosing the parameter value t = 1 gives x = 6, y = 5, andz = 1, so (6,5, 1) is 


a point on the line. Similarly, t = —1 gives the point (4, —3, 5). a 


The vector equation and parametric equations of a line are not unique. If we change 
the point or the parameter or choose a different parallel vector, then the equations change. 
For instance, if, instead of (5, 1, 3), we choose the point (6, 5, 1) in Example 1, then the 
parametric equations of the line become 


x=647 y=5+4t z=1-2t 
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866 CHAPTER 12 Vectors and the Geometry of Space 


Figure 4 shows the line L in 
Example 2 and the point P where it 
intersects the xy-plane. 


FIGURE 4 


Or, if we stay with the point (5, 1, 3) but choose the parallel vector 2i + 8j — 4k, we 
arrive at the equations 


x= 30 2t y=1+8t z=3-4t 


In general, if a vector v = (a, b, c) is used to describe the direction of a line L, then 
the numbers a, b, and c are called direction numbers of L. Since any vector parallel to 
v could also be used, we see that any three numbers proportional to a, b, and c could also 
be used as a set of direction numbers for L. 

Another way of describing a line L is to eliminate the parameter t from Equations 2. 
If none of a, b, or c is 0, we can solve each of these equations for t: 


X — Xo — Yo Z > 20 
m 2 p= 


a b C 


t= 


Equating the results, we obtain 


[3] X= xXx yTy 27 2 
a b c 


These equations are called symmetric equations of L. Notice that the numbers a, b, and 
c that appear in the denominators of Equations 3 are direction numbers of L, that is, com- 
ponents of a vector parallel to L. If one of a, b, or c is 0, we can still eliminate t. For 
instance, if a = 0, we could write the equations of L as 


yr y _ 27> % 


b ĉ 


xX = Xo 
This means that L lies in the vertical plane x = xo. 


EXAMPLE 2 

(a) Find parametric equations and symmetric equations of the line that passes through 
the points A(2, 4, —3) and B(3, —1, 1). 

(b) At what point does this line intersect the xy-plane? 

SOLUTION 


(a) We are not explicitly given a vector parallel to the line, but we observe that the 
vector v with representation AB is parallel to the line and 


v=(3 = 2, =1 =4, 1 = (-3)) = (1, -5, 4) 


Thus direction numbers are a = 1, b = —5, and c = 4. Taking the point (2, 4, —3) as 
Po, we see that parametric equations (2) are 


x=2+t y=4= 5t z=-3+4t 
and symmetric equations (3) are 


x-2 y-4 z+t3 
1 =5 4 


(b) The line intersects the xy-plane when z = 0. From the parametric equations we have 
z = —3 + 4t = 0, which gives t = $. Using this value of t, we get x = 2 + į = 4p and 
y=4- 5(3) = J: Thus the line intersects the xy-plane at the point (4, x 0) ; 
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Alternatively, we can put z = 0 in the symmetric equations and obtain 
X= VY 4-63 
1 =5 4 


which again gives x = 1 and y = i E 


In general, the procedure of Example 2 shows that direction numbers of the line L 
through the points Po(xo, Yo, Zo) and Pi(%1, yi, Z1) are xı — Xo, Yı — Yo, and zı — Zo and so 
symmetric equations of L are 


A — Xo PRS — Z — Zo 


Xı — Xo yı — Yo Zi — Zo 


Often, we need a description, not of an entire line, but of just a line segment. How, for 
instance, could we describe the line segment AB in Example 2? If we put t = 0 in the 
parametric equations in Example 2(a), we get the point (2, 4, —3) and if we put t = 1 we 
get (3, —1, 1). So the line segment AB is described by the parametric equations 


x=2+t y=4-5t z=-3+4 Ost=1 
or by the corresponding vector equation 
r(t)=(2+44—-54,-34+41) O<t<1 


In general, we know from Equation 1 that the vector equation of a line through the (tip 
of the) vector ro in the direction of a vector v is r = ro + tv. If the line also passes 
through (the tip of) rı, then we can take v = r, — ro and so its vector equation is 


r = ro + ¢(r — ro) = (1 — t)ro + tr: 


The line segment from ro to r; is given by the parameter interval 0 < ż¢ < 1. 


[4] The line segment from ro to r; is given by the vector equation 


r(A = (1 — Aro + tr, 0o<rt<1 


The lines L, and L» in Example 3, EXAMPLE 3 Show that the lines L, and L» with parametric equations 
shown in Figure 5, are skew lines. 

L: x=1+t y= -2+ 3t z=4-t 
Ly x = 2s y=3+s z= 3 4g 


are skew lines; that is, they do not intersect and are not parallel (and therefore do not 
lie in the same plane). 


SOLUTION The lines are not parallel because the corresponding direction vectors 
(1,3, —1) and (2, 1, 4) are not parallel. (Their components are not proportional.) If Lı 
and L> had a point of intersection, there would be values of ¢ and s such that 


1+ t=2s 
—2+3t=3+5 
4— t=-3+4s 


FIGURE 5 


But if we solve the first two equations, we get t = i and s = a and these values don’t 
satisfy the third equation. Therefore there are no values of t and s that satisfy the three 
equations, so L, and L, do not intersect. Thus L, and L, are skew lines. E 
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E Planes 


Although a line in space is determined by a point and a direction, a plane in space is 

more difficult to describe. A single vector parallel to a plane is not enough to convey the 

“direction” of the plane, but a vector perpendicular to the plane does completely specify 
ZA its direction. Thus a plane in space is determined by a point Po(xo, yo, Zo) in the plane and 
a vector n that is orthogonal to the plane. This orthogonal vector n is called a normal 
vector. Let P(x, y, z) be an arbitrary point in the plane, and let ro and r be the position 
vectors of Po and P. Then the vector r — ro is represented by P,P. (See Figure 6.) The 
normal vector n is orthogonal to every vector in the given plane. In particular, n is 
orthogonal to r — ro and so we have 


[5] n:(r—ro) =0 | 


which can be rewritten as 


[6] n'r=n'ro | 


FIGURE 6 


Either Equation 5 or Equation 6 is called a vector equation of the plane. 
To obtain a scalar equation for the plane, we write n = (a, b, c}, r = (x, y, z}, and 
ro = (Xo, yo, Zo). Then the vector equation (5) becomes 


(a, b, c} + (x — xo, Y — yo, Z — Zo) = 0 
Expanding the left side of this equation gives the following. 


A scalar equation of the plane through point Po(xo, yo, zo) with normal 


vector n = (a, b, c) is 
ax — xo) + bly — yo) + cz — z) = 0 


EXAMPLE 4 Find an equation of the plane through the point (2, 4, — 1) with normal 
vector n = (2, 3, 4). Find the intercepts and sketch the plane. 


SOLUTION Putting a = 2, b = 3, c = 4, xo = 2, yo = 4, and zo = —1 in Equation 7, 
we see that an equation of the plane is 


2(x — 2) + 3(y — 4) + 42 + 1) = 0 
or 2x + 3y + 4z = 12 


To find the x-intercept we set y = z = 0 in this equation and obtain x = 6. Similarly, 
the y-intercept is 4 and the z-intercept is 3. This enables us to sketch the portion of the 
FIGURE 7 plane that lies in the first octant (see Figure 7). E 


By collecting terms in Equation 7 as we did in Example 4, we can rewrite the equation 
of a plane as 


ax + by+cz+d=0 


where d = —(axo + byo + czo). Equation 8 is called a linear equation in x, y, and z. 
Conversely, it can be shown that if a, b, and c are not all 0, then the linear equation (8) 
represents a plane with normal vector (a, b, c). (See Exercise 83.) 
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Figure 8 shows the portion of the 
plane in Example 5 that is enclosed 
by triangle POR. 


R(5, 2, 0) 
FIGURE 8 
n 0| n 
ES A i 
p” Afi 0 
FIGURE 9 


Figure 10 shows the planes in 
Example 7 and their line of 
intersection L. 


x+y+z=1 x—2y+3z= 


FIGURE 10 
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EXAMPLE5 Find an equation of the plane that passes through the points P(1, 3, 2), 
Q(3, —1, 6), and R(5, 2, 0). 


SOLUTION The vectors a and b corresponding to PO and PR are 
a = (2, —4, 4) b = (4, —1, —2) 


Since both a and b lie in the plane, their cross product a X b is orthogonal to the plane 
and can be taken as the normal vector. Thus 


i j k 
n=aXb=/2 —4 4 |=12i + 20j+ 14k 
4 -1 =2 


With the point P(1, 3, 2) and the normal vector n, an equation of the plane is 
12(x — 1) + 20(y — 3) + 14(z - 2) = 0 
or 6x + 10y + 7z = 50 a 
EXAMPLE 6 Find the point at which the line with parametric equations x = 2 + 3t, 
y = —4t,z = 5 + tf intersects the plane 4x + 5y — 2z = 18. 


SOLUTION We substitute the expressions for x, y, and z from the parametric equations 
into the equation of the plane: 


4(2 + 3t) + 5(—4t) — 2(5 + t) = 18 


This simplifies to —10¢ = 20, so t = —2. Therefore the point of intersection occurs 
when the parameter value is £ = —2. Then x = 2 + 3(—2) = —4, y = —4(—2) = 8, 
z = 5 — 2 = 3 and so the point of intersection is (—4, 8, 3). E 


Two planes are parallel if their normal vectors are parallel. For instance, the planes 
x + 2y — 3z = 4 and 2x + 4y — 6z = 3 are parallel because their normal vectors are 
n, = (1,2, —3) and n, = (2, 4, —6) and n = 2n.. If two planes are not parallel, then 
they intersect in a straight line and the angle between the two planes is defined as the 
acute angle between their normal vectors (see angle 6 in Figure 9). 


EXAMPLE 7 
(a) Find the angle between the planes x + y + z = 1 and x — 2y + 3z = 1. 
(b) Find symmetric equations for the line of intersection L of these two planes. 


SOLUTION 
(a) The normal vectors of these planes are 
nı = (1,1, 1) n = (1, —2, 3) 
and so, if 0 is the angle between the planes, Corollary 12.3.6 gives 
1(1) + 1(—2) + 1(3) 2 
Vl+1+1/1+44+9 fae 


2 
6= cos(2.) = 72° 
J2 


(b) We first need to find a point on L. For instance, we can find the point where the line 
intersects the xy-plane by setting z = 0 in the equations of both planes. This gives the 


nı * Mo 
cos 0 = = 
| m|| m2 | 
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870 


Another way to find the line of inter- 
section is to solve the equations of 
the planes for two of the variables in 
terms of the third, which can be taken 
as the parameter. 


e-1_ y 
2 5 =2 
EE 
1 L 
2°07 2 = 2 
2 3p = 
=j : 
—2 
ye. 
15 - ee 
y 2 a 
FIGURE 11 


Figure 11 shows how the line Lin 
Example 7 can also be regarded as the 
line of intersection of planes derived 
from its symmetric equations. 


P, 


FIGURE 12 
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equations x + y = 1 and x — 2y = 1, whose solution is x = 1, y = 0. So the point 
(1, 0, 0) lies on L. 

Now we observe that, since L lies in both planes, it is perpendicular to both of the 
normal vectors. Thus a vector v parallel to L is given by the cross product 


i j k 
v=n, Xm =]|l 1 1|=5i—2j-3k 
1 =2 3 


and so the symmetric equations of L can be written as 


= 
x oy Z . 
5 =2 =3 


NOTE Since a linear equation in x, y, and z represents a plane and two nonparallel planes 
intersect in a line, it follows that two linear equations can represent a line. The points 
(x, y, z) that satisfy both aix + biy + cız + dı = Oand azx + bzy + oz + db = Olie 
on both of these planes, and so the pair of linear equations represents the line of 
intersection of the planes (if they are not parallel). For instance, in Example 7 the line L 
was given as the line of intersection of the planes x + y + z = landx — 2y + 3z= 1. 
The symmetric equations that we found for L could be written as 


x-l_ y 
5 —2 


y Z 


and — = — 
—2 =3 


which is again a pair of linear equations. They exhibit L as the line of intersection of the 
planes (x — 1)/5 = y/(—2) and y/(—2) = z/(—3). (See Figure 11.) 
In general, when we write the equations of a line in the symmetric form 


Z— Zo 


a a 


a b c 
we can regard the line as the line of intersection of the two planes 


x — Xo y — Yo y= Yo 
= and — = 


a b b C 


Z— Zo 


E Distances 


In order to find a formula for the distance D from a point P;(x1, yı, zı) to the plane 
ax + by + cz + d = 0, we let Po(xo, yo, Zo) be any point in the given plane and b be the 
— 


vector corresponding to Py P,. Then 
b= (x 1 


From Figure 12 you can see that the distance D from P, to the plane is equal to the 
absolute value of the scalar projection of b onto the normal vector n = (a, b, c). (See 
Section 12.3.) Thus 


Xo, yı yo, Z1 Zo) 


n 
D =| comp b| = ——— 


_ [a(x — xo) + b(yı — yo) + ckz — z0) | 
Va t+ b? + c? 
E | (axı + by; + czı) — (axo + byo + czo) | 


Ja? + b? + c? 
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Since Po lies in the plane, its coordinates satisfy the equation of the plane and so we have 
axo + byo + czo + d = 0. Thus we have the following formula. 


[9] The distance D from the point P:(x1, yı, z:) to the plane 
ax + by + cz + d = Qis 


_ |axı + by, + cz, + d| 


ya +b? + ce? 


EXAMPLE 8 Find the distance between the parallel planes 10x + 2y — 2z = 5 
and5x+y—-z=1. 


SOLUTION First we note that the planes are parallel because their normal vectors 

(10, 2, —2) and (5, 1, —1) are parallel. To find the distance D between the planes, we 
choose any point on one plane and calculate its distance to the other plane. In par- 
ticular, if we put y = z = 0 in the equation of the first plane, we get 10x = 5 and so 
(4, 0, 0) is a point in this plane. By Formula 9, the distance between (4, 0, 0) and the 
plane 5x + y—z— 1 = Qis 


p- t0- S-L 3 A 
J+ P+ (-1)? 3/36 
So the distance between the planes is af 3/ 6. E 


EXAMPLE 9 In Example 3 we showed that the lines 
L: x=1+t y=-24+ 3t z=4-t 
Lo: x =2s y=3+s z= —3 + 4s 


are skew. Find the distance between them. 


SOLUTION Since the two lines L, and L, are skew, they can be viewed as lying on two 
parallel planes P, and P2. The distance between L, and L3 is the same as the distance 
between P, and P2, which can be computed as in Example 8. The common normal 


FIGURE 13 vector to both planes must be orthogonal to both v; = (1, 3, —1) (the direction of L,) 
Skew lines, like those in Example 9, and vz = (2, 1, 4) (the direction of L2). So a normal vector is 
always lie on (nonidentical) parallel a 
planes. 1 J k 
n=vX*w= 1 3 1 = 131 6j 5k 
2-21 4 


If we put s = 0 in the equations of L2, we get the point (0, 3, —3) on Lz and so an 
equation for P% is 


13(x — 0) = 6(y = 3) = 5(z + 3) = 0 or 13x — 6y — 5z +3 =0 


If we now set t = 0 in the equations for L,, we get the point (1, —2, 4) on P;. So 
the distance between L, and L, is the same as the distance from (1, —2, 4) to 
13x — 6y — 5z + 3 = 0. By Formula 9, this distance is 


|13(1) — 6(—2) = 5(4) + 3| 8 
D = = 


V132 + (=6} + (=5} JB0 a e 
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12.5 | Exercises 


1. Determine whether each statement is true or false in R°. 16. (a) Find parametric equations for the line through (2, 4, 6) 
(a) Two lines parallel to a third line are parallel. that is perpendicular to the plane x — y + 3z = 7. 
(b) Two lines perpendicular to a third line are parallel. (b) In what points does this line intersect the coordinate 
(c) Two planes parallel to a third plane are parallel. planes? 
(d) Two planes perpendicular to a third plane are parallel. 17. Find a vector equation for the line segment from (6, — 1, 9) 
(e) Two lines parallel to a plane are parallel. to (7, 6, 0). 
(£) Two lines perpendicular to a plane are parallel. 
(g) Two planes parallel to a line are parallel. 18. Find parametric equations for the line segment from 
(h) Two planes perpendicular to a line are parallel. (—2, 18, 31) to (11, —4, 48). 


(i) Two planes either intersect or are parallel. 
(j) Two lines either intersect or are parallel. 
(k) A plane and a line either intersect or are parallel. 


19-22 Determine whether the lines L, and L, are parallel, skew, 
or intersecting. If they intersect, find the point of intersection. 


f ; . ; ; 19. bj: x= 3424, y=4-t, z=1+3t 
2-5 Find a vector equation and parametric equations for the line. 


2. The line through the point (4, 2, —3) and parallel to the 


vector 2i — j + 6k 20. L: x=5-— 12t y=34+ 94, z=1—- 3t 
3. The line through the point (—1, 8, 7) and parallel to the Ly x=3 + 85, y 6s, z= 7+ 2s 
vector (5, 3, 4) ante a eal 
4. The line through the point (6, 0, —2) and parallel to the line CE] —2 =3 
x=4-3f y=-14+4t z=6+5t ine 3 _ yt4 = 727-2 
a 1 =] 
5. The line through the point (5,7, 1) and perpendicular to the 3 
3 = -1 z-2 
plane 3x — 2y + 2z = 8 22. Li: EN = 
1 = 3 
6-12 Find parametric equations and symmetric equations for the x72 y-3 A 
line. Lz 2 —2 
6. The line through the points (—5, 2, 5) and (1, 6, —2) 
7. The line through the origin and the point (8, — 1, 3) 23-40 Find an equation of the plane. 
8. The line through the points (0.4, —0.2, 1.1) and 23. The plane through the point (3, 2, 1) and with normal 
(1.3, 0.8, —2.3) vector 5i + 4j + 6k 
@ The line through the points (12, 9, — 13) and (—7, 9, 11) 24. The plane through the point (—3, 4, 2) and with normal 


vector (6, 1, —1) 
10. The line through (2, 1, 0) and perpendicular to both i + j 
andj +k 25. The plane through the point (5, —2, 4) and perpendicular to 
the vector —i + 2j + 3k 
11. The line through (—6, 2, 3) and parallel to the line 


5 x= fy =7+1 26. The plane through the origin and perpendicular to the line 
@® The line of intersection of the planes x + 2y + 3z = 1 x=1-— 8 yal = It z=4+ 2t 


demy le as 27. The plane through the point (1, 3, — 1) and perpendicular to 


the line 
13. Is the line through (—4, —6, 1) and (—2, 0, —3) parallel to x+3 zej 
the line through (10, 18, 4) and (5, 3, 14)? 4 y 


14. Is the line through (—2, 4, 0) and (1, 1, 1) perpendicular to 
the line through (2, 3, 4) and (3, —1, —8)? 


28. The plane through the point (9, —4, —5) and parallel to the 
plane z = 2x — 3y 


29. The plane through the point (2.1, 1.7, —0.9) and parallel to 
the plane 2x — y + 3z = 1 


15. (a) Find symmetric equations for the line that passes 
through the point (1, —5, 6) and is parallel to the vector 


{-1, 2, —3). 
(b) Find the points in which the required line in part (a) inter- 30. The plane that contains the line x =1+t4y=2~-f4, 
sects the coordinate planes. z = 4 — 3t and is parallel to the plane 5x + 2y + z= 1 
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Gil) The plane through the points (0, 1, 1), (1, 0, 1), and (1, 1, 0) 


32. The plane through the origin and the points (3, —2, 1) 
and (1, 1, 1) 


(33. The plane through the points (2, 1, 2), (3, —8, 6), and 
(=2;=3,1) 

34. The plane through the points (3, 0, —1), (—2, —2, 3), and 
(7, 1, —4) 


35. The plane that passes through the point (3, 5, — 1) and con- 
tains the line x = 4 — t, y = 2t — 1,z 3t 


36. The plane that passes through the point (6, — 1, 3) and 
contains the line with symmetric equations 
x/3=y+4=z/2 


37. The plane that passes through the point (3, 1, 4) and contains 
the line of intersection of the planes x + 2y + 3z = 1 and 
2x-ytz=-3 


38. The plane that passes through the points (0, —2, 5) and 
(—1, 3, 1) and is perpendicular to the plane 2z = 5x + 4y 


39. The plane that passes through the point (1, 5, 1) and is per- 
pendicular to the planes 2x + y — 2z = 2 and x + 3z = 4 


40. The plane that passes through the line of intersection of the 
planes x — z = 1 and y + 2z = 3 and is perpendicular to the 
plane x + y — 2z= 1 


41-44 Use intercepts to help sketch the plane. 
GB 2x + 5y+z=10 42. 3x + y +22 =6 
43. 6x — 3y + 4z2 = 6 


44. 6x + 5y — 3z = 15 


45-47 Find the point at which the line intersects the given plane. 
@Bx=2-24 y=3, z=1+t;, x+2y-z=7 
46.x=t-1, y=1+24, z=3-t; 3x -yt2z=5 


47. 5x =y/2=z+2; 10x—7y + 3z+24=0 


48. Where does the line through (—3, 1, 0) and (—1, 5, 6) inter- 
sect the plane 2x + y — z = —2? 


49. Find direction numbers for the line of intersection of the 
landx+z=0. 


planes x + y + z 


50. Find the cosine of the angle between the planes 
Oandx + 2y + 3z= 1. 


xtFytz 


51-56 Determine whether the planes are parallel, perpendicular, 
or neither. If neither, find the angle between them. (Use degrees 
and round to one decimal place.) 


@Bx + 4y-32=1, -3x+6y+72=0 
52. 9x — 3y + 62 = 2, 2y = 6x + 4z 


53. x+2y—z=2, 2x 


SECTION 12.5 Equations of Lines and Planes 873 


55. 2x — 3y =z, 4x 


56. 5x + 2y + 3z=2, y=4x- 6z 


57-58 

(a) Find parametric equations for the line of intersection of 
the planes. 

(b) Find the angle, in degrees rounded to one decimal place, 
between the planes. 


GD: +y+z=1, «+ 2y+272=1 
58. 3x — 2y +z=1, 2x+y-3z=3 


59-60 Find symmetric equations for the line of intersection of the 
planes. 


59. 5x —2y—-—2z=1, 4x+,y+7z=6 
60. z=2x-—y-5, z=4x+ 3y-5 


61. Find an equation for the plane consisting of all points that are 
equidistant from the points (1, 0, —2) and (3, 4, 0). 


62. Find an equation for the plane consisting of all points that are 
equidistant from the points (2, 5, 5) and (—6, 3, 1). 


63. Find an equation of the plane with x-intercept a, y-intercept b, 
and z-intercept c. 


64. (a) Find the point at which the given lines intersect: 
r= (1,1,0) + ¢(1, -1,2) 
r = (2,0,2) + s(—1, 1,0) 


(b) Find an equation of the plane that contains these lines. 


65. Find parametric equations for the line through the point 
(0, 1, 2) that is parallel to the plane x + y + z = 2 and 
perpendicular to the line x = 1 + ty = 1-—t,z=2t. 


66. Find parametric equations for the line through the point 
(0, 1, 2) that is perpendicular to the line x = 1 + t, 
y= 1 — t,z = 2t and intersects this line. 


67. Which of the following four planes are parallel? Are any of 
them identical? 
Pi: 3x + 6y — 3z=6 Po: 4x — 12y + 82 =5 
P3: 9y = 1 + 3x + 6z P: z= x+2y-2 


68. Which of the following four lines are parallel? Are any of 
them identical? 


L:x=1+6, y=1-3t, z=12t+5 


L: 2x — 2 = 4 — 4y =z + 1 


La: r = (3, 1,5) + t(4, 2,8) 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


874 CHAPTER 12 Vectors and the Geometry of Space 


69-70 Use the formula in Exercise 12.4.45 to find the distance 
from the point to the given line. 


@ 4,1,-2); x=14+4 y=3-24, z=4-3t 
70. (0,1,3); x=24, y=6-—2t, z=3+t 


71-72 Find the distance from the point to the given plane. 
@ 0,-2.4), 3x+2y+6z=5 
72. (—6,3,5) x—2y-4z=8 


73-74 Find the distance between the given parallel planes. 
73. 2x — 3y +z =4, 4x— 6y +2z=3 
74. 6z = 4y — 2x, 9z = 1 — 3x + 6y 


75. Distance between Parallel Planes Show that the distance 
between the parallel planes ax + by + cz + dı = 0 and 
ax + by + cz + d = Qis 
[dı — &| 

Ja? + b? + c? 

76. Find equations of the planes that are parallel to the plane 
x + 2y — 2z = 1 and two units away from it. 


D= 


77. Show that the lines with symmetric equations x = y = z and 
x + 1 = y/2 = z/3 are skew, and find the distance between 
these lines. 


78. Find the distance between the skew lines with parametric 
equations x = 1 + t, y = 1 + 6t,z = 2t, and x = 1 + 2s, 
y =5 + 15s,z 2 + 6s. 


79. Let L, be the line through the origin and the point (2, 0, — 1). 
Let L2 be the line through the points (1, —1, 1) and (4, 1, 3). 
Find the distance between L; and L>. 


DISCOVERY PROJECT | PUTTING 3D IN PERSPECTIVE 


80. Let Lı be the line through the points (1, 2, 6) and (2, 4, 8). 
Let L- be the line of intersection of the planes P, and P», 
where P; is the plane x — y + 2z + 1 = O and P; is the plane 
through the points (3, 2, — 1), (0, 0, 1), and (1, 2, 1). Calculate 
the distance between L; and L2. 


81. Two tanks are participating in a battle simulation. Tank A is 
at point (325, 810, 561) and tank B is positioned at point 
(765, 675, 599). 

(a) Find parametric equations for the line of sight between 
the tanks. 

(b) If we divide the line of sight into 5 equal segments, the 
elevations of the terrain at the four intermediate points 
from tank A to tank B are 549, 566, 586, and 589. Can 
the tanks see each other? 


82. Give a geometric description of each family of planes. 
(a) xty+z=c (b) x+yt+ecz=1 
(c) ycos@ + zsiné = 1 


83. Ifa, b, and c are not all 0, show that the equation 
ax + by + cz + d = 0 represents a plane and (a, b, c} is 
a normal vector to the plane. 
Hint: Suppose a # 0 and rewrite the equation in the form 


a(x H 2) +t b(y — 0) + c(z — 0) = 0 
a 


Computer graphics programmers face the same challenge as the great painters of the past: how 
to represent a three-dimensional scene as a flat image on a two-dimensional plane (a screen or 

a canvas). To create the illusion of perspective, in which closer objects appear larger than those 
farther away, three-dimensional objects in the computer’s memory are projected onto a rectan- 

gular screen window from a viewpoint where the eye, or camera, is located. The viewing 


volume—the portion of space that will be visible—is the region contained by the four planes 
that pass through the viewpoint and an edge of the screen window. If objects in the scene 
extend beyond these four planes, they must be truncated before pixel data are sent to the 
screen. These planes are therefore called clipping planes. 


1. Suppose the screen is represented by a rectangle in the yz-plane with vertices (0, +400, 0) 
and (0, +400, 600), and the camera is placed at (1000, 0, 0). A line L in the scene passes 
through the points (230, —285, 102) and (860, 105, 264). At what points should L be 
clipped by the clipping planes? 
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2. If the clipped line segment is projected onto the screen window, identify the resulting line 
segment. 


[Ñ 3. Use parametric equations to plot the edges of the screen window, the clipped line segment, 
and its projection onto the screen window. Then add sight lines connecting the viewpoint to 
each end of the clipped segments to verify that the projection is correct. 


4. A rectangle with vertices (621, — 147, 206), (563, 31, 242), (657, —111, 86), and 
(599, 67, 122) is added to the scene. The line L intersects this rectangle. To make the rect- 
angle appear opaque, a programmer can use hidden line rendering, which removes portions 
of objects that are behind other objects. Identify the portion of L that should be removed. 


12.6 | Cylinders and Quadric Surfaces 


We have already looked at two special types of surfaces: planes (in Section 12.5) and 
spheres (in Section 12.1). Here we investigate two other types of surfaces: cylinders and 
quadric surfaces. 

In order to sketch the graph of a surface, it is useful to determine the curves of inter- 
section of the surface with planes parallel to the coordinate planes. These curves are 
called traces (or cross-sections) of the surface. 


E Cylinders 


A cylinder is a surface that consists of all lines (called rulings) that are parallel to a 
given line and pass through a given plane curve. 


ZA EXAMPLE 1 Sketch the graph of the surface z = x’. 


SOLUTION Notice that the equation of the graph, z = x, doesn’t involve y. This means 


Ta | that any vertical plane with equation y = k (parallel to the xz-plane) intersects the 
w graph in a curve with equation z = x°. So these vertical traces are parabolas. Figure 1 
e shows how the graph is formed by taking the parabola z = x? in the xz-plane and mov- 
. Te ing it in the direction of the y-axis. The graph is a surface, called a parabolic cylinder, 
ee made up of infinitely many shifted copies of the same parabola. Here the rulings of the 
7 5 cylinder are parallel to the y-axis. E 


FIGURE 1 
The surface z = x? is a 
parabolic cylinder. 


In Example 1 the variable y is missing from the equation of the cylinder. This is 
typical of a surface whose rulings are parallel to one of the coordinate axes. If one of 
the variables x, y, or z is missing from the equation of a surface, then the surface is a 
cylinder. 


EXAMPLE 2 Identify and sketch the surfaces. 
(a) x? +y=1 b) y +z=1 
SOLUTION 


(a) Since z is missing and the equations x* + y* = 1, z = k represent a circle with 
radius 1 in the plane z = k, the surface x? + y? = 1 is a circular cylinder whose axis is 
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the z-axis. (See Figure 2. We first encountered this surface in Example 12.1.2.) Here the 
rulings are vertical lines. 

(b) In this case x is missing and the surface is a circular cylinder whose axis is the 
x-axis. (See Figure 3.) It is obtained by taking the circle y? + z? = 1, x = 0 in the 
yz-plane and moving it parallel to the x-axis. 


Zh 
| a 
Z O N 
AM y 
x a q F | 
FIGURE 2 FIGURE 3 
x+y =l yt2=1 | 


NOTE When you are dealing with surfaces, it is important to recognize that an equation 
like x? + y? = 1 represents a cylinder and not a circle. The trace of the cylinder 
x? + y? = 1 in the xy-plane is the circle with equations x? + y? = 1,z = 0. 


E Quadric Surfaces 


A quadric surface is the graph of a second-degree equation in three variables x, y, and 
z. The most general such equation is 


Ax? + By? + Cz? + Dxy + Eyz + Fxz + Gx + Hy +Iz+J=0 


where A, B, C,..., J are constants, but by translation and rotation it can be brought into 
one of the two standard forms 


Ax? + By? + C? +J=0 or Ax? + By? +1z=0 


Quadric surfaces are the counterparts in three dimensions of the conic sections in the 
plane. (See Section 10.5 for a review of conic sections.) 


EXAMPLE3 Use traces to sketch the quadric surface with equation 


AIS 


2 
ety 
9 


SOLUTION By substituting z = 0, we find that the trace in the xy-plane is 
x? + y*/9 = 1, which we recognize as an equation of an ellipse. In general, the 
horizontal trace in the plane z = k is 


a z=k 
9 4 


which is an ellipse, provided that k? < 4, that is, —2 < k < 2. (If |k| = 2, the trace 
consists of a single point, and the trace is empty for |k| > 2.) 
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Similarly, vertical traces parallel to the yz- and xz-planes are also ellipses: 


y? z? 
— +2=1-k x=k Gf-1<k<1) 
9 4 

z k? 
2 + = =k if-3<k<3 
e+ a. = G ) 


Figure 4 shows how drawing some traces indicates the shape of the surface. It’s called 
an ellipsoid because all of its traces are ellipses. Notice that it is symmetric with 
FIGURE 4 respect to each coordinate plane; this is because its equation involves only even powers 


2 2 of x, y, and z. E 
The ellipsoid x? + = +Ž=1 E 


EXAMPLE 4 Use traces to sketch the surface z = 4x? + y’. 


SOLUTION If we put x = 0, we get z = y’, so the yz-plane intersects the surface in a 
parabola. If we put x = k (a constant), we get z = y? + 4k*. This means that if we 
slice the graph with any plane parallel to the yz-plane, we obtain a parabola that opens 
upward. Similarly, if y = k, the trace is z = 4x* + k’, which is again a parabola that 
opens upward. If we put z = k, we get the horizontal traces 4x? + y* = k, which we 
recognize as a family of ellipses (k > 0). Knowing the shapes of the traces, we can 
sketch the graph in Figure 5. Because of the elliptical and parabolic traces, the quadric 
surface z = 4x* + y? is called an elliptic paraboloid. E 


EXAMPLE 5 Sketch the surface z = y* — x’. 
FIGURE 5 

The surface z = 4x? + y? is an elliptic 
paraboloid. Horizontal traces are 
ellipses; vertical traces are parabolas. 


SOLUTION The traces in the vertical planes x = k are the parabolas z = y? — k’, 
which open upward. The traces in y = k are the parabolas z = —x* + k*, which open 
downward. The horizontal traces are y? — x? = k, a family of hyperbolas. We draw the 
families of traces in Figure 6, and we show how the traces appear when placed in their 
correct planes in Figure 7. 


ZA 


FIGURE 6 

Vertical traces are parabolas; 
horizontal traces are hyperbolas. 
All traces are labeled with the 
value of k. 


Traces in y =k are z = —x?° + k’. Traces in z = k are y? — x° = k. 


/ 
y Ree T 
y 
X -1 
0 

FIGURE 7 i -1 
Traces moved to their 
correct planes Traces in x= k Traces in y = k Traces in z = k 
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In Figure 8 we fit together the traces from Figure 7 to form the surface z = y* — x’, 
a hyperbolic paraboloid. Notice that the shape of the surface near the origin resembles 
that of a saddle. This surface will be investigated further in Section 14.7 when we 
discuss saddle points. 


FIGURE 8 
Two views of the surface z = y? — x’, 
a hyperbolic paraboloid | 
x? z7 
EXAMPLE 6 Sketch the surface ra +y — PW 1. 
SOLUTION The trace in any horizontal plane z = k is the ellipse 
x? 2 
— +y = 1 + — z=k 
4 4 
but the traces in the xz- and yz-planes are the hyperbolas 
i j 0 d i, 0 
— — — = = an e = = 
4 4 * Y4 í 
This surface is called a hyperboloid of one sheet and is sketched in Figure 9. 
FIGURE 9 
x? z? 
The surface — + y — — =], 
4 4 


a hyperboloid of one sheet E 
The idea of using traces to draw a surface is employed in three-dimensional graphing 
software. In most such software, traces in the vertical planes x = k and y = k are drawn 
for equally spaced values of k. 
Table 1 shows computer-drawn graphs of the six basic types of quadric surfaces in 
standard form. All surfaces are symmetric with respect to the z-axis. If a quadric surface 
is symmetric about a different axis, its equation changes accordingly. 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


Surface 


SECTION 12.6 Cylinders and Quadric Surfaces 


Table 1 Graphs of Quadric Surfaces 


Equation 


Surface 


Equation 


Ellipsoid 


Elliptic Paraboloid 


All traces are ellipses. 


If a = b = c, the ellipsoid is 
a sphere. 


2 
y 
+ b 
Horizontal traces are 
ellipses. 


Vertical traces are parabolas. 


The variable raised to the 
first power indicates the axis 
of the paraboloid. 


Cone 


Hyperboloid of One Sheet 


2 2 
Z x 
eo y 


Ce a b 


Horizontal traces are 
ellipses. 


Vertical traces in the planes 
x = kand y = kare 
hyperbolas if k # 0 but are 
pairs of lines if k = 0. 


Horizontal traces are 
ellipses. 


Vertical traces are 
hyperbolas. 


The axis of symmetry corre- 
sponds to the variable whose 
coefficient is negative. 


Hyperbolic Paraboloid 


2 
be 


Horizontal traces are 
hyperbolas. 


Vertical traces are parabolas. 


The case where c < 0 is 
illustrated. 


Hyperboloid of Two Sheets 


x y 


2 

ea 1 
= — + — 
c? 


Horizontal traces in z = k 
are ellipses if k > c or 
ke) 


Vertical traces are 
hyperbolas. 


The two minus signs 
indicate two sheets. 


EXAMPLE 7 Identify and sketch the surface 4x” — y? + 227+ 4=0. 


SOLUTION Dividing by —4, we first put the equation in standard form: 


2 


y 


2 
Z 

—x? + — — — =] 
4 2 


4 
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Comparing this equation with Table 1, we see that it represents a hyperboloid of two 
sheets, the only difference being that in this case the axis of the hyperboloid is the 
y-axis. The traces in the xy- and yz-planes are the hyperbolas 


2 2 
pe = z=0 and mo al. x=0 


The surface has no trace in the xz-plane, but traces in the vertical planes y = k for 
|k| > 2 are the ellipses 


z? k? 
vr+—= =] =k 
2 4 E 
which can be written as 
x Zz 
—— + —— = |l y=k 
k? k? 
—-1 Al] 
FIGURE 10 4 4 
The surface 4x? — y? + 27° + 4 = 0, 
a hyperboloid of two sheets These traces are used to make the sketch in Figure 10. E 


EXAMPLE 8 Classify the quadric surface x? + 2z? — 6x — y + 10 = 0. 


SOLUTION By completing the square we rewrite the equation as 
y—1= (x -— 3)? + 22? 


Comparing this equation with Table 1, we see that it represents an elliptic paraboloid. 
Here, however, the axis of the paraboloid is parallel to the y-axis, and it has been 
shifted so that its vertex is the point (3, 1, 0). The traces in the plane y = k (k > 1) are 
the ellipses 


(x-3 +277,=k-1 y=k 


The trace in the xy-plane is the parabola with equation y = 1 + (x — 3}, z = 0. The 
paraboloid is sketched in Figure 11. E 


ra= ory l0, E Applications of Quadric Surfaces 


a paraboloid Examples of quadric surfaces can be found in the world around us. In fact, the world 
itself is a good example. Although the earth is commonly modeled as a sphere, a more 
accurate model is an ellipsoid because the earth’s rotation has caused a flattening at the 
poles. (See Exercise 51.) 

Circular paraboloids, obtained by rotating a parabola about its axis, are used to collect 
and reflect light, sound, and radio and television signals [see Figure 12(a)]. In a radio 
telescope, for instance, signals from distant stars that strike the bowl are all reflected to the 
receiver at the focus and are therefore amplified. (The idea is explained in Problem 22 in 
the Problems Plus following Chapter 3.) The same principle applies to microphones and 
satellite dishes in the shape of paraboloids. 

Cooling towers for nuclear reactors are usually designed in the shape of hyperboloids 
of one sheet [Figure 12(b)] for reasons of structural stability. Pairs of hyperboloids are 
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used to transmit rotational motion between skew axes. [See Figure 12(c); the cogs of the 
gears are the generating lines of the hyperboloids. See Exercise 53.] 


Pad 


Petr Student / Shutterstock.com 


David Frazier / Spirit / Corbis 


(a) A satellite dish reflects signals to (b) Nuclear reactors have cooling towers in (c) Gears in the shape of hyperboloids mesh 
the focus of a paraboloid. the shape of hyperboloids. and rotate along skew axes. 


FIGURE 12 Applications of quadric surfaces 


12.6 | Exercises 


1. (a) What does the equation y = x’ represent as a curve in R*? 11. (a) Find and identify the traces of the quadric surface 
(b) What does it represent as a surface in R*? x? + y? — z* = 1 and explain why the graph looks like 
(c) What does the equation z = y? represent? the graph of the hyperboloid of one sheet in Table 1. 


(b) If we change the equation in part (a) to 
x? — y? + 7° = 1, how is the graph affected? 
(c) What if we change the equation in part (a) to 
ety +2y—-—22=0? 


2. (a) Sketch the graph of y = e* as a curve in R°. 
(b) Sketch the graph of y = e* as a surface in R°. 
(c) Describe and sketch the surface z = e”. 


3E ee eee 12. (a) Find and identify the traces of the quadric surface 


3. x? +77 =4 4. y? +97? =9 —x? — y? + z? = | and explain why the graph looks like 
the graph of the hyperboloid of two sheets in Table 1. 


ne ea 6. z= -yx (b) If the equation in part (a) is changed to 
7. xy=1 8. z= siny x? — y? — 7° = 1, what happens to the graph? Sketch the 
new graph. 
9-10 Write an equation whose graph could be the surface shown. 13-22 Use traces to sketch and identify the surface. 
9. ZA 10. ZA @- =y? + 42? 
> 14. 4x? + 9y* + 927 = 36 
GB = 4+ 2 16. z2? — 4x? -y?=4 
GB 9y? + 42° =x’ + 36 18. 3x? + y + 327=0 
mi 7i 20. 3x? — y? + 3z7=0 
@y=2-+ 22. x =y"?— 2? 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


882 CHAPTER 12 Vectors and the Geometry of Space 


3330 Match the equation with its graph (labeled I-VIII). Give 32. Traces in x = k Traces in z = k 
reasons for your choice. 
23. x? + 4y? +97 =1 24. 9x? + 4y? +7 =1 ag : VA 
= 
Bess age Z = Ly? > EENE E 
25. x y “+z =1 26. =x z=1 k=+1 
27. y = 2x? + 2? 28. y? =x? 4+ 27° k=0 
29. x° +27 =1 30. y =x- 2? > 
y 
I > z H > z 
| | 
| | 
/ Ss | ion 


33-40 Reduce the equation to one of the standard forms, 
IV z } classify the surface, and sketch it. 


33. y? =x? + 52” 34. 4x? — y + 272? = 


35. x? + 2y — 27? =0 36. y =x? + 4z +4 


37. x? + y? — 2x — 6y -z + 10 =0 


38. x — y = z7 = 4x- 2z+3=0 


V ‘| VI Z 
; 39. x? =y +z =A z= 
| 


ee 40. 4x? + y? +z? — 24x — 8y + 4z + 55 =0 


XMS y x y 
-~ [Ñ 41-44 Graph the surface. Experiment with viewpoints and 
with domains for the variables until you get a good view of the 


vrii ¥ surface. 


\ 41. —4x? —y? +27 =1 42. x? -y?-—z=0 


VII 


en 43. —4x° - y +7 =0 44. x? — 6x + 4y- z=0 


45. Sketch the region bounded by the surfaces z = yx? + y? 


and x? + y?=1forl <z <2. 


31-32 Sketch and identify a quadric surface that could have the 


46 
traces shown. 


Sketch the region bounded by the paraboloids z = x* + y? 
andz =2-—x*-y’. 
31. Traces in x =k Traces in y =k 

47. Find an equation for the surface obtained by rotating the 
ZA curve y = Vx about the x-axis. 


k=-2 48. Find an equation for the surface obtained by rotating the 


line z = 2y about the z-axis. 


49 


Find an equation for the surface consisting of all points 
that are equidistant from the point (— 1, 0, 0) and the 
plane x = 1. Identify the surface. 


xy 


=y 


50. Find an equation for the surface consisting of all points P 
for which the distance from P to the x-axis is twice the dis- 


tance from P to the yz-plane. Identify the surface. 
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51. Traditionally, the earth’s surface has been modeled as a sphere, 


but the World Geodetic System of 1984 (WGS-84) uses an 

ellipsoid as a more accurate model. It places the center of the 

earth at the origin and the north pole on the positive z-axis. 

The distance from the center to the poles is 6356.523 km and 

the distance to a point on the equator is 6378.137 km. 

(a) Find an equation of the earth’s surface as used by 
WGS-84. 

(b) Curves of equal latitude are traces in the planes z = k. 
What is the shape of these curves? 

(c) Meridians (curves of equal longitude) are traces in 
planes of the form y = mx. What is the shape of these 
meridians? 


GD A cooling tower for a nuclear reactor is to be constructed in 


the shape of a hyperboloid of one sheet [see Figure 12(b)]. 
The diameter at the base is 280 m and the minimum diameter, 
500 m above the base, is 200 m. Find an equation for the 
tower. 


EPJ review 


CHAPTER 12 Review 883 


53. Show that if the point (a, b, c) lies on the hyperbolic parabo- 


54 


loid z = y? — x’, then the lines with parametric equations 
x=atty=b+tz2=c+2(b-atandx=att, 
y=b-—t,z=c — 2(b + a)t both lie entirely on this 
paraboloid. (This shows that the hyperbolic paraboloid is 
what is called a ruled surface; that is, it can be generated 
by the motion of a straight line. In fact, this exercise shows 
that through each point on the hyperbolic paraboloid there 
are two generating lines. The only other quadric surfaces 
that are ruled surfaces are cylinders, cones, and hyperbo- 
loids of one sheet.) 


Show that the curve of intersection of the surfaces 
x? + 2y? — 2? + 3x = 1 and 2x? + 4y* — 22° — 5y = 0 
lies in a plane. 


Graph the surfaces z = x? + y? andz = 1 — y? on a com- 
mon screen using the domain |x| < 1.2, | y| < 1.2 and 
observe the curve of intersection of these surfaces. Show that 
the projection of this curve onto the xy-plane is an ellipse. 


CONCEPT CHECK Answers to the Concept Check are available at StewartCalculus.com. 
1. What is the difference between a vector and a scalar? 11. How do you find a vector perpendicular to a plane? 
2. How do you add two vectors geometrically? How do you add 12. How do you find the angle between two intersecting 
them algebraically? planes? 
3. If ais a vector and c is a scalar, how is ca related toa 13. Write a vector equation, parametric equations, and symmetric 
geometrically? How do you find ca algebraically? equations for a line. 
4. How do you find the vector from one point to another? 14. Write a vector equation and a scalar equation for a plane. 
5. How do you find the dot product a - b of two sce if you 15. (a) How do you tell if two vectors are parallel? 
know their lengths and = angle between them? What if you (b) How do you tell if two vectors are perpendicular? 
know their components? (c) How do you tell if two planes are parallel? 
9 
Re MORRIE dót productis userul, 16. (a) Describe a method for determining whether three points 
7. Write expressions for the scalar and vector projections of b P, Q, and R lie on the same line. ; 
onto a. Illustrate with diagrams. (b) Describe a method for determining whether four points 
P, Q, R, and S lie in the same plane. 
8. How do you find the cross product a X b of two vectors if ; i . 
you know their lengths and the angle between them? What if 17. (a) How do you find the distance from a pomt toa line? 
you know their components? (b) How do you find the distance from a point to 
a plane? 
9. How are cross products useful? (c) How do you find the distance between two lines? 
10. (a) How do you find the area of the parallelogram deter- 18. What are the traces of a surface? How do you find them? 


mined by a and b? 
(b) How do you find the volume of the parallelepiped 
determined by a, b, and c? 


19. 


Write equations in standard form of the six types of quadric 
surfaces. 
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TRUE-FALSE QUIZ 


Determine whether the statement is true or false. If it is true, 11. For any vectors u, v, and w in V3, 
explain why. If it is false, explain why or give an example that 
disproves the statement. u: (vxw) = (u Xv) w 
1. Ifu = (u, u) and v = (v, v), then u + v = (uw, u0). 12. For any vectors u, v, and w in Vs, 
2. For any vectors u and v in V3, |u + v| = |u| + |v]. EA) SS 
; 13. F t dvin V, (u X v)-u =0. 
3. For any vectors u and v in V3, |u + v| = |u||v]. or any vectors u and v in Vs, (u X v) - u = 0 
14. F t dvin V, (u + v) X v=uxX v. 
4. For any vectors u and v in V3, |u X v| = |u]||v]. ot any vectors tand vin Va WEA y= BOS. 
5; Foran véciorsiandv in Vau v = yan 15. The vector (3, — 1, 2) is parallel to the plane 
. 6x— 2y +4z=1 
6. For any vectors u and v in V3, u X v =v X u. . 
. 16. A linear equation Ax + By + Cz + D = 0 represents a line 
7. For any vectors u and v in V3, |u X v| = |v X ul. in space 
8. For any vectors u and v in V3 and any scalar k, 17. The set of points { (x,y,z) |x? +y?=1 } ieaciele 
kus v) = (ku) + v 18. In R° the graph of y = x? is a paraboloid. 
9. For any vectors u and v in V3 and any scalar k, 19. Ifu- v = 0, then u = 0 or v = 0. 
k(u x v) = (ku) X v 20. Ifu XxX v = 0, then u = 0 or v = 0. 
10. For any vectors u, v, and w in V3, 21. Ifu- v =Oandu X v = 0, then u = 0 or v = 0. 
(u+v)Xw=uXwt+vxXw 22. If u and v are in V3, then |u + v| <|ul|v|. 
EXERCISES 
1. (a) Find an equation of the sphere that passes through the 3. If u and v are the vectors shown in the figure, find u + v and 
point (6, —2, 3) and has center (—1, 2, 1). |u x v|. Isu X v directed into the page or out of it? 
(b) Find the curve in which this sphere intersects the 
yz-plane. 
(c) Find the center and radius of the sphere Iv[=3 
vl= 
VPtyt+r7-8rt+2+6z2+1=0 
45° 
2. Copy the vectors in the figure and use them to draw each of jul =2 
the following vectors. 
i a 4 ee 4. Calculate the given quantity if 
a=i+j-2k 
b = 3i- 2j +k 
a c=j-5k 
b 
(a) 2a + 3b (b) |b] 
(c) a:b (d) aXb 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


CHAPTER 12 Review 885 


(e) |b x c| (f) a: (b Xe) 15-17 Find parametric equations for the line. 
(g)cXe (h) a x (b X ¢) f 
(i) compab (j) projab 15. The line through (4, —1, 2) and (1, 1, 5) 


(k) The angle between a and b (correct to the nearest degree) 16. The line through (1, 0, — 1) and parallel to the line 
1 Zi Ss 
5. Find the values of x such that the vectors (3, 2, x} and 3&4) =y 5z+a2 


(2x, 4, x) are orthogonal. 17. The line through (—2, 2, 4) and perpendicular to the 


6. Find two unit vectors that are orthogonal to both j + 2k plane 2x — y + 5z = 12 
andi — 2j + 3k. 


7. Suppose that u » (v X w) = 2. Find the value of each of the 18-20 Find an equation of the plane. 
following. 18. The plane through (2, 1, 0) and parallel tox + 4y — 3z = 1 
(a) (uX v)-w (b) u: (w X v) 
(c) v: (u X w) (d) u X v)-v 19. The plane through (3, —1, 1), (4, 0, 2), and (6, 3, 1) 

8. Show that if a, b, and ¢ are in V3, then 20. The plane through (1, 2, —2) that contains the line 


(a X b) - [(b X ¢) x (e X a)] = [a - (b x ¢)]? ASIE aE a 


9. Find the acute angle between two diagonals of a cube. 21. Find the point in which the line with parametric equations 
10. Given the points A(1, 0, 1), B(2, 3, 0), C(—1, 1, 4), and Ce Por ai z = gee SMO plane 
D(0, 3, 2), find the volume of the parallelepiped with adjacent UET YEAR 
edges AB, AC, and AD. 22. Find the distance from the origin to the line 


11. (a) Find a vector perpendicular to the plane through the t= l ehy 2 oe Dh 


points A(1, 0, 0), B(2, 0, —1), and C(1, 4, 3). 23. Determine whether the lines given by the symmetric 
(b) Find the area of triangle ABC. equations 


12. A constant force F = 3i + 5j + 10k moves an object along Ko Vee 23 
the line segment from (1, 0, 2) to (5, 3, 8). Find the work 2 3 4 
done if the distance is measured in meters and the force in 


newtons. KEW Pe a z435 
and = = 


13. A boat is pulled onto shore using two ropes, as shown in the 6 =1 2 
diagram. If a force of 255 N is needed, find the magnitude of 
the force in each rope. 


are parallel, skew, or intersecting. 


24. (a) Show that the planes x + y — z = 1 and 
2x — 3y + 4z = 5 are neither parallel nor perpendicular. 
(b) Find, correct to the nearest degree, the angle between 
these planes. 


sO" 25. Find an equation of the plane through the line of intersection 
of the planes x — z = 1 and y + 2z = 3 and perpendicular to 
the plane x + y — 2z = 1. 


26. (a) Find an equation of the plane that passes through the 
14. Find the magnitude of the torque about P if a 50-N force is points A(2, 1, 1), B(—1, —1, 10), and C(1, 3, —4). 
applied as shown. (b) Find symmetric equations for the line through B that is 
perpendicular to the plane in part (a). 

50 N (c) A second plane passes through (2, 0, 4) and has normal 
30° vector (2, —4, —3). Show that the acute angle between 

CO the planes is approximately 43°. 
(d) Find parametric equations for the line of intersection of 

40 cm the two planes. 


27. Find the distance between the planes 3x + y — 4z = 2 
p= = and 3x + y — 4z = 24. 
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28-36 Identify and sketch the graph of each surface. 35. 4x? + 4y? — 8y + 27 =0 
28. x =3 59; 4225 36. x= y“ + 2° —-2y—4z4+5 
30. y= 2" 31. x? = y? + 42° 37. An ellipsoid is created by rotating the ellipse 4x” + y? = 16 


about the x-axis. Find an equation of the ellipsoid. 
32. 4x —y+2z=4 


38. A surface consists of all points P such that the distance 


33. —4x? + y? — 47 =4 from P to the plane y = 1 is twice the distance from P to 
the point (0, — 1, 0). Find an equation for this surface and 
34. y +7 =1 +x identify it. 
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Problems Plus 


1. 


Ley o 


lm 3 
FIGURE FOR PROBLEM 1 


5 


. 


6 


. 


FIGURE FOR PROBLEM 7 


Each edge of a cubical box has length 1 m. The box contains nine spherical balls with the 
same radius r. The center of one ball is at the center of the cube and it touches the other 
eight balls. Each of the other eight balls touches three sides of the box. Thus the balls are 
tightly packed in the box (see the figure). Find r. (If you have trouble with this problem, read 
about the problem-solving strategy entitled Use Analogy in Principles of Problem Solving 
following Chapter 1.) 


Let B be a solid box with length L, width W, and height H. Let S be the set of all points that 
are a distance at most 1 from some point of B. Express the volume of S in terms of L, W, 
and H. 


. Let L be the line of intersection of the planes cx + y + z = cand x — cy + cz 1, 


where c is a real number. 

(a) Find symmetric equations for L. 

(b) As the number c varies, the line L sweeps out a surface S. Find an equation for the curve 
of intersection of S with the horizontal plane z = t (the trace of S in the plane z = f). 

(c) Find the volume of the solid bounded by S and the planes z = 0 and z = 1. 


. A plane is capable of flying at a speed of 180 km/h in still air. The pilot takes off from an 


airfield and heads due north according to the plane’s compass. After 30 minutes of flight 
time, the pilot notices that, due to the wind, the plane has actually traveled 80 km in the 
direction N5°E. 

(a) What is the wind velocity? 

(b) In what direction should the pilot have headed to reach the intended destination? 


Suppose v; and v; are vectors with | v,| = 2, 


v| = 3, and v; © v2 = 5. Let v3 = projy, V2, 
V4 = prOjv, V3, Vs = prOjy, Va, and so on. Compute Y;=1| v, |. 


Find an equation of the largest sphere that passes through the point (—1, 1, 4) and is such 
that each of the points (x, y, z) inside the sphere satisfies the condition 


x? + y? +27 < 136 + 2(x + 2y + 3z) 


. Suppose a block of mass m is placed on an inclined plane, as shown in the figure. The 


block’s descent down the plane is slowed by friction; if 0 is not too large, friction will 

prevent the block from moving at all. The forces acting on the block are the weight W, 

where | W | = mg (g is the acceleration due to gravity); the normal force N (the normal 

component of the reactionary force of the plane on the block), where | N| = 7; and the force 

F due to friction, which acts parallel to the inclined plane, opposing the direction of motion. 

If the block is at rest and 0 is increased, | F | must also increase until ultimately | F | reaches 

its maximum, beyond which the block begins to slide. At this angle 6,, it has been observed 

that | F | is proportional to n. Thus, when |F | is maximal, we can say that |F | = usn, where 
bs is called the coefficient of static friction and depends on the materials that are in contact. 

(a) Observe that N + F + W = 0 and deduce that u, = tan 0,. 

(b) Suppose that, for 0 > 6,, an additional outside force H is applied to the block, horizon- 
tally from the left, and let | H | = A. If h is small, the block may still slide down the 
plane; if h is large enough, the block will move up the plane. Let Amin be the smallest 
value of A that allows the block to remain motionless (so that | F | is maximal). 

By choosing the coordinate axes so that F lies along the x-axis, resolve each force 
into components parallel and perpendicular to the inclined plane and show that 


hminsinð + mg cosh =n and Amin COSO + usn = mg sin 
(c) Show that hmin = mg tan(@ — 0,) 


Does this equation seem reasonable? Does it make sense for 0 = 6,? Does it make sense 
as 0 — 90°? Explain. 
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(d) Let hma: be the largest value of h that allows the block to remain motionless. (In which 
direction is F heading?) Show that 


hmax = mg tan(0 + 8,) 
Does this equation seem reasonable? Explain. 


8. A solid has the following properties. When illuminated by rays parallel to the z-axis, its 
shadow is a circular disk. If the rays are parallel to the y-axis, its shadow is a square. If 
the rays are parallel to the x-axis, its shadow is an isosceles triangle. (In Exercise 12.1.52 
you were asked to describe and sketch an example of such a solid, but there are many 
such solids.) Assume that the projection onto the xz-plane is a square whose sides have 
length 1. 

(a) What is the volume of the largest such solid? 
(b) Is there a smallest volume? 
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The paths of objects moving through space—like the planes pictured here—can be described by vector functions. 
In Section 13.1 we will see how to use these vector functions to determine whether or not two such objects will collide. 
Magdalena Zeglen / EyeEm / Getty Images 


Vector Functions 


THE FUNCTIONS THAT WE HAVE been using so far have been real-valued functions. We now study 
functions whose values are vectors because such functions are needed to describe curves and sur- 
faces in space. We will also use vector-valued functions to describe the motion of objects through 
space. In particular, we will use them to derive Kepler’s laws of planetary motion. 
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CHAPTER 13 Vector Functions 


13.1 | Vector Functions and Space Curves 


E Vector-Valued Functions 

In general, a function is a rule that assigns to each element in the domain an element in 
the range. A vector-valued function, or vector function, is simply a function whose 
domain is a set of real numbers and whose range is a set of vectors. We are most inter- 
ested in vector functions r whose values are three-dimensional vectors. This means that 
for every number f in the domain of r there is a unique vector in V; denoted by r(t). If 
f(t), g(t), and h(t) are the components of the vector r(t), then f, g, and h are real-valued 
functions called the component functions of r and we can write 


r() = (F0, 9), AD) =fOI+ gA) + Ak 


We use the letter ¢ to denote the independent variable because it represents time in most 
applications of vector functions. 


EXAMPLE 1 If 
r(t) = (P, m83 — 1), ve) 


then the component functions are 
fore g(t) = In(3 — 2) h(t) = Jt 


By our usual convention, the domain of r consists of all values of t for which the 
expression for r(t) is defined. The expressions f°, In(3 — t), and yt are all defined 
when 3 — t > 0 andr = 0. Therefore the domain of r is the interval [0, 3). E 


E Limits and Continuity 


The limit of a vector function r is defined by taking the limits of its component functions 
as follows. 


If lim,..r(t) = L, this definition is [1] Ifr(t) = (FA, gÀ, h(d), then 


equivalent to saying that the length 


and direction of the vector r(t) lim r(t) = (lim fo, lim g(t), lim hA) 


approach the length and direction of 


the vector L. provided the limits of the component functions exist. 


Equivalently, we could have used an ¢-6 definition (see Exercise 62). Limits of vector 
functions obey the same rules as limits of real-valued functions (see Exercise 61). 


sin t 


EXAMPLE 2 Find lim r(t), where r(A = (1 + P)it+ tej + k. 


SOLUTION According to Definition 1, the limit of r is the vector whose components 
are the limits of the component functions of r: 


I 


pare) 


[em + E+ gee + [py t |i 


I 


i+k (by Equation 3.3.5) E 
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FIGURE 1 
C is traced out by the tip of a moving 


position vector r(t). 


FIGURE 2 
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A vector function r is continuous at a if 


lim r(t) = r(a) 


ta 


In view of Definition 1, we see that r is continuous at a if and only if its component func- 
tions f, g, and h are continuous at a. 


E Space Curves 


There is a close connection between continuous vector functions and space curves. Sup- 
pose that f, g, and h are continuous real-valued functions on an interval J. Then the set 
C of all points (x, y, z) in space, where 


[2] x=f() y=g(t) z=hÙ 


and ¢ varies throughout the interval J, is called a space curve. The equations in (2) are 
called parametric equations of C and ż is called a parameter. We can think of C as 
being traced out by a moving particle whose position at time t is (f(t), g(t), h(t). If we 
now consider the vector function r(t) = (f(t), g(t), h(t), then r(t) is the position vector 
of the point P( f(t), g(t), h(t)) on C. Thus any continuous vector function r defines a space 
curve C that is traced out by the tip of the moving vector r(t), as shown in Figure 1. 


EXAMPLE3 Describe the curve defined by the vector function 
r(t) = (1 +1,2 + 5t, -1 + 6t) 
SOLUTION The corresponding parametric equations are 
x=1+t y=2+ 5t z=-1+ 6t 


which we recognize from Equations 12.5.2 as parametric equations of a line passing 
through the point (1, 2, —1) and parallel to the vector (1, 5, 6). Alternatively, we could 
observe that the function can be written as r = rp + fv, where rp = (1, 2, —1) and 

v = (1,5, 6), and this is the vector equation of a line as given by Equation 12.5.1. E 


Plane curves can also be represented in vector notation. For instance, the curve given 
by the parametric equations x = t? — 2t and y = t + 1 (see Example 10.1.1) could also 
be described by the vector equation 


r(t) = (0? — 24,14 1) =(P — 2Di+ (1+ Dj 
where i = (1, 0) and j = (0, 1). 


EXAMPLE 4 Sketch the curve whose vector equation is 
r(t) = cos ti + sintj + tk 
SOLUTION The parametric equations for this curve are 
x = cost y= sint z=t 


Since x? + y? = cos*t + sin’t = 1 for all values of t, the curve must lie on the cir- 
cular cylinder x? + y? = 1. The point (x, y, z) lies directly above the point (x, y, 0), 
which moves counterclockwise around the circle x? + y? = 1 in the xy-plane. (The 
projection of the curve onto the xy-plane has vector equation r(t) = (cos ż, sin t, 0). 
See Example 10.1.2.) Since z = ¢, the curve spirals upward around the cylinder as t 
increases. The curve, shown in Figure 2, is called a helix. E 
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The corkscrew shape of the helix in Example 4 is familiar from its occurrence in 
coiled springs. It also occurs in the model of DNA (deoxyribonucleic acid, the genetic 
material of living cells). In 1953 James Watson and Francis Crick showed that the struc- 
ture of the DNA molecule is that of two linked, parallel helixes that are intertwined as in 
Figure 3. 


In Examples 3 and 4 we were given vector equations of curves and asked for a geo- 
metric description or sketch. In the next three examples we are given a geometric descrip- 
tion of a curve and are asked to find parametric equations for the curve. 


FIGURE 3 EXAMPLE 5 Find a vector equation and parametric equations for the line segment that 
A double helix joins the point P(1, 3, —2) to the point Q(2, —1, 3). 


SOLUTION In Section 12.5 we found a vector equation for the line segment that joins 


the tip of the vector ro to the tip of the vector rı: 
Figure 4 shows the line segment PQ 


in Example 5. r(t) = (1 — dro + tr, Oxrt<l 


(See Equation 12.5.4.) Here we take ro = (1, 3, —2) andr, = (2, —1, 3) to obtain a 
vector equation of the line segment from P to Q: 


r(A = (1 — t) (1, 3, —2) + £2, —1, 3) 0<t<l 
or r(t) = (14+ 4,3 — 4t, -2 + 5f 0O<rt<l 


The corresponding parametric equations are 


P(1, 3, —2) 
FIGURE 4 


x=1+t y=3-4t z=-2+5t Oxsrtsl E 
EXAMPLE 6 Find a vector function that represents the curve of intersection of the 
cylinder x? + y? = 1 and the plane y + z = 2. 


SOLUTION Figure 5 shows how the plane and the cylinder intersect, and Figure 6 
shows the curve of intersection C, which is an ellipse. 


ZA 
(0, -1, 3) 
C (=1,0,2) 
(1, 0, 2) 
(0, 1, 1) 
a 
x y 
FIGURE 5 FIGURE 6 
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Figure 7 shows the surfaces 
of Example 7 and their curve of 
intersection. 


4y=x? +7? 


FIGURE 7 
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The projection of C onto the xy-plane is the circle x? + y? = 1, z = 0. So we know 
from Example 10.1.2 that we can write 


x = cost y= sint O0<t<27 
From the equation of the plane, we have 
z=2—-—y=2-sint 
So we can write parametric equations for C as 
x = cost y =sint z=2 -sint O<t<270 
The corresponding vector equation is 
r(t) = cos ti + sintj + (2 — sin f)k O0<t<27 
This equation is called a parametrization of the curve C. The arrows in Figure 6 indi- 
cate the direction in which C is traced as the parameter t increases. a 
EXAMPLE 7 Find parametric equations for the curve of intersection of the paraboloid 
4y = x” + z’ and the plane y = x. 


SOLUTION Because any point on the curve C of intersection satisfies the equations of 
both surfaces, we can substitute y = x into the equation of the paraboloid, giving 

4x = x? + z’. Completing the square in x gives (x — 2)’ + z? = 4, so C must be 
contained in the circular cylinder (x — 2)? + z* = 4, and the projection of C onto the 
xz-plane is the circle (x — 2)’ + z? = 4, y = 0 [with center (2, 0, 0) and radius 2]. 
From Example 10.1.4, we can write x = 2 + 2 cos t, z = 2 sin t, 0 <S t < 27, and 
because y = x, parametric equations for C are 


x=2+2cost y=2+ 2cost z=2sint O0<t<27 E 


E Using Technology to Draw Space Curves 


Space curves are inherently more difficult to draw by hand than plane curves; for 
an accurate representation we need to use technology. For instance, Figure 8 shows a 
computer-generated graph of the curve with parametric equations 


x = (4 + sin 202) cos t y = (4 + sin 204) sin t z = cos 20t 


It’s called a toroidal spiral because it lies on a torus. Another interesting curve, the 
trefoil knot, with equations 


x = (2 + cos 1.52) cos t y = (2 + cos 1.5t) sin t z = sin 1.5t 


is graphed in Figure 9. It wouldn’t be easy to plot either of these curves by hand. 


FIGURE 8 FIGURE 9 
A toroidal spiral A trefoil knot 
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(a) 


FIGURE 10 Views of the twisted cubic 


ZA 
Vi 
1 We 
7 
N 
| 
x y 
FIGURE 11 


Even when a computer is used to draw a space curve, optical illusions make it difficult 
to get a good impression of what the curve really looks like. (This is especially true in 
Figure 9. See Exercise 60.) The next example shows how to cope with this problem. 


EXAMPLE 8 Usea calculator or computer to draw the curve with vector equation 
r(t) = (t, t°, t°). This curve is called a twisted cubic. 


SOLUTION We start by plotting the curve with parametric equations x = t, y = f°, 

z = f’ for —2 < t < 2. The result is shown in Figure 10(a), but it’s hard to see the true 
nature of the curve from that graph alone. Some three-dimensional graphing software 
allows the user to enclose a curve or surface in a box instead of displaying the coordi- 
nate axes. When we look at the same curve in a box in Figure 10(b), we have a much 
clearer picture of the curve. We can see that it climbs from a lower corner of the box to 
the upper corner nearest us, and it twists as it climbs. 


We get an even better idea of the curve when we view it from different vantage 
points. Part (c) shows the result of rotating the box to give another viewpoint. Parts (d), 
(e), and (f) show the views we get when we look directly at a face of the box. In par- 
ticular, part (d) shows the view from directly above the box. It is the projection of the 
curve onto the xy-plane, namely, the parabola y = x°. Part (e) shows the projection 
onto the xz-plane, the cubic curve z = x°. It’s now obvious why the given curve is 
called a twisted cubic. a 


Another method of visualizing a space curve is to draw it on a surface. For instance, 
the twisted cubic in Example 8 lies on the parabolic cylinder y = x’. (Eliminate the 
parameter from the first two parametric equations, x = t and y = f°.) Figure 11 shows 
both the cylinder and the twisted cubic, and we see that the curve moves upward through 
the origin along the surface of the cylinder. We also used this method in Example 4 to 
visualize the helix lying on the circular cylinder (see Figure 2). 
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A third method for visualizing the twisted cubic is to realize that it also lies on the 
cylinder z = x°. So it can be viewed as the curve of intersection of the cylinders y = x? 
and z = x°. (See Figure 12.) 


FIGURE 12 
Some graphing software provides us 


ith a clea icture of a spa : i : : 
wima A e reel E We have seen that an interesting space curve, the helix, occurs in the model of DNA. 
by enclosing it in a tube. Such a plot 


enables us to see whether one part of Another notable example of a space curve in science is the trajectory of a positively 


a curve passes in front of or behind charged particle in orthogonally oriented electric and magnetic fields E and B. Depend- 
another part of the curve. For example, ing on the initial velocity given the particle at the origin, the path of the particle is either 
Figure 14 shows the curve of Fig- a space curve whose projection onto the horizontal plane is the cycloid we studied in 
ure 13(b) as rendered by the tube- Section 10.1 [Figure 13(a)] or a curve whose projection is the trochoid investigated in 
plot command in Maple. Exercise 10.1.49 [Figure 13(b)]. 


t t 


(a) r(t) = (t— sint, 1— cos t, t) (b) r(t) = (t- 3 sin ¢, 1 — > cos t, t) FIGURE 14 
FIGURE 13 For further details concerning the physics involved and animations of the trajectories 
Motion of a charged particle in of the particles, see the following websites: 


orthogonally oriented electric and 


e www.physics.ucla.edu/plasma-exp/Beam/ 
magnetic fields 


e www.phy.ntnu.edu.tw/ntnujava/index.php?topic=36 


13.1 | Exercises 


1-2 Find the domain of the vector function. 3-6 Find the limit. 
t a ee ee ee 
Dro) In(t + 1), 2! 3. lim | ei + —j + cos 2tk 
0- e 10 sint 
2 = i+ Intj+ l k 
. r(t) = costi + Inrj 4 — Pat. ainm 
4. lim ityi4 t k 
t>1 t-1 Int 
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_ f/1l+f l-e” 
5. lim 53. tan £,,_—— —— 
too \l-tż t 


+t . r) 
, ¢sin — 
-1 t 


p 
6. lim (ie 2 
20° 


tm 


7-16 Sketch the curve with the given vector equation. Indicate 
with an arrow the direction in which tf increases. 

@ r(t) = (~cos ¢, t) 8. r(t) =- 1,1) 

9. r(t) = (3 sinz, 2 cos t) 10. r(t)=ecit+e'j 


1 


= 


. r(t) = (t,2 — t, 2t) 

12. r(t) = (sin mt, t, cos mt) 

13. r(t) = (3, t,2 — t’) 

T ro) = 2 costi + 2sintj +k 


15. r(t) = ti + ttj + rok 


16. r(t) = cos ti — cos tj + sin tk 


17-18 Draw the projection of the curve onto the given plane. 


17. r(t) = (£, t, t°}, yz-plane 


18. r(t) = (t + 1,3t + 1, cos(t/2)}, xy-plane 


19-20 Draw the projections of the curve onto the three coordinate 


planes. Use these projections to help sketch the curve. 


19. r(t) = (t, sin t, 2 cos t) 20. r(t) = (t,t, t°) 


21-24 Find a vector equation and parametric equations for the 
line segment that joins P to Q. 


@ P(-2,1,0), Q(5,2, -3) 
22. P(0, 0,0), Q(—7, 4, 6) 
23. P(3.5, —1.4, 2.1), Q(1.8, 0.3, 2.1) 


24. P(a, b,c), Olu, v, w) 


(5330) Match the parametric equations with the graphs 
(labeled I-VI). Give reasons for your choices. 


25.x=tcost, y=t, z=tsint, t=0 


26. x =cost, y=sint, z= 1/(1 +t) 


27. x=5t y=V/d+?), z=? 
28. x = cost, y= sint, z=cos2t 


29. x = cos 8t, y= sin8t, z= e°", t>0 


30. 


Il 


x 


x= cost, y=simt, z=t 
ZA 
F 
x 
‘ IV A 
y 
x y 
z VI ZA 
y 
X y 


31-34 Find an equation of the plane that contains the curve with 
the given vector equation. 


31. r(t) = (t, 4, t°) 32. r(t) = 4, t,t) 

33. r(t) = (sin t, cos t, —cos t} 

34. r(t) = (22, sint,¢ + 1) 

35. Show that the curve with parametric equations x = t cos t, 
y = tsin t, z = t lies on the cone z* = x? + y?, and use this 
fact to help sketch the curve. 

36. Show that the curve with parametric equations x = sin t, 
y = cos t, z = sin’s is the curve of intersection of the surfaces 
z = x° and x? + y? = 1. Use this fact to help sketch the 
curve. 

37. Find three different surfaces that contain the curve 

r(t) = 2ti+ e'j + e”k 
38. Find three different surfaces that contain the curve 
r(t) = ti + Intjy+ (1/t)k 

39. At what points does the curve r(t) = ti + (2t — t°)k inter- 
sect the paraboloid z = x? + y*? 

40. At what points does the helix r(t) = (sin t, cos t, t) intersect 


the sphere x? + y? + z? = 5? 
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41-45 Graph the curve with the given vector equation. Make 
sure you choose a parameter domain and viewpoints that reveal 
the true nature of the curve. 


41. r(t) = (cos t sin 2t, sin ¢ sin 2t, cos 21) 

42. r(t) = (te’,e', t) 

43. r(t) = (sin 3t cos t, ¢t, sin 3t sin t) 

44, r(t) = (cos(8 cos ż) sin ¢, sin(8 cos ż) sin t, cos t) 


45. r(t) = (cos 2t, cos 3t, cos 4t) 


FÑ 46. Graph the curve with parametric equations 


x= sint = sin 2t z = cos 4t 


Explain its shape by graphing its projections onto the three 
coordinate planes. 


FÑ 47. Graph the curve with parametric equations 


x = (1 + cos 162) cos t 


y = (1 + cos 16ż) sin t 
z = l + cos lot 


Explain the appearance of the graph by showing that it lies 
on a cone. 


FÑ 48. Graph the curve with parametric equations 


x = 4/1 — 0.25 cos? 10f cos t 
y = y1 — 0.25 cos? 10¢ sin t 


z = 0.5 cos 10t 


Explain the appearance of the graph by showing that it lies 
on a sphere. 


49. Show that the curve with parametric equations x = t’, 
y = 1 — 3t,z = 1 + Pf passes through the points (1, 4, 0) 
and (9, —8, 28) but not through the point (4, 7, —6). 


50-54 Find a vector function that represents the curve of 
intersection of the two surfaces. 

50. The cylinder x? + y? = 4 and the surface z = xy 
51. The cone z = yx? + y? andthe plane z = 1 + y 


52. The paraboloid z = 4x” + y? and the parabolic 
cylinder y = x? 

53. The hyperbolic paraboloid z = x* — y? and the 
cylinder x? + y? = 1 


54. The semiellipsoid x? + y? + 4z* = 4, y = 0, and the 
cylinder x? + z? = 1 


Fa 


FÑ 55. Try to sketch by hand the curve of intersection of the circu- 


lar cylinder x? + y? = 4 and the parabolic cylinder z = x’. 
Then find parametric equations for this curve and use these 
equations and a computer to graph the curve. 
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FÑ 56. Try to sketch by hand the curve of intersection of the 


parabolic cylinder y = x? and the top half of the ellipsoid 
x? + 4y? + 42? = 16. Then find parametric equations for 
this curve and use these equations and a computer to graph 
the curve. 


57-58 Intersection and Collision If two objects travel through 
space along two different curves, it’s often important to know 
whether they will collide. (Will a missile hit its moving target? 
Will two aircraft collide?) Their paths might intersect, but we 
need to know whether the objects are in the same position at the 
same time. (See Exercises 10.1.55—57.) 


157. The trajectories of two particles are given by the vector 
functions 
r(t) = (t?, 7t — 12, t°) r(t) = (4t — 3, t°, 5t — 6) 


for t > 0. Do the particles collide? 


58. Two particles travel along the space curves 
r(@) =, 0,0) r(t) = (1 + 22,1 + 6t,1 + 14t) 
Do the particles collide? Do their paths intersect? 
(a) Graph the curve with parametric equations 
= Z sin s= Š sin 18t 
y = —2 cos 8t + Š cos 18% 
z= sin5t 
(b) Show that the curve lies on the hyperboloid of one 
sheet 144x? + 144y? — 25z7 = 100. 
60. Trefoil Knot The view of the trefoil knot shown in Figure 9 


is accurate, but it doesn’t reveal the whole story. Use the 
parametric equations 


x = (2 + cos 1.5t) cos t 


y = (2 + cos 1.5t) sin t 


z = sin 1.5t 


to sketch the curve by hand as viewed from above, with 
gaps indicating where the curve passes over itself. Start by 
showing that the projection of the curve onto the xy-plane 
has polar coordinates r = 2 + cos 1.5¢ and 0 = t, so r var- 
ies between 1 and 3. Then show that z has maximum and 
minimum values when the projection is halfway between 
r= | andr = 23. 

When you have finished your sketch, use a computer to 
draw the curve with viewpoint directly above and compare 
with your sketch. Then plot the curve from several other 
viewpoints. You can get a better impression of the curve if 
you plot a tube with radius 0.2 around the curve. (Use the 
tubeplot command in Maple or the tubecurve or 
Tube command in Mathematica.) 
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61. Properties of Limits Suppose u and v are vector functions (c) lim [u(t) - v(t)] = lim u(t) - lim v(t) 
that possess limits as t — a and let c be a constant. Prove the ii noe aes 
following properties of limits. 

(a) lim [u(t) + v(4)] = lim u(t) + lim v(t) 62. Show that lim,_., r(t) = b if and only if for every e > 0 
there is a number 6 > 0 such that 


if O<|r—a|<6 then |r() —b|<e 


(d) lim [u(t) X v(t)] = lim u(t) X lim v(t) 


(b) lim cu(t) = c lim u(t) 
ta t—a 


13.2 | Derivatives and Integrals of Vector Functions 


Later in this chapter we are going to use vector functions to describe the motion of plan- 
ets and other objects through space. Here we prepare the way by developing the calculus 
of vector functions. 


E Derivatives 


The derivative r’ of a vector function r is defined in much the same way as for real- 
valued functions: 


GE is — xe BUPA) = The) 
[1] dt r'() = lim F 


if this limit exists. The geometric significance of this definition is shown in Figure 1. 
If the points P and Q have position vectors r(t) and r(t + h), then PQ represents the vec- 
tor r(t + h) — r(t), which can therefore be regarded as a secant vector. If h > 0, the 
scalar multiple (1/h)(r(t + h) — r(t)) has the same direction as r(t + h) — r(t). As 
h — 0, it appears that this vector approaches a vector that lies on the tangent line. For 
this reason, the vector r'(f) is called the tangent vector to the curve defined by r at the 
point P, provided that r'(f) exists and r'(t) ~ 0. The tangent line to C at P is defined to 
be the line through P parallel to the tangent vector r'(t). 


r(t+h)—r(t) 


Notice that when 0 < h < 1, 
multiplying the secant vector by 1/h 
stretches the vector, as shown in 
Figure 1(b). 


FIGURE 1 (a) The secant vector PO (b) The tangent vector r'(t) 


The following theorem gives us a convenient method for computing the derivative of 
a vector function r: just differentiate each component of r. 


[2] Theorem If r(t) = (f(t), g(t), KA) = f(t) i + g(t)j + A(t) k, where f, g, and 
h are differentiable functions, then 


ry =(f'0,9'0, kO) = f'Oi+ gOj + h'Ok 
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PROOF 
= tm L 7 
r(t) = Jim. rv [r(t + At) — r(t)] 


= lim kre + An), g(t + Ad), h(t + AD) — (fF, g0), AO) ] 


At—0 
= ii f(t+ At) —f(t) g(t + At) — g(t) h(t + At) — h(t) 
RE At , At , At 


At—>0 At At—>0 At ? At —>0 At 


( _ f(ttt+Ad-f® . gtt+Ad-—g . h(t + Ai- o 
= (4 im A—H—., lim =, limn —— 


= (F9, 9’, h'(O) a 


A unit vector that has the same direction as the tangent vector is called the unit tan- 
gent vector T and is defined by 
r'(ġ 


T(t) = roj 


EXAMPLE 1 


(a) Find the derivative of r(t) = (1 + t)i + tej + sin 2t k. 
(b) Find the unit tangent vector at the point where t = 0. 


SOLUTION 
(a) According to Theorem 2, we differentiate each component of r: 


r(t) = 377i + (1 — fe~j + 2cos2tk 
(b) Since r(0) = i and r'(0) = j + 2k, the unit tangent vector at the point (1, 0, 0) is 
r(Q)  j+2k_ 1,, 2 


T(0) = j+ k 5 
rO] Wi+4 5 V5 
YA EXAMPLE 2 For the curve r(t) = yt i + (2 — t) j, find r’(t) and sketch the position 
vector r(1) and the tangent vector r'(1). 
SOLUTION We have 
1 1 
r(t) = —~i-j and r(1) = =i-j 
Ii J 7 J 
ia The curve is a plane curve and elimination of the parameter from the equations 
R= s/t, y = 2 — t gives y = 2 — x’, x = 0. In Figure 2 we draw the position vector 
r(1) =i + j starting at the origin and the tangent vector r’(1) starting at the corre- 
FIGURE 2 sponding point (1, 1). E 


Notice from Figure 2 that the tangent 
vector points in the direction of 
increasing t. (See Exercise 60.) 


EXAMPLE 3 Find parametric equations for the tangent line to the helix with para- 
metric equations 
x =2cost y =sint z=t 


at the point (0, 1, 7/2). 
SOLUTION The vector equation of the helix is r(t) = (2 cos t, sin t, t}, so 


r'(t) = (—2 sin t, cos t, 1) 
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The parameter value corresponding to the point (0, 1, 7/2) is t = 7/2, so the tangent 
vector there is r'(m/2) = (—2, 0, 1). The tangent line is the line through (0, 1, 77/2) 
parallel to the vector (—2, 0, 1), so by Equations 12.5.2 its parametric equations are 


x= -—2t y=1 z=— +t E 
2 
12 
The helix and the tangent line in 5 $ 
Example 3 are shown in Figure 3. Pi 
—2 
=|. 0 
o5 0 Os qg 2? 7 
FIGURE 3 y 
In Section 13.4 we will see how r'(t) Just as for real-valued functions, the second derivative of a vector function r is the 
and r”(t) can be interpreted as the derivative of r’, that is, r” = (r’)’. For instance, the second derivative of the function in 
velocity and acceleration vectors of a Example 3 is 
particle moving through space with se : 
position vector r (f) at time t. r"(t) = (—2 cos t, —sin t, 0) 


E Differentiation Rules 


The next theorem shows that the differentiation formulas for real-valued functions have 
their counterparts for vector-valued functions. 


[3] Theorem Suppose u and v are differentiable vector functions, c is a scalar, 
and f is a real-valued function. Then 


Z lu + vi] = ul) + vO 
Z leuD] = cu 


“LA ue] = FO ue) + fu 


L lul -vO = wO vO) + uO) vO 


“ lulo x v(t)] = u(t) X v(t) + u(t) X v't) 


“ ul fA) = f’Ou'(f() (Chain Rule) 


This theorem can be proved either directly from Definition | or by using Theorem 2 
and the corresponding differentiation formulas for real-valued functions. The proof of 
Formula 4 follows; the remaining formulas are left as exercises. 
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PROOF OF FORMULA 4 Let 
u(t) = (fi), AO, AC) v(t) = (gilt), golt), 93) 


Then u(t) - v(t) = fA ail) + AM gad) + AM glt) = > OLLO) 


so the ordinary Product Rule gives 


3 


PA fil) g(t) = es Lfil) gi] 


=a Z u0 v(t] = aes 


ie sis 


iL fi (t) git) + FO gA] 


= ; fil) gilt) + Zso gi(t) 
= u(t) + v(t) + u(t) > v(t) a 


We use Formula 4 to prove the following theorem. 


[4] Theorem If |r(¢) | = c (a constant), then r‘(#) is orthogonal to r(¢) for all t. 


PROOF Since 
r(t) -rð = |r |? = c? 


and c° is a constant, Formula 4 of Theorem 3 gives 
d 
0= qO er] = r(t) < r(A) + r(A -r (td = 2r(d + re) 


Thus r‘(f) + r(t) = 0, which says that r’(t) is orthogonal to r(t). Oo 


Geometrically, Theorem 4 says that if a curve lies on a sphere with center the origin, 
then the tangent vector r'(f) is always perpendicular to the position vector r(t). (See 
FIGURE 4 Figure 4.) 


E Integrals 


The definite integral of a continuous vector function r(t) can be defined in much the 
same way as for real-valued functions except that the integral is a vector. But then we can 
express the integral of r in terms of the integrals of its component functions f, g, and h 
as follows. (We use the notation of Chapter 5.) 


i ” ¥(t) dt = lim > r”) At 
= lim [ea s) i+ (š g(t*) a1) + > h(t;*) s) J 
and so 


f r(i) dt = ( f ” F(t) i) i+ ( i g(t) 7 j+ ( | h(t) a) k 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


902 CHAPTER 13 Vector Functions 


This means that we can evaluate an integral of a vector function by integrating each com- 


ponent function. 


We can extend the Fundamental Theorem of Calculus to continuous vector functions 


as follows: 


['r ar = ROP = RO — R@) 


where R is an antiderivative of r, that is, R’(t) = r(t). We use the notation i) r(t) dt for 
indefinite integrals (antiderivatives). 


EXAMPLE 4 If r(t) = 2 costi + sintj + 2rk, then 


| r(9 at = ({ 2cosrat) i+ ([sinear) + (EOL 


= 2 sinti — costj + tk +C 


where C is a vector constant of integration, and 


0 


[ro dt = [2 sinti — costj + rk] 


2 


mo T 
i =i tt yE E 


13.2 | Exercises 


1. The figure shows a curve C given by a vector function r(t). 
(a) Draw the vectors r(4.5) — r(4) and r(4.2) — r(4). 
(b) Draw the vectors 


r(4.5) — r(4) r(4.2) — r(4) 
2 and e 
0.5 0.2 
(c) Write expressions for r'(4) and the unit tangent 


vector T(4). 
(d) Draw the vector T(4). 


2. (a) Make a large sketch of the curve described by the vector 
function r(¢) = (t?, t), 0 < t < 2, and draw the vectors 
r(1), r(1.1), and r(1.1) — r(1). 
(b) Draw the vector r’(1) starting at (1, 1), and compare it 
with the vector 
r(1.1) — r(1) 
0.1 


Explain why these vectors are so close to each other in 
length and direction. 


3-8 

(a) Sketch the plane curve with the given vector equation. 

(b) Find r’(t). 

(c) Sketch the position vector r(t) and the tangent vector r'(f) for 
the given value of t. 

r(t) =(t- 2, +1), t 1 


(I=L rh t=1 


E E a 


r(t) =e”ři+ ej, t=0 
6. r(t) = e'i + 2rj, t=0 
@ r(t) = 4sinti— 2costj, t= 37/4 


8. r(t) = (cost + 1)i + (sint — 1)j, t= -7/3 


9-16 Find the derivative of the vector function. 


9. r(t) = (Vt — 2,3, 1/22) 
10. r(t) = (et — t, Int) 


11. r(t) = ti + cos(t*) j + sin’t k 


t . Aa 


eee: 


tee [Fr 


12. r(t) 


AB v(t) = t sin ti + e'costj + sin t cos t k 


14. r(t) = sinřati + te” j + cos*ctk 


15. r()ñ=a+tb+r’c 


16. r(t) =ta X (b+ tce) 
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mx] 


mx] 


17-20 Find the unit tangent vector T(r) at the point with the 
given value of the parameter t. 


17. r(t) (re 2t, 1 4 


te), t=2 


3, 50° 4 
18. r(t) = (tan 't, 2e”, 81e'), t=0 


19. r(t) = costi + 3tj + 2 sin2tk, t=0 


20. r(ż) = sin’ri + cos*rj + tan’rk, 


t= 7/4 


SECTION 13.2 Derivatives and Integrals of Vector Functions 


21-22 Find the unit tangent vector T(r) at the given point on the 
curve. 


21. r£) = (#7 + 1,3t —5,4/t), (2, —2, 4) 


22. r(t) = sinti + 5tj + costk, (0,0, 1) 


E if r(d) = (r4, t, t°), find r'(t), TU), r"(O, and r'(A X r"(0). 
24. If r(t) = le”, e-*, t), find r’(0), T(0), r”(0), and 
r'(0) x r”(0). 


25-28 Find parametric equations for the tangent line to the 


curve with the given parametric equations at the specified point. 
25. x= +1, y=4/f, z=e"'s (2,4,1) 
26. x = In(t + 1), z= '. 


y = tcos 2, (0, 0, 1) 


@.« =e" cost, y=e'sint, z=e'; (1,0,1) 


28. x 2+3, y=h( +3) z=t (2,In4,1) 


29. Find a vector equation for the tangent line to the curve 
of intersection of the cylinders x? + y* = 25 and 
y? + z? = 20 at the point (3, 4, 2). 


30. Find the point on the curve r(t) = (2 cos t, 2 sin t, e’), 
0 <t < m, where the tangent line is parallel to the plane 


3x+ty=l1. 
V3xt+y 


31-33 Find parametric equations for the tangent line to the 
curve with the given parametric equations at the specified point. 
Illustrate by graphing both the curve and the tangent line on a 
common screen. 


31.x=4 y=e'%,z=2t-— 2; (0,1,0) 
32. x =2cost, y=2sint, z = 4 cos 2t; (/3,, 1,2) 


33. x =fcost, y=t, z=fsint; (~r, 7,0) 


34. (a) Find the point of intersection of the tangent lines to the 
curve r(t) = (sin mt, 2 sin 7t, cos mt) at the points 
where t = 0 andt = 0.5. 
(b) Illustrate by graphing the curve and both tangent lines. 


35. The curves r,(t) = (¢, f°, t°) and r(t) = (sin t, sin 2t, t) 
intersect at the origin. Find their angle of intersection cor- 
rect to the nearest degree. 


903 


36. At what point do the curves rı(t) = (t, 1 — t,3 + 1°) and 
r,(s) = (3 — s,s — 2,57) intersect? Find their angle of 
intersection correct to the nearest degree. 


37-42 Evaluate the integral. 
o (ti — tj + 30°k) dt 
0 


38. p (213/21 + (t+ 1)/f k) dt 


1 1 1 t 
39. i+ j + k } dt 
Ry | ) 


40. ig (sec ż tan ti + t cos 2tj + sin? 2t cos 2t k) dt 
0 


l a 
an { (Lait tit vin) a 


1 3 
| (eose: + re. + scr) dt 


43. Find r(t) if r'(t) = 2ti + 3t j + vt kandr(1) =i +j. 

44. Find r(t) if r'(t) = ti + e'j + te’kandr(0) =i+jt+k. 

45. Prove Formula | of Theorem 3. 

46. Prove Formula 3 of Theorem 3. 

47. Prove Formula 5 of Theorem 3. 

48. Prove Formula 6 of Theorem 3. 

49. If u(t) = (sin t, cos t, t} and v(t) = (t, cos t, sin t}, use 
Formula 4 of Theorem 3 to find 


d 
gO -v(®)] 


50. If u and v are the vector functions in Exercise 49, use 
Formula 5 of Theorem 3 to find 


Luo x v(t) 
51. Find f'(2), where f(t) = u(t) - v(t), u(2) = (1,2, —1), 


u'(2) = (3, 0, 4), and w(t) = (t, t, t°). 


52. If r(t) = u(t) X v(t), where u and v are the vector func- 
tions in Exercise 51, find r’(2). 


53. If r(t) = a cos wt + b sin wt, where a and b are constant 
vectors, show that r(t) X r’(t) = wa X b. 


54. Ifr is the vector function in Exercise 53, show that 
r(t) + w’*r(t) = 0. 


55. Show that if r is a vector function such that r” exists, then 


Lro x r'(t)] = r(t) X r" 
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904 CHAPTER 13 Vector Functions 


d 
56. Find an expression for P [u(t) -vA 


d 
57. If r(t) # 0, show that rr |r| = 


| r( 


[Hint: 


r(t) |? =r - r(e] 


58. Prove the converse of Theorem 4: if a 


that the position vector r(t) is always orthogonal to the 


13.3 


FIGURE 1 


The length of a space curve is the limit 


of lengths of approximating polygonal 
paths. 


In Section 13.4 we will see that if r(t) 
is the position vector of a moving 
object at time t, then r’(r) is the 
velocity vector and | r’(t) | is the 
speed. Thus Equation 3 says that to 
compute distance traveled, we 
integrate speed. 
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1 


tangent vector r'(ż), then | r(t) | is constant and thus the curve 
lies on a sphere with center the origin. 


If u(t) = r(t) - [r(t X r”(t)], show that 
u(t) = r(t) + [r'() x vr") 


Show that the tangent vector to a curve defined by a vector 
function r(t) points in the direction of increasing t. 

[Hint: Refer to Figure 1 and consider the cases h > 0 and 
h < 0 separately. ] 


x w(®)]. 


59. 


Di r(t) < r(t). 


60. 


curve has the property 


Arc Length and Curvature 


E Arc Length 


In Section 10.2 we defined the length of a plane curve with parametric equations x = f(t), 
y = g(t),a S t <S b, as the limit of lengths of approximating polygonal paths and, for the 
case where f’ and g’ are continuous, we arrived at the formula 


| 


The length of a space curve is defined in exactly the same way (see Figure 1). Suppose 
that the curve has the vector equation r(t) = (f(t), g(t), A(t)), a S t < b, or, equivalently, 
the parametric equations x = f(t), y = g(t), z = h(t), where f’, g’, and h’ are continu- 
ous. If the curve is traversed exactly once as t increases from a to b, then it can be shown 
that its length is 


dx 
dt 


Do t= [VFO OF a- | A ( 


= I, VIFOP + [OP + OP at 
b 


UMC) + (@) «G) « 


Notice that both of the arc length formulas (1) and (2) can be put into the more com- 
pact form 


[2] 


dx 
dt 


dz 


dt 


dy 
dt 


[3] 


L=|'|r@lat 


because, for plane curves r(t) = f(f)i + g(dj, 


Ir] = |f'Oi + 9'O5| = VIFOF + [y'OP 


and for space curves r(t) = f(A i + gj + h(t)k, 


rO| = | fit gO) + WOK = VOF + OP + OP 
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Figure 2 shows the arc of the helix 
whose length is computed in 
Example 1. 


FIGURE 2 


FIGURE 3 


SECTION 13.3 Arc Length and Curvature 905 


EXAMPLE 1 Find the length of the arc of the circular helix with vector equation 
r(t) = cos ti + sin tj + tk from the point (1, 0, 0) to the point (1, 0, 277). 


SOLUTION Since r‘(t) = —sin ti + cos tj + k, we have 
|r) | = (sin 1)? + cos?t + 1 = y2 


The arc from (1, 0, 0) to (1, 0, 27r) is described by the parameter interval 0 < t < 27 
and so, from Formula 3, we have 


L= o |r'(0) |dt = ("v2 at =2/20 m 


A single curve C can be represented by more than one vector function. For instance, 
the twisted cubic 


[a] rii) = (t, t, t°) 1<t<2 
could also be represented by the function 
[5] r(u) = (e", e™, e*") O0<u<ln2 


where the connection between the parameters ¢ and u is given by t = e". We say that 
Equations 4 and 5 are parametrizations of the curve C. If we were to use Equation 3 to 
compute the length of C using Equations 4 and 5, we would get the same answer. This is 
because arc length is a geometric property of the curve and hence is independent of the 
parametrization that is used. 


E The Arc Length Function 
Now we suppose that C is a curve given by a vector function 
r(A = f(Di + gj + Ak axt<b 


where r’ is continuous and C is traversed exactly once as ¢ increases from a to b. We 
define its arc length function s by 


t t dx\ a 2 pi 2 
a -ira E E 


(Compare to Equation 10.2.7.) Thus s(ż) is the length of the part of C between r(a) and 
r(t). (See Figure 3.) If we differentiate both sides of Equation 6 using Part 1 of the Fun- 
damental Theorem of Calculus, we obtain 


ds 
= |r| 


dt 

It is often useful to parametrize a curve with respect to arc length because arc 
length arises naturally from the shape of the curve and does not depend on a particular 
coordinate system or a particular parametrization. If a curve r(ż¢) is already given in terms 
of a parameter ¢ and s(t) is the arc length function given by Equation 6, then we may be 
able to solve for ¢ as a function of s: t = t(s). Then the curve can be reparametrized in 
terms of s by substituting for t: r = r(¢(s)). Thus, if s = 3 for instance, r(t(3)) is the posi- 
tion vector of the point 3 units of length along the curve from its starting point. 
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EXAMPLE 2 Reparametrize the helix r(4) = cos ti + sin tj + tk with respect to arc 
length measured from (1, 0, 0) in the direction of increasing t. 


SOLUTION The initial point (1, 0, 0) corresponds to the parameter value t = 0. From 
Example | we have 


<= |r| = v2 
and so s = s(t) = f [r6 |du = |’ 2 du = 21 


Therefore t = s/J/2 and the required reparametrization is obtained by substituting 
for t: 


r(t(s)) = cos(s//2)i + sin(s//2)j + (s//2) k | 


E Curvature 


A parametrization r(t) is called smooth on an interval J if r’ is continuous and r'(t) # 0 
on J. A curve is called smooth if it has a smooth parametrization. A smooth curve has no 
sharp corner or cusp; when the tangent vector turns, it does so continuously. 

If C is a smooth curve defined by the vector function r, recall that the unit tangent 
vector T(t) is given by 


ro 
T(t) = -— 
|r’ | 
FIGURE 4 and indicates the direction of the curve. From Figure 4 you can see that T(1) changes 
Unit tangent vectors at equally spaced direction very slowly when C is fairly straight, but it changes direction more quickly 
points on C when C bends or twists more sharply. 


The curvature of C at a given point is a measure of how quickly the curve changes 
direction at that point. Specifically, we define it to be the magnitude of the rate of change 
of the unit tangent vector with respect to arc length. (We use arc length so that the defini- 
tion of curvature will be independent of the parametrization.) Because the unit tangent 
vector has constant length, only changes in direction contribute to the rate of change 
of T. 


Definition The curvature of a curve is 


av 
ds 


K = 


where T is the unit tangent vector. 


The curvature is easier to compute if it is expressed in terms of the parameter t instead 
of s, so we use the Chain Rule (Theorem 13.2.3, Formula 6) to write 


dT 
ds 


dT dT ds 


= — — K = 


dt ds dt 


dT/dt 
ds/dt 
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But ds/dt = | r'(0) | from Equation 7, so 


_ ITO 
[9] K(f) O] 


EXAMPLE3 Show that the curvature of a circle of radius a is 1/a. 


SOLUTION We can take the circle to have center the origin, and then a parametrization 


is 
r(t) = acosti+ asintj 
Therefore r(A = —asintit+ acostj and |r’) | =a 
r(t 
so m= et] 
[ro | 
and T(t) = —cos ti — sint j 
This gives | T'(¢) | = 1, so using Formula 9, we have 
T(t 1 
m = POL ee a 
Ir | a 


The result of Example 3 shows that small circles have large curvature and large circles 
have small curvature, in accordance with our intuition. We can see directly from the defi- 
nition of curvature that the curvature of a straight line is always 0 because the tangent 
vector is constant. 

Although Formula 9 can be used in all cases to compute the curvature, the formula 
given by the following theorem is often more convenient to apply. 


Theorem The curvature of the curve given by the vector function r is 


[r(A x r"(d | 


EXO) |? 


k(t) = 


PROOF Since T = r'/|r'| and |r’| = ds/dt, we have 


r= t= 27 
dt 


so the Product Rule (Theorem 13.2.3, Formula 3) gives 


d’s ds 
= — T + —T' 
dt“ dt 


n 


Using the fact that T X T = 0 (see Example 12.4.2), we have 


ds \? 
rxr= (“) (T X T’) 
dt 
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Now | T(¢)| = 1 for all t, so T and T’ are orthogonal by Theorem 13.2.4. Therefore, by 
Theorem 12.4.9, 


, n ds \? , ds V , ds Va, 
exel=(4)irxei=(4) rir = (Fir 


Jr’ x r” |r xr” 
Th T|= = 
= IT | = a Ir’? 
1 1 n 
and K= [T | |r Z E 
[r'| e 


EXAMPLE 4 Find the curvature of the twisted cubic r(A = (t, t’, t°) at a general point 
and at (0, 0, 0). 


SOLUTION We first compute the required ingredients: 
r'(ġ = (1, 2t, 3t) r’(t) = (0, 2, 6t) 


[r'()| = V1 + 42? + 9r 


i j k 
r'(t) Xr") = |1 2t 3ť|=6ťi-— 6tj+2k 
0O 2 6t 


[r(A X r(A | = J36t4 + 3622 + 4 = 2/9t4 + 9 + 1 
Theorem 10 then gives 


Ir xr")|  2V1 + 92? + OF 


OTOP (1 + 40? + or? 


At the origin, where t = 0, the curvature is k(0) = 2. E 


For the special case of a plane curve with equation y = f(x), we choose x as the 
parameter and write r(x) = xi + f(x) j. Then r'(x) = i + f'(x) j and r”(x) = f"(x) j. 
Since i X j = k and j X j = 0, it follows that r'(x) X r”(x) = f"(x) k. We also have 


|x’(x) | = V1 + [f'(x)F and so, by Theorem 10, 


Lf") 
mi K) = TF FOT” 


EXAMPLE 5 Find the curvature of the parabola y = x? at the points (0, 0), (1, 1), 
and (2, 4). 


SOLUTION Since y’ = 2x and y” = 2, Formula 11 gives 


ly" | 2 


[eae i (ada 


K(x) = 


The curvature at (0, 0) is k(0) = 2. At (1, 1) itis K(1) = 2/57? ~ 0.18. At (2, 4) it is 


FIGURE5 k(2) = 2/177? =~ 0.03. Observe from the expression for k(x) or the graph of « in 
The parabola y = x? and its curvature Figure 5 that k(x) — 0 as x — +. This corresponds to the fact that the parabola 
function appears to become nearly straight as x > +, E 
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E The Normal and Binormal Vectors 


At a given point on a smooth space curve r(t), there are many vectors that are orthogonal 
to the unit tangent vector T(t). We single out one by observing that, because | T(A | = 1 
for all t, we have T(t) - T’(t) = 0 by Theorem 13.2.4, so T'(t) is orthogonal to T(t). Note 
that, typically, T’(t) is itself not a unit vector. But at any point where x # 0 we can define 
the principal unit normal vector N(¢) (or simply unit normal) as 


TO) 
N(t) = 
(T) | 
We can think of the unit normal vector as indicating the direction in which the curve is 


turning at each point. The vector 
B(A = T(t) xX N(a) 


is called the binormal vector. It is perpendicular to both T and N and is also a unit vec- 
FIGURE 6 tor. (See Figure 6.) 


Figure 7 illustrates Example 6 by EXAMPLE 6 Find the unit normal and binormal vectors for the circular helix 
showing the vectors T, N, and B at 
two locations on the helix. In general, 
the vectors T, N, and B, starting at 
the various points on a curve, forma 


r(t) = cos ti + sintj + tk 


SOLUTION We first compute the ingredients needed for the unit normal vector: 


set of orthogonal vectors, called the r(t) = —sinti + costj + k |r'(t) | = J2 
TNB frame, that moves along the 
curve as f varies. This TNB frame r'(t) 


Ti) = (—sin ti + costj + k) 


1 
plays an important role in the branch | rð | = Z 
of mathematics known as differential 
geometry and in its applications to PNE. à ere j = 
the motion of spacecraft. T©@ J2 (—cos ti — sin tj) | T) | 


T(t 
N = TO = —cos ti — sin tj = (—cos t, —sin t, 0) 


ee 
V2 


This shows that the unit normal vector at any point on the helix is horizontal and points 
toward the z-axis. The binormal vector is 


i j k 
1 1 
B(t) = T(t) xX N(t) = — | -sint cost 1]=-—=(sint,—cost,1) E 


| v2 


—cost —sint 


EXAMPLE 7 Find the unit tangent, unit normal, and binormal vectors and the curva- 
ture for the curve r(t) = (1, af 2 Tid. 1/t) at the point (1, 0, 1). 


FIGURE 7 SOLUTION We start by finding T and T’ as functions of t. 
r = (1,2/5 -1/°) 


2 1 1 
|r'(t)| = jz ste aa 


tt 


1 1 
= P (£ +1} = Be + 1) (because t£? + 1 > 0) 


w=" r (2 “)= 1 (12, JI, -1) 


Ol +) t P| C+D 
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910 CHAPTER 13 Vector Functions 


We use Formula 3 of Theorem 13.2.3 to differentiate T: 


=2t 


TO= ap 


(t, /2t, -1) (2t, 4/2, 0) 


1 
+ — 
(t? + 1) 
The point (1, 0, 1) corresponds to t = 1, so we have 


T(1) = $41, V2, -1) 


T) = —41, V2, -1) + (2, V2, 0) = 311, 0, 1) 


7d) 34,01) — 1 
N(1) TO] iyvi+or1 Fria 
B(1) = T(1) X N() = —= (V3, -2, -y2) = Hl, V2, -1) 


24/2 


and, by Formula 9, the curvature is 


_ ITO) _ v2/2 _ v2 


[r’(1) | 2 4 


K(1) 


We could also use Theorem 10 to compute «(1); you can check that we get the same 
answer. E 


osculating plane curve C is called the normal plane of C at P. It consists of all lines that are orthogonal 
to the tangent vector T. The plane determined by the vectors T and N is called the oscu- 
lating plane of C at P. (See Figure 8.) The name comes from the Latin osculum, mean- 
ing “kiss.” It is the plane that comes closest to containing the part of the curve near P. 
(For a plane curve, the osculating plane is simply the plane that contains the curve.) 

The circle of curvature, or the osculating circle, of C at P is the circle in the osculat- 
ing plane that passes through P with radius 1/« and center a distance 1/« from P along 
the vector N. The center of the circle is called the center of curvature of C at P. We can 
think of the circle of curvature as the circle that best describes how C behaves near P—it 
shares the same tangent, normal, and curvature at P. Figure 9 illustrates two circles of 
FIGURE8 curvature for a plane curve. 


í The plane determined by the normal and binormal vectors N and B at a point P on a 
l 


normal 
plane 


x 


yA P 


FIGURE 9 


EXAMPLE 8 Find equations of the normal plane and osculating plane of the helix in 
Example 6 at the point P(0, 1, 7/2). 
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Figure 10 shows the helix and the SOLUTION The point P corresponds to t = 7/2 and the normal plane there has normal 
osculating plane in Example 8. vector r'(m/2) = (—1, 0, 1), so an equation of the normal plane is 


T T 
-ie -0 +0- 9+ 1f2- Z) =o or raato 


The osculating plane at P contains the vectors T and N, so a vector normal to the oscu- 
lating plane is T X N = B. From Example 6 we have 


B= has eee (=) - PS 
Os sin t, —cos t, 5 a ae 


FIGURE 10 The vector (1, 0, 1) is parallel to B(7/2) (so also normal to the osculating plane). Thus 
an equation of the osculating plane is 


T T 
e -0+0- D+ 1(2-Z)=0 or E E 


EXAMPLE 9 Find and graph the osculating circle of the parabola y = x° at the origin. 


sculati 
PERE SOLUTION From Example 5, the curvature of the parabola at the origin is k(0) = 2 so 


the radius of the osculating circle there is 1/k = L, Moving this distance in the direction 
of N = (0, 1) (the tangent vector is horizontal at the origin so the normal vector is 
vertical) leads us to the center of curvature at (0, 5), so an equation of the circle of 
curvature is 


circle 


This circle is graphed in Figure 11. a 


FIGURE 11 We summarize here the formulas for unit tangent, unit normal and binormal vectors, 
Notice that the circle and the parabola and curvature. 


appear to bend similarly at the origin. 


r'(i) T(t) 
IT| 


T( = N(t) = B(t) = T(t) X N(t) 


|r’ | 


dT| |TQO|— [rO xr] 
ds [r| rof 


E Torsion 


Curvature x = |dT/ds| at a point P on a curve C indicates how tightly the curve 
“bends.” Since T is a normal vector for the normal plane, d T/ds tells us how the normal 
plane changes as P moves along C. [Note that the vector dT/ds is parallel to N 
(Exercise 63), so as P moves along C, the tangent vector at P rotates in the direction 
of N. A space curve can also lift or “twist” out of the osculating plane at P.] Since B is 
normal to the osculating plane, dB/ds gives us information about how the osculating 
plane changes as P moves along C. (See Figure 12.) 

In Exercise 65 you are asked to show that dB/ds is parallel to N. Thus there is a scalar 
T such that 


x 
dB 
FIGURE 12 [12] ae 
S 
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Intuitively, the torsion 7 at a point P 
ona curve is a measure of how much 
the curve “twists” at P. If 7 is positive, 
the curve twists out of the osculating 
plane at P in the direction of the 
binormal vector B; if 7 is negative, the 
curve twists in the opposite direction. 


It can be shown that under certain 
conditions, the shape of a space curve 
is completely determined by the 
values of curvature and torsion at 
each point on the curve. 


CHAPTER 13 Vector Functions 


(It is customary to include the negative sign in Equation 12.) The number 7 is called the 
torsion of C at P. If we take the dot product with N of each side of Equation 12 and note 
that N - N = 1, we get the following definition. 


[13] Definition The torsion of a curve is 


_ dB 
ds 


N 


T= 


Torsion is easier to compute if it is expressed in terms of the parameter t instead of s, 
so we use the Chain Rule to write 


dB dB ds dB dB/dt B' (1) 
Baca Coca s0 = _ 
dt ds dt ds ds/dt |r’(2)| 
Now from Definition 13 we have 
B'() - N 
T(t) = == 
ir’ 


EXAMPLE 10 Find the torsion of the helix r(t) = (cos t, sin t, t}. 
SOLUTION In Example 6 we computed ds/dt = |r'(#)| = V2, 


N(t) = (—cos t, —sin t, 0), and B(t) = (1/72 \sin t, —cos t, 1). Then 
B'(t) = (1//2 X cos t, sin t, 0) and Formula 14 gives 


Bi() NO 


T(t) = rOl 


1 1 
z (cos t, sin t, 0) + (—cos t, —sin t, 0) = z E 


Figure 13 shows the unit circle r(t) = (cos ¢, sin ¢, 0) in the xy-plane and Figure 14 
shows the helix of Example 10. Both curves have constant curvature, but the circle has 
constant torsion 0 whereas the helix has constant torsion 5. We can think of the circle as 
bending at each point but never twisting, while the helix both bends and twists (upward) 
at each point. 


— 
NS 


= 


FIGURE 13 « = 1,7=0 


FIGURE 14 «x =3,7=3 


The following theorem gives a formula that is often more convenient for computing 
torsion; a proof is outlined in Exercise 72. 
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[15 | Theorem The torsion of the curve given by the vector function r is 


_ [rO Xr") -r"O 


T(t) EXO) x r") |? 


In Exercises 68-70 you are asked to use Theorem 15 to compute the torsion of a 


curve. 


13.3 | Exercises 


1-2 

(a) Use Equation 2 to compute the length of the given line 
segment. 

(b) Compute the length using the distance formula and compare 
to your answer from part (a). 


1. r(t) = (3 — t,2t,4t +1}, 1xts3 


2. r(t) = (t+ 2)i — tj + Bt — 5)k, 1<t<2 


3-8 Find the length of the curve. 


3. r(t) = (t,3 cost,3sint), -5<r<5 
4. r(t) = (24,248), O<t<1 


ro) = V2tit+ ej tek, O<rtsl 


6. r(t) = cos ti + sintj + Incostk, 0<t< 7/4 
7. r(t) =i+rťj+rk, O<t<l 


8. r(t) =t i+ 99j+4P’k, 1<t<4 


(T]9-11 Find the length of the curve correct to four decimal places. 


(Use a calculator or computer to approximate the integral.) 


SrO =F rth O<t<2 
10. r(t) = (te te’), 1<t<3 


11. r(t) = (cos wt, 2t, sin 27t}, from (1, 0, 0) to (1, 4, 0) 


12. Graph the curve with parametric equations x = sin f, 
y = sin 2t, z = sin 3t. Find the total length of this curve, 
correct to four decimal places. 


13. Let C be the curve of intersection of the parabolic cylinder 
x? = 2y and the surface 3z = xy. Find the exact length of C 
from the origin to the point (6, 18, 36). 


14. Find, correct to four decimal places, the length of the curve 
of intersection of the cylinder 4x* + y? = 4 and the plane 
xtyt+z=2. 


15-16 

(a) Find the arc length function for the curve measured from the 
point P in the direction of increasing t and then reparame- 
trize the curve with respect to arc length starting from P. 

(b) Find the point 4 units along the curve (in the direction of 
increasing t) from P. 


M ro) = (5 — Ai + (4t — 3)j + 3tk, PC, 1,3) 
16. r(t) = e'sinti + e'costj + /2e'k, P(0,1,/2) 


17. Suppose you start at the point (0, 0, 3) and move 5 units 
along the curve x = 3 sin t, y = 4t, z = 3 cos t in the posi- 
tive direction. Where are you now? 


18. Reparametrize the curve 


m 2 m P ee 
r r+i 1T Pei? 


with respect to arc length measured from the point (1, 0) in 
the direction of increasing t. Express the reparametrization in 
its simplest form. What can you conclude about the curve? 


19-24 
(a) Find the unit tangent and unit normal vectors T(t) and N(ż). 
(b) Use Formula 9 to find the curvature. 


19. r(t) = (t°, sin t — t cos t, cos t + tsin t), t>0 
20. r(t) = (5 sin t, t, 5 cos t} 

21. r(t) = (t,t, 4) 

22. r(t) = (1, A 142) 

23. r(t) = (1, He, £2) 

24. r(t) = (Zs e', e`) 


25-27 Use Theorem 10 to find the curvature. 
25. r4) =j +r k 


@B r) = Vor i + 2tj + 2t k 


26. r(t)=ti+tťj+e'k 
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28. Find the curvature of r(t) = (77, In t, t In r) at the 
point (1, 0, 0). 


@) Find the curvature of r(t) = (t, t°, f°) at the point (1, 1, 1). 


30. Graph the curve with parametric equations x = cos f, 
y = sin ¢, z = sin St and find the curvature at the 
point (1, 0, 0). 

31-33 Use Formula 11 to find the curvature. 

31. y= x‘ 32. y= tanx 


33. y = xe” 


34-35 At what point does the curve have maximum curvature? 
What happens to the curvature as x — %? 


34. y=Inx 35. y=e* 


36. Find an equation of a parabola that has curvature 4 at the 
origin. 


37. (a) Is the curvature of the curve C shown in the figure 
greater at P or at Q? Explain. 
(b) Estimate the curvature at P and at Q by sketching the 
osculating circles at those points. 


FX 38-39 Use a graphing calculator or computer to graph both the 


curve and its curvature function K(x) on the same screen. Is the 
graph of k what you would expect? 


38. y= x- 2x” 39. y= x” 


(T) 40-41 Use a computer algebra system to compute the curvature 


function k(t). Then graph the space curve and its curvature 
function. Comment on how the curvature reflects the shape of 
the curve. 


40. r(t) = (t — sint, 1 — cost,4cos(t/2)), O<t< 87 


41. r(t) = (te!, e`", /2t), —-5<fts5 


42-43 Two graphs, a and b, are shown. One is a curve y = f(x) 
and the other is the graph of its curvature function y = k(x). 
Identify each curve and explain your choices. 


42. 43. 


y y 


(T] 44. (a) Graph the curve r(t) = (sin 3¢, sin 21, sin 3t). At how 


many points on the curve does it appear that the curva- 
ture has a local or absolute maximum? 

(b) Use a computer algebra system to find and graph the 
curvature function. Does this graph confirm your 
conclusion from part (a)? 


(T]45. The graph of r(t) = ( — å sinz, 1 — 3 cost, t) is shown in 


Figure 13.1.13(b). Where do you think the curvature is larg- 
est? Use a computer algebra system to find and graph the 
curvature function. For which values of t is the curvature 
largest? 


46-49 Curvature of Plane Parametric Curves The curvature of 
a plane parametric curve x = f(t), y = g(t) is given by 

[35 — 53 

K= 72 3232 

k +y] 
where the dots indicate derivatives with respect to t. 
46. Use Theorem 10 to prove the given formula for curvature. 
47. Find the curvature of the curve x = t’, y = t°. 


48. Find the curvature of the curve x = a cos wt, y = b sin ot. 


49. Find the curvature of the curve x = e' cos t, y = e' sin t. 


50. Consider the curvature at x = 0 for each member of the 
family of functions f(x) = e“. For which members is «K (0) 
largest? 


51-52 Find the vectors T, N, and B at the given point. 
BE r) = (2,2,1), (1,3, 1) 


52. r(t) = (cos t, sin ż, In cos t), (1,0, 0) 


53-54 Find equations of the normal plane and osculating plane 
of the curve at the given point. 


53. x = sin 2t, y = —cos 2t, z = 4t; (0,1,27) 


54. x= lnt, y= 2t, z= t°; (0,2,1) 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


57. 


58. 


59. 


60. 


61. 


62. 


63. 


64. 


65. 


55. 


56. 


Find equations of the osculating circles of the ellipse 

9x* + 4y? = 36 at the points (2, 0) and (0, 3). Use a graph- 
ing calculator or computer to graph the ellipse and both 
osculating circles on the same screen. 


Find equations of the osculating circles of the parabola 
y = $x? at the points (0, 0) and (1, +). Graph both oscu- 
lating circles and the parabola on the same screen. 


At what point on the curve x = t°, y = 3t, z = t* is the 
normal plane parallel to the plane 6x + 6y — 8z = 1? 


Is there a point on the curve in Exercise 57 where the 
osculating plane is parallel to the plane x + y + z= 1? 
[Note: You will need a computer algebra system for differ- 
entiating, for simplifying, and for computing a cross 
product. ] 


Find equations of the normal and osculating planes of the 
curve of intersection of the parabolic cylinders x = y? and 
z = x° at the point (1, 1, 1). 


Show that the osculating plane at every point on the curve 


r(t) = (t ede Leh; 1,2) is the same plane. What can you 
conclude about the curve? 


Show that at every point on the curve 
r(t) = (e' cos t, e' sin t, e') 


the angle between the unit tangent vector and the z-axis is 
the same. Then show that the same result holds true for the 
unit normal and binormal vectors. 


The Rectifying Plane The rectifying plane of a curve 
at a point is the plane that contains the vectors T and B 
at that point. Find the rectifying plane of the curve 

r(t) = sin ti + cos tj + tan rk at the point 


(/2 /2, 4/2. /2, 1). 


Show that the curvature x is related to the tangent and 
normal vectors by the equation 


dT N 
TIS 
ds 
Show that the curvature of a plane curve is k = | dġ/ds |, 


where @ is the angle between T and i; that is, œ is the angle 
of inclination of the tangent line. (This shows that the 
definition of curvature is consistent with the definition for 
plane curves given in Exercises 10.2.79-83.) 


(a) Show that dB/ds is perpendicular to B. 
(b) Show that dB/ds is perpendicular to T. 
(c) Deduce from parts (a) and (b) that dB/ds is parallel to N. 


66-67 Use Formula 14 to find the torsion at the given value of f. 


66. 
67. 


r(t) = (sin t, 3t, cos t}, 


r(t) = (1? 28, t), t=1 


t= 7/2 
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68-70 Use Theorem 15 to find the torsion of the given curve at 
a general point and at the point corresponding to t = 0. 


68. r(t) = (t, 42, 143) 69. r(t) = (e',e™, t) 


70. r(t) = (cos ż, sin f, sin t} 


71-72 Frenet-Serret Formulas The following formulas, called 
the Frenet-Serret formulas, are of fundamental importance in 
differential geometry: 

1. dT/ds = KN 

2. dN/ds = -KT + 7B 

3. dB/ds = -TN 
(Formula 1 comes from Exercise 63 and Formula 3 is Equa- 
tion 12.) 


71. Use the fact that N = B X T to deduce Formula 2 from 
Formulas | and 3. 


72. Use the Frenet-Serret formulas to prove each of the follow- 
ing. (Primes denote derivatives with respect to t. Start as in 
the proof of Theorem 10.) 
(a) r” = s"T + k(s'PN 
(b) r’ X r” = k(s' B 


(c) r” = [s” — k(s'P]T + [3x5's” + k'(s’P? JN 
+ k7r(s'PB 
$ x n š m 
or E 
|r’ x r’|? 


73. Show that the circular helix r(t) = (a cos t, a sin t, bt), 
where a and b are positive constants, has constant curvature 
and constant torsion. (Use Theorem 15.) 


74. Find the curvature and torsion of the curve x = sinh f, 


y = cosh t, z = tat the point (0, 1, 0). 


75. Evolute of aCurve The evolute of a smooth curve C is the 
curve generated by the centers of curvature of C. 
(a) Explain why the evolute of a curve given by r is 


r.(t) = r(t) + No 


(b) Find the evolute of the helix in Example 6. 
(c) Find the evolute of the parabola in Example 5. 


k(t) #0 


76. Planar Curves A space curve C given by 

r(t) = (x(t), y(t), z(£®)} is called planar if it lies in a plane. 

(a) Show that C is planar if and only if there exist 
scalars a, b, c, and d, not all zero, such that 
ax(t) + by(t) + cz(t) = d for all t. 

(b) Show that if C is planar, then the binormal vector B is 
normal to the plane containing C. 

(c) Show that if C is a planar curve then the torsion of C is 
zero for all t. 

(d) Show that the curve r(t) = (t, 2t, t°} is planar and find 
an equation of the plane that contains the curve. Use 
this equation to find the binormal vector B. 
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T The DNA molecule has the shape of a double helix (see (a) Find a polynomial P = P(x) of degree 5 such that the 
Figure 13.1.3). The radius of each helix is about 10 angstroms function F defined by 
(1 Å = 10™ cm). Each helix rises about 34 A during each 


complete turn, and there are about 2.9 X 10% complete turns. 0 i aed 
Estimate the length of each helix. F(x) =) P@) if0<x<1 
1 ifx 1 
78. Let’s consider the problem of designing a railroad track to a 
make a smooth transition between sections of straight track. is continuous and has continuous slope and continuous 
Existing track along the negative x-axis is to be joined curvature. 
smoothly to a track along the line y = 1 for x = 1. FM (b) Graph F. 
13.4 | Motion in Space: Velocity and Acceleration 


FIGURE 1 


Compare to Equation 10.2.8, where 
we defined speed for plane para- 
metric curves. 


In this section we show how the ideas of tangent and normal vectors and curvature 
can be used in physics to study the motion of an object—including its velocity and 
acceleration—along a space curve. In particular, we follow in the footsteps of Newton by 
using these methods to derive Kepler’s First Law of planetary motion. 


E Velocity, Speed, and Acceleration 


Suppose a particle moves through space so that its position vector at time t is r(t). Notice 
from Figure | that, for small values of h, the vector 


r(t + h) — r(t) 


m h 


approximates the direction of the particle moving along the curve r(f). Its magnitude mea- 
sures the size of the displacement vector per unit time. The vector (1) gives the average 
velocity over a time interval of length / and its limit is the velocity vector v(t) at time t: 


Z] wE lim r(t + 2 =r r) 


Thus the velocity vector is also the tangent vector and points in the direction of the tan- 
gent line. 

The speed of the particle at time ¢ is the magnitude of the velocity vector, that is, 
| v(t) |. This is appropriate because, from (2) and from Equation 13.3.7, we have 


ds : ; 
Ivo] = |r| = a rate of change of distance with respect to time 
As in the case of one-dimensional motion, the acceleration of the particle is defined as 
the derivative of the velocity: 
a(t) = v'(t) = r"(t) 
EXAMPLE 1 The position vector of an object moving in a plane is given by 


r(t) = fi + t’ j. Find its velocity, speed, and acceleration when ¢ = 1 and illustrate 
geometrically. 


SOLUTION The velocity and acceleration at time t are 
v(t) =r'(t) = 31+ 2tj a(t) = r"(t) = 6ri + 2j 
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YA 


FIGURE 2 


Figure 3 shows the path of the par- 
ticle in Example 2 with the velocity 
and acceleration vectors when t = 1. 


1 
y 
x 


FIGURE 3 


The expression for r(t) that we 
obtained in Example 3 was used to 
plot the path of the particle in 
Figure 4 for0 < t <3. 


FIGURE 4 
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and the speed is 


|v) | = VBP? + 2Y = J9r + 4° 
When t = 1, we have 
v(1) = 3i + 2j a(1) = 61 + 2j | v(1)| = v3 


These velocity and acceleration vectors are shown in Figure 2. E 


EXAMPLE 2 Find the velocity, acceleration, and speed of a particle with position 
vector r(t) = (t, e', te’). 


SOLUTION v(t) = r'(t) = (2t, e', (1 + De‘) 


a(t) = v(t) = (2, e', (2 + te’) 


[vA | = 4/422 + e” + (1 + 1)? a 


NOTE Earlier in the chapter we saw that a curve can be parametrized in different ways 
but the geometric properties of a curve—arc length, curvature, and torsion—are indepen- 
dent of the choice of parametrization. On the other hand, velocity, speed, and accelera- 
tion do depend on the parametrizations used. You can think of the curve as a road and a 
parametrization as describing how you travel along that road. The length and curvature 
of the road do not depend on how you travel on it, but your velocity and acceleration do. 


The vector integrals that were introduced in Section 13.2 can be used to find position 
vectors when velocity or acceleration vectors are known, as in the next example. 


EXAMPLE3 A moving particle starts at an initial position r(0) = (1, 0, 0) with initial 
velocity v(0) = i — j + k. Its acceleration is a(t) = 4ti + 6tj + k. Find its velocity 
and position at time t. 


SOLUTION Since a(t) = v‘(t), we have 
v(i) = | alo) ar = | (ri + 6tj + k) dt 
=2Pi1+37?j+tk+C 


To determine the value of the constant vector C, we use the fact that v(0) = i — j + k. 
The preceding equation gives v(0) = C, so C =i — j + k and 


vit) = 271+ 3°?j+tk+i-jt+k 
=2P + 1)i + (3 — 1)j + (t+ 1)k 
Since v(t) = r'(t), we have 
rù = f v(t) dt 
= f [2P + Nit BGP- 1)j+ (t+ 1)k]dt 


=(3f+)i+(®-d)jt+(Ge+)k+D 
Putting t = 0, we find that D = r(0) = i, so the position at time t is given by 


r) =(Ge+e1t+ lit @-d)j+GP+ yk m 
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The object moving with position P 
has angular speed w = d0/dt, where 
6 is the angle shown in Figure 5. 


YA 


FIGURE 5 


=y 


FIGURE 6 


=y 


In general, vector integrals allow us to recover velocity when acceleration is known 
and position when velocity is known: 


v(0) = vlr) + f'a) du rÒ = r) + |" veu) du 


If the force that acts on a particle is known, then the acceleration can be found from 
Newton’s Second Law of Motion. The vector version of this law states that if, at any 
time t, a force F(t) acts on an object of mass m producing an acceleration a(t), then 


F(t) = ma(t) 
EXAMPLE 4 An object with mass m that moves in a circular path with constant 


angular speed w has position vector r(t) = a cos wti + asin wt j. Find the force acting 
on the object and show that it is directed toward the origin. 


SOLUTION To find the force, we first need to know the acceleration: 
v(t) = r'(t) = —aq sin wti + aw cos wt j 
a(t) = v'( = —aw* cos wti — aw’ sin wt j 
Therefore Newton’s Second Law gives the force as 
F(t) = ma(t) = —mw*(a cos wti + asin wt j) 


Notice that F(t) = —mw’r(t). This shows that the force acts in the direction opposite 

to the radius vector r(f) and therefore points toward the origin (see Figure 5). Such a 
force is called a centripetal (center-seeking) force. E 
E Projectile Motion 


EXAMPLE5 A projectile is fired with angle of elevation a and initial velocity vo. (See 
Figure 6.) Assuming that air resistance is negligible and the only external force is due 
to gravity, find the position function r(¢) of the projectile. What value of a maximizes 
the range (the horizontal distance traveled)? 


SOLUTION We set up the axes so that the projectile starts at the origin. Since the force 
due to gravity acts downward, we have 


F = ma = -mgj 
where g = |a| ~ 9.8 m/s”. Thus 
a= -gj 
Since v'(t) = a, we have v(t) = —gtj + C 
where C = v(0) = vo. Therefore 


r'(t) = v(t) = —gtj + vo 


Integrating again, we obtain 
r(A = —4gtj + tv. + D 


But D = r(0) = 0, so the position vector of the projectile is given by 


[3] r(A = —4gt j + tvo 
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If we write | vo | = vo (the initial speed of the projectile), then 


Vo = vocos ait vsina j 


and Equation 3 becomes 
r(A = (vocos a)ti + [w sin a)t — tgr]j 


The parametric equations of the trajectory are therefore 


If you eliminate ¢ from Equations 4, 

you will see that y is a quadratic [4] 
function of x. So the path of the 

projectile is part of a parabola. 


x = (v9 cos a)t y = (v sin a)t — a0 


The horizontal distance d is the value of x when y = 0. Setting y = 0, we obtain t = 0 
or t = (2v sin a)/g. This second value of t then gives 


2u sina  v6(2 sina cos a) vê sin 2a 
d = x = (v cos a) = = 
g g 
Clearly, d has its maximum value when sin 2a = 1, that is, a = 45°. E 


EXAMPLE 6 A projectile is fired with initial speed 150 m/s and angle of elevation 30° 
from a position 10 m above ground level. Where does the projectile hit the ground, and 
with what speed? 


SOLUTION If we place the origin at ground level, then the initial position of the 
projectile is (0, 10) and so we need to adjust Equations 4 by adding 10 to the expres- 
sion for y. With vo = 150 m/s, a = 30°, and g = 9.8 m/s’, we have 


150 cos(30°)t = 75/3 t 
y = 10 + 150 sin(30°)t — 5(9.8)f? = 10 + 75t — 4.927 


II 


X 


Impact occurs when y = 0, that is, 4.977 — 75t — 10 = 0. Using the quadratic formula 
to solve this equation (and taking only the positive value of t), we get 


, — 75 + 5625 + 196 


9.8 


= 15.44 


Then x ~ 75,/3(15.44) = 2006, so the projectile hits the ground about 2006 m away. 
The velocity of the projectile is 
v(t) = r'(t) = 75/3 i + (75 — 9.81) j 


So its speed at impact is 


|v(15.44)| = V(75 /3 P + (75 — 9.8 » 15.44)? ~ 151 m/s E 


E Tangential and Normal Components of Acceleration 


When we study the motion of a particle, it is often useful to resolve the acceleration into 
two components, one in the direction of the tangent and the other in the direction of the 
normal. If we write v = | v| for the speed of the particle, then 


oOo rA — vt) y 
Ma wO 
and so v=0T 
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If we differentiate both sides of this equation with respect to t, we get 
[5] a =v =vyT +T 
If we use the expression for the curvature given by Equation 13.3.9, then we have 


_1T|_ T] 
e) w 


[6] r 


so  |T'|=x«kv 


The unit normal vector was defined in Section 13.3 as N = T'/| T’ 


, SO (6) gives 


T’ = |T'|N = oN 


and Equation 5 becomes 


a 


II 


v'T + kv’N 


Writing ar and ay for the tangential and normal components of acceleration, we have 


a=arT + avN 


where 
ar =v and dy = kv? 
FIGURE 7 This resolution is illustrated in Figure 7. 


Let’s look at what Formula 7 says. The first thing to notice is that the binormal vector 
B is absent. No matter how an object moves through space, its acceleration always lies in 
the plane of T and N (the osculating plane). (Recall that T gives the direction of motion 
and N points in the direction the curve is turning.) Next we notice that the tangential 
component of acceleration is v’, the rate of change of speed, and the normal component 
of acceleration is kv’, the curvature times the square of the speed. This makes sense if we 
think of a passenger in a car—a sharp turn in a road means a large value of the curvature 
K, so the component of the acceleration perpendicular to the motion is large and the pas- 
senger is thrown against the car door. High speed around the turn has the same effect; in 
fact, if you double your speed, ay is increased by a factor of 4. 

Although we have expressions for the tangential and normal components of accelera- 
tion in Equations 8, it’s desirable to have expressions that depend only on r, r’, and r”. 
To this end we take the dot product of v = vT with a as given by Equation 7: 


I 


v-a=v0T: WT + vN) 


II 


w'T-T+v T-N 


= yy' (since T- T = 1andT:N=0) 


Therefore 
via r(t)-r'(t) 


[9] CPS = rO| 


v 


Using the formula for curvature given by Theorem 13.3.10, we have 


[r(A X r” | 
| r'(ġ |” 


[r(A x r” | 


[r | 


dy = kv? = lro? = 
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EXAMPLE7 A particle moves with position function r(t) = (£, t’, t°}. Find the 
tangential and normal components of acceleration. 


SOLUTION rf) =Pite?jtek 
r(t) = 2ti+ 2tj + 3k 
r'(t) = 2i + 2j + 6rk 
Ir | = V3 FIF 
Therefore Equation 9 gives the tangential component as 


_ Fier . serie 


i EXOJ JBP + 944 
ij k 
Since r(t) X r") =| 2t 2t 30° | = 607i - 6rj 
2 2 6t 


Equation 10 gives the normal component as 


— |r@ x r"O| _ 6J2F 
i r'| JBE FOr 


E Kepler's Laws of Planetary Motion 


We now describe one of the great accomplishments of calculus by showing how the 
material of this chapter can be used to prove Kepler’s laws of planetary motion. After 


D 20 years of studying the astronomical observations of the Danish astronomer Tycho 


Brahe, the German mathematician and astronomer Johannes Kepler (1571—1630) formu- 
lated the following three laws. 


Kepler’s Laws 
1. A planet revolves around the sun in an elliptical orbit with the sun at one focus. 


@ 2. The line joining the sun to a planet sweeps out equal areas in equal times. 


3. The square of the period of revolution of a planet is proportional to the cube of 
the length of the major axis of its orbit. 


In his book Principia Mathematica of 1687, Sir Isaac Newton was able to show that 
ə these three laws are consequences of two of his own laws, the Second Law of Motion and 
the Law of Universal Gravitation. In what follows we prove Kepler’s First Law. The 

remaining laws are left as exercises (with hints). 

Since the gravitational force of the sun on a planet is so much larger than the forces 
exerted by other celestial bodies, we can safely ignore all bodies in the universe except the 
sun and one planet revolving about it. We use a coordinate system with the sun at the 
origin and we let r = r(¢) be the position vector of the planet. (Equally well, r could be 
the position vector of the moon or a satellite moving around the earth or a comet moving 
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around a star.) The velocity vector is v = r’ and the acceleration vector is a = r”. We use 
the following laws of Newton: 


Second Law of Motion: F = ma 


oe GMm GMm 
Law of Gravitation: F= 3 t= ——u 
r F 


where F is the gravitational force on the planet, m and M are the masses of the planet and 
the sun, G is the gravitational constant, r = | r|, and u = (1/r)r is the unit vector in the 
direction of r. 

We first show that the planet moves in one plane. By equating the expressions for F in 
Newton’s two laws, we find that 


GM 
a=-—,r 
r 


and so a is parallel to r. It follows thatr X a = 0. We use Formula 5 in Theorem 13.2.3 to 
write 


d 3 j 
F a XvtrxXv 


=vxXvtrxa=0+0=0 


Therefore rXv=h 


where h is a constant vector. (We may assume that h # 0; that is, r and v are not paral- 
lel.) This means that the vector r = r(t) is perpendicular to h for all values of t, so the 
planet always lies in the plane through the origin perpendicular to h. Thus the orbit of 
the planet is a plane curve. 

To prove Kepler’s First Law we rewrite the vector h as follows: 


h=rXv=rXr' =ru xX (ru) 


= ru X (ru' + r'u) = r’(u X u’) + rr'(u X u) 


=r(u x u’) 
Then 
—GM 2 ' ' 
axh= s—u X (r'u X u’) = -GM u X (u X u’) 
r 
= —GM[(u ; u’)u — (u- u)u’] (by Theorem 12.4.11, Property 6) 
But u+ u = |u |? = 1 and, since | u(¢)| = 1, it follows from Theorem 13.2.4 that 
u-u’ =0 
Therefore a X h = GM u' 
and so (vxX hh)! =v Xh+yXh =v Xh=ax h= GMu' 


Integrating both sides of this equation, we get 
[11] vxh=GMute 


where c is a constant vector. 
At this point it is convenient to choose the coordinate axes so that the standard 
basis vector k points in the direction of the vector h. Then the planet moves in the 
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FIGURE 8 


13.4 


1. The table gives coordinates of a particle moving through 
space along a smooth curve. 
(a) Find the average velocities over the time intervals 


Exercises 


SECTION 13.4 Motion in Space: Velocity and Acceleration 923 


xy-plane. Since both v X h and u are perpendicular to h, Equation 11 shows that ¢ lies 
in the xy-plane. This means that we can choose the x- and y-axes so that the vector i lies 
in the direction of c, as shown in Figure 8. 

If 6 is the angle between c and r, then (r, 0) are polar coordinates of the planet. From 
Equation 11 we have 


r-(vX h)=r-(GMu+e)=GMr-ucr-c 


II 


GMr u» u + |r||¢|cos@ = GMr + rccosé 
where c = | e|. Then 


o revyvxh 1 r-(vXxh) 
GM + ccos@ GM 1+ ecos@ 


where e = c/(GM). But 
r-(vXh)=(rX v):h=h-h=|h|*?=/7’ 
where h = |h|. So 


h/(GM) — eh’/c 
1 + e cos0 1 + e cos0 


Writing d = h’/c, we obtain the equation 


[12] r 


Comparing with Theorem 10.6.6, we see that Equation 12 is the polar equation of a conic 
section with focus at the origin and eccentricity e. We know that the orbit of a planet is a 
closed curve and so the conic must be an ellipse. 

This completes the derivation of Kepler’s First Law. We will guide you through 
the derivation of the Second and Third Laws in the Applied Project following this sec- 
tion. The proofs of these three laws show that the methods of this chapter provide a 
powerful tool for describing some of the laws of nature. 


_ ed 
1 + e cos0 


(a) Draw a vector that represents the average velocity of 
the particle over the time interval 2 S t < 2.4. 
(b) Draw a vector that represents the average velocity over 


[0, 1], [0.5, 1], [1, 2], and [1, 1.5]. the time interval 1.5 < ¢ < 2. 
(b) Estimate the velocity and speed of the particle (c) Write an expression for the velocity vector v(2). 
att= 1. (d) Draw an approximation to the vector v(2) and estimate 
the speed of the particle at t = 2. 
t 3 y Z 
0 2.7 9.8 3.7 
0.5 3.5 7.2 3.3 
1.0 4.5 6.0 3.0 
1.5 5.9 6.4 2.8 
2.0 73 7.8 24 
2. The figure shows the path of a particle that moves with 
position vector r(f) at time t. 
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3-8 Find the velocity, acceleration, and speed of a particle with 
the given position function. Sketch the path of the particle and 
draw the velocity and acceleration vectors for the specified value 


oft. 
3. r() = (4,1), t=2 
r(t) = (t, 1/07), t=1 


)= 
() = 

. r(t)=3costit+ 2sintj, t= 7/3 
) 


Pjt2k, t=1 


4 
5 

6. r(t) =e'it+e*j, t=0 
7. r(t) =ti 

8 


. r(t) =ti + 2costj + sintk, t=0 


9-14 Find the velocity, acceleration, and speed of a particle 
with the given position function. 


9. r(t) =(P + 4,0? — t,t) 
10. r(t) = (2 cos t, 3t, 2 sin t} 
11. r(t) = J2titejt+etk 
12. r(t) 

) 

) 


rit 2rjt+intk 
13. r(t) = e'(cos ti + sintj + tk) 


14. r(t 


(t°, sin t — tcost,cost +fsint), 120 


15-16 Find the velocity and position vectors of a particle that 
has the given acceleration and the given initial velocity and 
position. 


15. a(t) =2i+2tk, v0)=3i-j, r(0)=jt+k 


16. a(t) = sinti + 2costj + 6tk, v(0) = — 
r(0) =j — 4k 


17-18 
(a) Find the position vector of a particle that has the given 
acceleration and the specified initial velocity and position. 


(b) Graph the path of the particle. 
17. a(t) = 2ti + sintj + cos2tk, v(0) =i, r(0) =j 


18. a(t) =tite'jt+e‘k, v(0)=k, r(0)=j+k 


19. The position function of a particle is given by 
r(t) = (t°, 5t, t° — 16t). When is the speed a minimum? 


20. What force is required so that a particle of mass m has the 
position function r(t) = t'i + tj + Pk? 


21. A force with magnitude 20 N acts directly upward from the 
xy-plane on an object with mass 4 kg. The object starts at 
the origin with initial velocity v(0) = i — j. Find its posi- 
tion function and its speed at time t. 


22. Show that if a particle moves with constant speed, then the 
velocity and acceleration vectors are orthogonal. 


(23. A projectile is fired with an initial speed of 200 m/s and 
angle of elevation 60°. Find (a) the range of the projectile, 
(b) the maximum height reached, and (c) the speed at impact. 


24. Rework Exercise 23 if the projectile is fired from a position 
100 m above the ground. 


25. A ball is thrown upward at an angle of 45° to the ground. If 
the ball lands 90 m away, what was the initial speed of the 
ball? 


26. A projectile is fired from a tank with initial speed 400 m/s. 
Find two angles of elevation that can be used to hit a target 
3000 m away. 


@ A rifle is fired with angle of elevation 36°. What is the ini- 
tial speed if the maximum height of the bullet is 1600 ft? 


28. A batter hits a baseball 3 ft above the ground toward the 
center field fence, which is 10 ft high and 400 ft from home 
plate. The ball leaves the bat with speed 115 ft/s at an 
angle 50° above the horizontal. Is it a home run? (In other 
words, does the ball clear the fence?) 


29. A medieval city has the shape of a square and is protected 
by walls with length 500 m and height 15 m. You are the 
commander of an attacking army and the closest you can 
get to the wall is 100 m. Your plan is to set fire to the city by 
catapulting heated rocks over the wall (with an initial speed 
of 80 m/s). At what range of angles should you tell your 
men to set the catapult? (Assume the path of the rocks is 
perpendicular to the wall.) 


30. Show that a projectile reaches three-quarters of its maxi- 
mum height in half the time needed to reach its maximum 
height. 


31. A ball is thrown eastward into the air from the origin (in 
the direction of the positive x-axis). The initial velocity is 
50i + 80 k, with speed measured in feet per second. The 
spin of the ball results in a southward acceleration of 
4 ft/s’, so the acceleration vector is a = —4j — 32k. 
Where does the ball land and with what speed? 


32. A ball with mass 0.8 kg is thrown southward into the air 
with a speed of 30 m/s at an angle of 30° to the ground. 
A west wind applies a steady force of 4 N to the ball in 
an easterly direction. Where does the ball land and with 
what speed? 


FY 33. Water traveling along a straight portion of a river normally 


flows fastest in the middle, and the speed slows to almost 
zero at the banks. Consider a long straight stretch of river 
flowing north, with parallel banks 40 m apart. If the maxi- 
mum water speed is 3 m/s, we can use a quadratic function 
as a basic model for the rate of water flow x units from the 
west bank: f(x) = qg (40 — x). 
(a) A boat proceeds at a constant speed of 5 m/s from a 
point A on the west bank while maintaining a heading 
perpendicular to the bank. How far down the river on 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


the opposite bank will the boat touch shore? Graph the 
path of the boat. 

(b) Suppose we would like to pilot the boat to land at the 
point B on the east bank directly opposite A. If we 
maintain a constant speed of 5 m/s and a constant 
heading, find the angle at which the boat should head. 
Then graph the actual path the boat follows. Does the 
path seem realistic? 


34. Another reasonable model for the water speed of the river in 
Exercise 33 is a sine function: f(x) = 3 sin(mx/40). If a 
boater would like to cross the river from A to B with constant 
heading and a constant speed of 5 m/s, determine the angle at 
which the boat should head. 


35. A particle has position function r(t). If r’(t) = € X r(t), 
where ¢ is a constant vector, describe the path of the particle. 


36. (a) If a particle moves along a straight line, what can you say 
about its acceleration vector? 
(b) Ifa particle moves with constant speed along a curve, 
what can you say about its acceleration vector? 


37-40 Find the tangential and normal components of the 
acceleration vector. 


37. r) = (f + Dit rj, t>0 


38. r(t) = 207i + Gr — 20)j 


39. r(t) = costi + sintj + tk 


40. r(t) = ri+ 2e'j + ek 


41-42 Find the tangential and normal components of the 
acceleration vector at the given point. 


Gro) = Inri + (P+ 3Njf+4vtk, (0,4,4) 


1 1 1 
42. r(t) = 7 + zd + ak (1,1, 1) 
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43. The magnitude of the acceleration vector a is 10 cm/s”. Use 
the figure to estimate the tangential and normal components 


of a. 
YA 


44. Angular Momentum and Torque If a particle with mass m 
moves with position vector r(t), then its angular momen- 
tum is defined as L(t) = mr(t) X v(t) and its torque as 
a(t) = mr(t) X a(t). Show that L’(t) = q(t). Deduce that if 
q(t) = 0 for all ¢, then L(ż) is constant. (This is the Jaw of 
conservation of angular momentum.) 


@) The position function of a spacecraft is 


r(t)=3+Ai+(2+Indj4 (; ats) 


and the coordinates of a space station are (6, 4, 9). The cap- 
tain wants the craft to coast into the space station. When 
should the engines be turned off? 


46. A rocket burning its onboard fuel while moving through 
space has velocity v(t) and mass m(t) at time t. If the exhaust 
gases escape with velocity v. relative to the rocket, it can be 
deduced from Newton’s Second Law of Motion that 


m(0) 

aa Wee 

m(t) 

(b) For the rocket to accelerate in a straight line from rest to 


twice the speed of its own exhaust gases, what fraction of 
its initial mass would the rocket have to burn as fuel? 


(a) Show that v(t) = v(0) — In 


Johannes Kepler stated the following three laws of planetary motion on the basis of massive 
amounts of data on the positions of the planets at various times. 


Kepler’s Laws 


1. A planet revolves around the sun in an elliptical orbit with the sun at one focus. 


2. The line joining the sun to a planet sweeps out equal areas in equal times. 


3. The square of the period of revolution of a planet is proportional to the cube of the 
length of the major axis of its orbit. 


(continued ) 
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Kepler formulated these laws because they fitted the astronomical data. He wasn’t able to 
see why they were true or how they related to each other. But Sir Isaac Newton, in his 
Principia Mathematica of 1687, showed how to deduce Kepler’s three laws from two of 
Newton’s own laws, the Second Law of Motion and the Law of Universal Gravitation. In 
Section 13.4 we proved Kepler’s First Law using the calculus of vector functions. In this 
project we guide you through the proofs of Kepler’s Second and Third Laws and explore 
some of their consequences. 


1. Use the following steps to prove Kepler’s Second Law. The notation is the same as in 
the proof of the First Law in Section 13.4. In particular, use polar coordinates so that 
r = (rcos @)i + (rsin @) j. 
dé 


Show that h = r? — k. 
(a) Show that iP J 


dé 
(b) Deduce that r° a h. 


yA (c) If A = A(t) is the area swept out by the radius vector r = r(ż) in the time interval [żo, t] 
as in the figure, show that 
r(t) 
et) dA _ a0 
a di 
a (d) Deduce that 
dA 


-= sh = constant 


This says that the rate at which A is swept out is constant and proves Kepler’s Second 
Law. 


2. Let T be the period of a planet about the sun; that is, T is the time required for it to travel 
once around its elliptical orbit. Suppose that the lengths of the major and minor axes of the 
ellipse are 2a and 2b. 


(a) Use part (d) of Problem 1 to show that T = 2arab/h. 


h? b? 
b) Show that —— = ed = —. 
(b) Show tha cu l F 
2 4r? 3 
(c) Use parts (a) and (b) to show that T 2a“ 


This proves Kepler’s Third Law. [Notice that the proportionality constant 47r?/(GM) is 
independent of the planet.] 


u 


The period of the earth’s orbit is approximately 365.25 days. Use this fact and Kepler’s 
Third Law to find the length of the major axis of the earth’s orbit. You will need 

the mass of the sun, M = 1.99 X 10% kg, and the gravitational constant, 

G = 6,67 X 10°" N-m’*/kg’. 


> 


It’s possible to place a satellite into orbit about the earth so that it remains fixed above a 
given location on the equator. Compute the altitude that is needed for such a satellite. The 
earth’s mass is 5.98 X 10” kg; its radius is 6.37 X 10° m. (This orbit is called the Clarke 
Geosynchronous Orbit after Arthur C. Clarke, who first proposed the idea in 1945. The first 
such satellite, Syncom II, was launched in July 1963.) 
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EEJ Review 


CONCEPT CHECK 
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Answers to the Concept Check are available at StewartCalculus.com. 


1. What is a vector function? How do you find its derivative and 
its integral? 


2. What is the connection between vector functions and space 
curves? 


3. How do you find the tangent vector to a smooth curve at a 
point? How do you find the tangent line? The unit tangent 
vector? 


4. If u and v are differentiable vector functions, c is a scalar, and 
f is a real-valued function, write the rules for differentiating 
the following vector functions. 

(a) u(t) + vl) (b) cu(?) (c) FOA 
(d) u(t) -vÀ (e) u(t) X v(t) ®© u(f(@) 


5. How do you find the length of a space curve given by a vector 
function r(t)? 


TRUE-FALSE QUIZ 


. (a) What is the definition of curvature? 


(b) Write a formula for curvature in terms of r'(t) and T' (ù). 

(c) Write a formula for curvature in terms of r'(t) and r”(t). 

(d) Write a formula for the curvature of a plane curve with 
equation y = f(x). 


. (a) Write formulas for the unit normal and binormal vectors 


of a smooth space curve r(t). 
(b) What is the normal plane of a curve at a point? What is 
the osculating plane? What is the osculating circle? 


. (a) How do you find the velocity, speed, and acceleration of a 


particle that moves along a space curve? 
(b) Write the acceleration in terms of its tangential and 
normal components. 


. State Kepler’s Laws. 


Determine whether the statement is true or false. If it is true, 
explain why. If it is false, explain why or give an example that 
disproves the statement. 


1. The curve with vector equation r(t) = ti + 2r°j + 3t°k is 
a line. 


2. The curve r(t) = (0, t°, 4t) is a parabola. 


w 


The curve r(t) = (2t,3 — t, 0) is a line that passes through 
the origin. 


4. The derivative of a vector function is obtained by differen- 
tiating each component function. 


ws 


Tf u(t) and v(ż) are differentiable vector functions, then 


< lul) x v(t)] = u(t) X v(t) 


9 


If r(t) is a differentiable vector function, then 


d , 
grol- Irol 


16. 


If T(ċ is the unit tangent vector of a smooth curve, then the 
curvature is k = | dT/dt|. 


The binormal vector is B(t) = N(t) X T(Ż). 


Suppose fis twice continuously differentiable. At an inflec- 
tion point of the curve y = f(x), the curvature is 0. 


If x(t) = 0 for all ¢, the curve is a straight line. 
If | r(t)| = 1 for all z, then | r’(t) | is a constant. 
If | r(t)| = 1 for all t, then r’(t) is orthogonal to r(t) for all t. 


The osculating circle of a curve C at a point has the same tan- 
gent vector, normal vector, and curvature as C at that point. 


Different parametrizations of the same curve result in identi- 
cal tangent vectors at a given point on the curve. 


The projection of the curve r(t) = (cos 21, t, sin 2t) onto the 
xz-plane is a circle. 


The vector equations r(t) = (t, 2t, t + 1) and 
r(t) = (t — 1, 2t — 2, t} are parametrizations of the 
same line. 
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928 CHAPTER 13 Vector Functions 


EXERCISES 
1. (a) Sketch the curve with vector function 16. The figure shows the curve C traced by a particle with posi- 
i, i i A tion vector r(t) at time t. 
r() = ti + cos mtj + sin mtk pad (a) Draw a vector that represents the average velocity of the 
(b) Find r'(¢) and r"(2). particle over the time interval 3 < ż < 3.2. 
(b) Write an expression for the velocity v(3). 

2. Let r(1) (y 2- fe (e — 1)/t, In(t + 1). (c) Write an expression for the unit tangent vector T(3) and 
(a) Find the domain of r. draw it. 
(b) Find lim,-so r(t). 
(c) Find r'(t). T 


3. Find a vector function that represents the curve of inter- 
section of the cylinder x* + y? = 16 and the plane 
xtz=5, 


4. Find parametric equations for the tangent line to the curve 
x= 2sin t, y = 2 sin 2t, z = 2 sin 3t at the point 
(1, V3, 2). Graph the curve and the tangent line on a 
common screen. 


5. Ifr(t) = ti + t cos@tj + sinatk, evaluate fọ r(® dt. 


6. Let C be the curve with equations x = 2 — t°, y = 2t — 1, 
z = Int. Find (a) the point where C intersects the xz-plane, 
(b) parametric equations of the tangent line at (1, 1, 0), and 17. A particle moves with position function 
(c) an equation of the normal plane to C at (1, 1, 0). r(t) = t Inti + tj + e'k. Find the velocity, speed, and 


: : . acceleration of the particle. 
7. Use Simpson’s Rule with n = 6 to estimate the length of 


the arc of the curve with equations x = t’, y = t°, z = tf, 18. Find the velocity, speed, and acceleration of a particle moving 
0<ts3. with position function r(t) = (2r7 — 3) i + 2t j. Sketch the 
8. Find the length of the curve r(A = (21, cos 2t, sin 21), path of the particle and draw the position, velocity, and accel- 
O<1t<l. eration vectors for t = 1. 
9. The helix r(t) = cos ri + sin tj + tk intersects the curve 19. A particle starts at the origin with initial velocity i — j + 3k. 
ro(t) = (1 + fi + tj + t°k at the point (1, 0, 0). Find the Its acceleration is a(t) = 6ti + 1227 j — 6rk. Find its posi- 
angle of intersection of these curves. tion function. 


10. Reparametrize the curve r(t) = e'i + e‘sintj + e'cos tk 
with respect to arc length measured from the point (1, 0, 1) 
in the direction of increasing t. 


20. 


An athlete throws a shot at an angle of 45° to the horizontal 
at an initial speed of 43 ft/s. It leaves the athlete’s hand 7 ft 
above the ground. 


11. For the curve given by r(t) = (sin*z, cos*r, sin’t), (a) Where is the shot 2 seconds later? 
0 <t < 7/2, find (b) How high does the shot go? 
(a) the unit tangent vector. (c) Where does the shot land? 
(b) the unit normal vector. 
(c) the unit binormal vector. 21. A projectile is launched with an initial speed of 40 m/s from 
(d) the curvature. the floor of a tunnel whose height is 30 m. What angle of ele- 
(e) the torsion. vation should be used to achieve the maximum possible hori- 


, y : zontal range of the projectile? What is the maximum range? 
12. Find the curvature of the ellipse x = 3 cos t, y = 4 sin t at 


the points (3, 0) and (0, 4). 22. Find the tangential and normal components of the accelera- 
13. Find the curvature of the curve y = x* at the point (1, 1). tion vector of a particle with position function 
FS 14. Find an equation of the osculating circle of the curve r(A =ti+2tj+ rk 
y = xf — x’ at the origin. Graph both the curve and its 
osculating circle. 23. A disk of radius 1 is rotating in the counterclockwise 


direction at a constant angular speed w. A particle starts at the 


15% Fidan equation orte osgulatnig plane of [he cürye center of the disk and moves toward the edge along a fixed 


x = sin 2t, y = t, z = cos 2t at the point (0, 7, 1). 
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radius so that its position at time fr, t = 0, is given by 
r(t) = tR(t), where 


R(t) = cos wti + sinwtj 
(a) Show that the velocity v of the particle is 
Vv = cos wti + sinwtj + tv4 


where vz = R'(#) is the velocity of a point on the edge of 
the disk. 
(b) Show that the acceleration a of the particle is 


a = 2v4 + tag 


where ag = R"(f) is the acceleration of a point on 
the edge of the disk. The extra term 2 vz is called the 
Coriolis acceleration; it is the result of the interaction of 
the rotation of the disk and the motion of the particle. 
One can obtain a physical demonstration of this accel- 
eration by walking toward the edge of a moving 
merry-go-round. 

(c) Determine the Coriolis acceleration of a particle that 
moves on a rotating disk according to the equation 


r(t) =e ‘coswtit e‘sinatj 


24. In designing transfer curves to connect sections of straight rail- 
road tracks, it’s important to realize that the acceleration of the 
train should be continuous so that the reactive force exerted by 
the train on the track is also continuous. Because of the formu- 
las for the components of acceleration in Section 13.4, this will 
be the case if the curvature varies continuously. 

(a) A logical candidate for a transfer curve to join existing 
tracks given by y = 1 for x < 0 and y = /2 — x for 


x = 1/,/2 might be the function f(x) = V1 = x?, 
0 < x < 1//2, whose graph is the arc of the circle 


(b) 


CHAPTER 13 Review 929 


shown in the figure. It looks reasonable at first glance. 
Show that the function 


1 ifxs0 
F(x) =4 V1 =x? if 0<x< 1/2 
J2 =% ifxe 1/2 
is continuous and has continuous slope, but does not have 


continuous curvature. Therefore f is not an appropriate 
transfer curve. 


=y 


L 
V2 


Find a fifth-degree polynomial to serve as a transfer curve 
between the following straight line segments: y = 0 for 

x < Oand y = x for x > 1. Could this be done with a 
fourth-degree polynomial? Use a graphing calculator or 
computer to sketch the graph of the “connected” function 
and check to see that it looks like the one in the figure. 


YA 
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Problems Plus 


y 


FIGURE FOR PROBLEM 1 


FIGURE FOR PROBLEM 2 


FIGURE FOR PROBLEM 3 


930 


BY 


1. 


XN 


w 


A particle P moves with constant angular speed w around a circle whose center is at the ori- 

gin and whose radius is R. The particle is said to be in uniform circular motion. Assume that 

the motion is counterclockwise and that the particle is at the point (R, 0) when t = 0. The 

position vector at time t = 0 is r(t) = R cos wti + R sin ot j. 

(a) Find the velocity vector v and show that v - r = 0. Conclude that v is tangent to the 
circle and points in the direction of the motion. 

(b) Show that the speed | v| of the particle is the constant wR. The period T of the particle is 
the time required for one complete revolution. Conclude that 


27R 2 
pa otk _ on 


lv] o% 


(c) Find the acceleration vector a. Show that it is proportional to r and that it points toward 
the origin. An acceleration with this property is called a centripetal acceleration. Show 
that the magnitude of the acceleration vector is | a | = Rw’. 

(d) Suppose that the particle has mass m. Show that the magnitude of the force F that is 
required to produce this motion, called a centripetal force, is 


A circular curve of radius R on a highway is banked at an angle 0 so that a car can safely 
traverse the curve without skidding when there is no friction between the road and the tires. 
The loss of friction could occur, for example, if the road is covered with a film of water or 
ice. The rated speed ve of the curve is the maximum speed that a car can attain without 
skidding. Suppose a car of mass m is traversing the curve at the rated speed vg. Two forces 
are acting on the car: the vertical force, mg, due to the weight of the car, and a force F 
exerted by, and normal to, the road (see the figure). 

The vertical component of F balances the weight of the car, so that | F | cos 8 = mg. The 
horizontal component of F produces a centripetal force on the car so that, by Newton’s 
Second Law and part (d) of Problem 1, 


mvg 


|F | sin 0 = 


(a) Show that vg = Rg tan 0. 

(b) Find the rated speed of a circular curve with radius 400 ft that is banked at an angle 
of 12°. 

(c) Suppose the design engineers want to keep the banking at 12°, but wish to increase the 
rated speed by 50%. What should the radius of the curve be? 


A projectile is fired from the origin with angle of elevation a and initial speed vo. Assuming 
that air resistance is negligible and that the only force acting on the projectile is gravity, g, 
we showed in Example 13.4.5 that the position vector of the projectile is 


r(t) = (vocos a)ti + [sin aJt — Loe] j 


We also showed that the maximum horizontal distance of the projectile is achieved when 

a = 45° and in this case the range is R = v6/g. 

(a) At what angle should the projectile be fired to achieve maximum height and what is the 
maximum height? 

(b) Fix the initial speed vp and consider the parabola x? + 2Ry — R? = 0, whose graph is 
shown in the figure at the left. Show that the projectile can hit any target inside or on the 
boundary of the region bounded by the parabola and the x-axis, and it can’t hit any tar- 
get outside this region. 
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(c) Suppose that the gun is elevated to an angle of inclination a in order to aim at a target 
that is suspended at a height h directly over a point D units downrange (see the follow- 
ing figure). The target is released at the instant the gun is fired. Show that the projectile 
always hits the target, regardless of the value vo, provided the projectile does not hit the 
ground “before” D. 


ya 

t 

| 

| 

A 
kS 
\ 
0 D aoe 

y 4. (a) A projectile is fired from the origin down an inclined plane that makes an angle 0 with 


the horizontal. The angle of elevation of the gun and the initial speed of the projectile 
are a and vo, respectively. Find the position vector of the projectile and the parametric 
equations of the path of the projectile as functions of the time t. (Ignore air resistance.) 
Show that the angle of elevation a that will maximize the downhill range is the angle 
halfway between the plane and the vertical. 

(c) Suppose the projectile is fired up an inclined plane whose angle of inclination is 6. Show 
that, in order to maximize the (uphill) range, the projectile should be fired in the direc- 
tion halfway between the plane and the vertical. 

(d) In a paper presented in 1686, Edmond Halley summarized the laws of gravity and pro- 

FIGURE FOR PROBLEM 4 jectile motion and applied them to gunnery. One problem he posed involved firing a pro- 
jectile to hit a target a distance R up an inclined plane. Show that the angle at which the 
projectile should be fired to hit the target but use the least amount of energy is the same 
as the angle in part (c). (Use the fact that the energy needed to fire the projectile is pro- 
portional to the square of the initial speed, so minimizing the energy is equivalent to 
minimizing the initial speed.) 


(b 


ww 


=y 


5. A ball rolls off a table with a speed of 2 ft/s. The table is 3.5 ft high. 

(a) Determine the point at which the ball hits the floor and find its speed at the instant of 
impact. 

(b) Find the angle 0 between the path of the ball and the vertical line drawn through the 
point of impact (see the figure). 

(c) Suppose the ball rebounds from the floor at the same angle with which it hits the floor, 
but loses 20% of its speed due to energy absorbed by the ball on impact. Where does the 
ball strike the floor on the second bounce? 


FIGURE FOR PROBLEM 5 


6. Find the curvature of the curve with parametric equations 
x= [ sin(4+707)d0 y= f cos(+7r0?) do 
7. Ifa projectile is fired with angle of elevation « and initial speed v, then parametric equa- 
tions for its trajectory are 
x= (vcosa)t y=(vsina)t — gt? 


(See Example 13.4.5.) We know that the range (horizontal distance traveled) is maximized 
when a = 45°. What value of a maximizes the total distance traveled by the projectile? 
(State your answer correct to the nearest degree.) 


931 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


8. A cable has radius r and length L and is wound around a spool with radius R without over- 
lapping. What is the shortest length along the spool that is covered by the cable? 


9. Show that the curve with vector equation 


r(t) lait? t bit t C1, dot? t bot t C2, ast? t b3t t c3) 


lies in a plane and find an equation of the plane. 
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A function of two variables can describe the shape of a surface like the one formed by these sand dunes. In Exercise 14.6.40 you are 
asked to use partial derivatives to compute the rate of change of elevation as a hiker walks in different directions. 
SeppFriedhuber / E+ / Getty Images 


4 Partial Derivatives 


SO FAR WE HAVE DEALT with the calculus of functions of a single variable. But, in the real world, 
physical quantities often depend on two or more variables, so in this chapter we turn our attention 
to functions of several variables and extend the basic ideas of differential calculus to such 


functions. 
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934 CHAPTER 14 Partial Derivatives 


14.1 | Functions of Several Variables 


In this section we study functions of two or more variables from four points of view: 


e verbally (by a description in words) 
e numerically (by a table of values) 

e algebraically (by an explicit formula) 

e visually (by a graph or level curves) 


E Functions of Two Variables 


The temperature T at a point on the surface of the earth at any given time depends on the 
longitude x and latitude y of the point. We can think of T as being a function of the 
two variables x and y, or as a function of the pair (x, y). We indicate this functional 
dependence by writing T = f(x, y). 

The volume V of a circular cylinder depends on its radius r and its height h. In fact, 
we know that V = mr*h. We say that V is a function of r and h, and we can write 
V(r, h) = mr’h. 


Definition A function f of two variables is a rule that assigns to each ordered 
pair of real numbers (x, y) in a set D a unique real number denoted by f(x, y). 


The set D is the domain of f and its range is the set of values that f takes on, that 
is, {f(x, y) | (x, y) E€ D}. 


We often write z = f(x, y) to make explicit the value taken on by f at the general 
point (x, y). The variables x and y are independent variables and z is the dependent 
variable. [Compare this with the notation y = f(x) for functions of a single variable. ] 

A function of two variables is just a function whose domain is a subset of R? and 
whose range is a subset of R. One way of visualizing such a function is by means of an 
arrow diagram (see Figure 1), where the domain D is represented as a subset of the 
xy-plane and the range is a set of numbers on a real line, shown as a z-axis. For instance, 
if f(x, y) represents the temperature at a point (x, y) in a flat metal plate with the shape 
of D, we can think of the z-axis as a thermometer displaying the recorded temperatures. 

If a function f is given by a formula and no domain is specified, then the domain of f 
FIGURE 1 is understood to be the set of all pairs (x, y) for which the given expression defines a real 
number. 


EXAMPLE 1 For each of the following functions, evaluate (3, 2) and find and sketch 


the domain. 

(a) fy) = O) f(x,y) = xIn(y? — a) 
SOLUTION 

(a) f3,2) = J3+2+1_ 6 


3.1 2 
The expression for f makes sense if the denominator is not 0 and the quantity under the 
square root sign is nonnegative. So the domain of f is 


D={(x%,y)|xty+120, x41} 
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YA 


FIGURE 4 


Domain of g(x, y) = v9 — x? — y? 


SECTION 14.1 Functions of Several Variables 
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The inequality x + y + 1 = 0, or y > —x — 1, describes the points that lie on or 
above the line y = —x — 1, while x ¥ 1 means that the points on the line x = 1 must 
be excluded from the domain (see Figure 2). 


(b) f(3, 2) = 3 n(2? — 3) =3Inl =0 
Since In(y”? — x) is defined only when y* — x > 0, that is, x < y7, the domain of f is 


D = {(x, y) | x < y’}. This is the set of points to the left of the parabola x = y’. 
(See Figure 3.) 


xty+1=0 
YA 
ww 
P x=y? 
= > 
OK 
x = x 
FIGURE 2 FIGURE 3 
Vxtyt+1 : = 2 
Domain of f(x, y) = a Domain of f(x, y) = x In(y* — x) a 
= 


EXAMPLE 2 Find the domain and range of g(x, y) = /9 — x? — y?. 
SOLUTION The domain of g is 


D = {(x, y) | 9 = x? = y? = 0} = {x y) | x? + y? < 9} 
which is the disk with center (0, 0) and radius 3. (See Figure 4.) The range of g is 
{z | z= 9- x- y? (x,y) ED} 
Since z is a positive square root, z = 0. Also, because 9 — x? — y° < 9, we have 
V9 — x? —y? <3 
So the range is 
{z| 0 <z <3} = [0,3] a 


Not all functions can be represented by explicit formulas. The function in the next 
example is described verbally and by numerical estimates of its values. 


EXAMPLE 3 In regions with severe winter weather, the wind-chill index is often used 
to describe the apparent severity of the cold. This index W is a subjective temperature 
that depends on the actual temperature T and the wind speed v. So W is a function of 
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The Wind-Chill Index 
The wind-chill index measures how 
cold it feels when it’s windy. It is 


based on a model of how fast a 
human face loses heat. It was 


developed through clinical trials in 
which volunteers were exposed to a 
variety of temperatures and wind 
speeds in a refrigerated wind tunnel. 


Table 2 
Year B Te, K 
1899 100 100 100 
1900 101 105 107 
1901 112 110 114 
1902 122 117 122 
1903 124 122 131 
1904 122 121 138 
1905 143 125 149 
1906 152 134 163 
1907 151 140 176 
1908 126 123 185 
1909 155 143 198 
1910 159 147 208 
1911 153 148 216 
1912 177 155 226 
1913 184 156 236 
1914 169 152 244 
1915 189 156 266 
1916 225 183 298 
1917 227 198 335 
1918 223 201 366 
1919 218 196 387 
1920 231 194 407 
1921 179 146 417 
1922 240 161 431 


T and v, and we can write W = f(T, v). Table 1 records values of W compiled by the 
US National Weather Service and the Meteorological Service of Canada. 


Table 1 Wind-chill index as a function of air temperature and wind speed 


Wind speed (km/h) 
T v 5 10 15 20 DS 30 40 50 60 70 80 
4l 3) 2) 1 1 1 1| -2| -2| -3 
4 5 6 7 8 9 9 10 


T 9 11 12 12 13 14 15 16 16 17 
10 13 15 17 18 19 20 21 22 23 23 24 
15 19 21 23 24 23 26 21 29 30 30 31 
20 24 27 29 30 32 33 34 35 36 37 38 
25 30 33 35 37 38 39 41 42 43 44 45 
30 36 39 41 43 44 46 48 49 50 51 52 
35 41 45 48 49 51 52 54 56 57 58 60 
40 47 51 54 56 57 59 61 63 64 65 67 


Actual temperature (°C) 


For instance, the table shows that if the actual temperature is —5°C and the wind 
speed is 50 km/h, then subjectively it would feel as cold as a temperature of about 
—15°C with no wind. So 


f(—5, 50) = —15 | 


EXAMPLE 4 In 1928 Charles Cobb and Paul Douglas published a study in which they 
modeled the growth of the American economy during the period 1899-1922. They 
considered a simplified view of the economy in which production output is determined 
by the amount of labor involved and the amount of capital invested. While many other 
factors affect economic performance, this model proved to be remarkably accurate. The 
function Cobb and Douglas used to model production was of the form 


[1] P(L, K) = bL°*K' 


where P is the total production (the monetary value of all goods produced in a year), 

L is the amount of labor (the total number of person-hours worked in a year), and K is 
the amount of capital invested (the monetary worth of all machinery, equipment, and 
buildings). In the Discovery Project following Section 14.3 we will show how the form 
of Equation | follows from certain economic assumptions. 

Cobb and Douglas used economic data published by the government to obtain 
Table 2. They took the year 1899 as a baseline and P, L, and K for 1899 were each 
assigned the value 100. The values for other years were expressed as percentages of the 
1899 values. 

Cobb and Douglas used the method of least squares to fit the data of Table 2 to the 
function 


[2] P(L, K) = 1.017105?» 


(See Exercise 81 for the details.) 
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If we use the model given by the function in Equation 2 to compute the production 
in the years 1910 and 1920, we get the values 


P(147, 208) = 1.01(147)°”(208)°> = 161.9 


L 


P(194, 407) = 1.01(194)°(407)°™% = 235.8 


which are quite close to the actual values, 159 and 231. 

The production function (1) has subsequently been used in many settings, ranging 
from individual firms to global economics. It has become known as the Cobb-Douglas 
production function. Its domain is {(L, K) | L = 0, K = 0} because L and K represent 
labor and capital and are therefore never negative. E 


E Graphs 


Tä y.fY)) Another way of visualizing the behavior of a function of two variables is to consider its 
4 
| 
| 


graph. 


Definition If f is a function of two variables with domain D, then the graph of f 


is the set of all points (x, y, z) in R? such that z = f(x, y) and (x, y) is in D. 


The graph of a function f of two variables is a surface S with equation z = f(x, y). 
We can visualize the graph S of f as lying directly above or below its domain D in the 
FIGURE 5 xy-plane (see Figure 5). 


EXAMPLE 5 Sketch the graph of the function f(x, y) = 6 — 3x — 2y. 


SOLUTION The graph of f has the equation z = 6 — 3x — 2y, or 3x + 2y + z = 6, 
which represents a plane. To graph the plane we first find the intercepts. Putting 

y = z = Oin the equation, we get x = 2 as the x-intercept. Similarly, the y-intercept 

is 3 and the z-intercept is 6. This helps us sketch the portion of the graph that lies in the 
first octant in Figure 6. a 


The function in Example 5 is a special case of the function 


f(x,y) =ax + by +c 
FIGURE 6 
which is called a linear function. The graph of such a function has the equation 


z=ax+t+by+c or ax + by-z+c=0 


so it is a plane (see Section 12.5). In much the same way that linear functions of one vari- 
able are important in single-variable calculus, we will see that linear functions of two 
variables play a central role in multivariable calculus. 


| et 
~g EXAMPLE 6 Sketch the graph of g(x, y) = /9 — x? — y?. 


SOLUTION In Example 2 we found that the domain of g is the disk with center (0, 0) 
and radius 3. The graph of g has equation z = y9 — x? — y?. We square both sides of 
this equation to obtain z? = 9 — x* — y*, or x? + y? + z* = 9, which we recognize as 
FIGURE 7 an equation of the sphere with center the origin and radius 3. But, since z = 0, the 
Graph of g(x, y) = y9 — x? — y? graph of g is just the top half of this sphere (see Figure 7). E 
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FIGURE 8 


FIGURE 9 
Graph of h(x, y) = 4x7 + y? 


NOTE An entire sphere can’t be represented by a single function of x and y. As we saw 
in Example 6, the upper hemisphere of the sphere x* + y* + z* = 9 is represented by 


the function g(x, y) = /9 — x? — y?. The lower hemisphere is represented by the 


function h(x, y) = —/9 — x? — y?. 


EXAMPLE7 Use a computer to draw the graph of the Cobb-Douglas production 
function P(L, K) = 1.01L°°K°”. 


SOLUTION Figure 8 shows the graph of P for values of the labor L and capital K that 
lie between 0 and 300. The computer has drawn the surface by plotting vertical traces. 
We see from these traces that the value of the production P increases as either L or K 

increases, as expected. 


EXAMPLE 8 Find the domain and range and sketch the graph of h(x, y) = 4x? + y’. 


SOLUTION Notice that A(x, y) is defined for all possible ordered pairs of real numbers 
(x, y), so the domain is R’, the entire xy-plane. The range of A is the set [0, ~) of all 
nonnegative real numbers. [Notice that x” = 0 and y? = 0, so h(x, y) = 0 for all x 
and y.] The graph of h has the equation z = 4x? + y?, which is the elliptic paraboloid 
that we sketched in Example 12.6.4. Horizontal traces are ellipses and vertical traces 
are parabolas (see Figure 9). 


Many software applications are available for graphing functions of two variables. In 
some programs, traces in the vertical planes x = k and y = k are drawn for equally 
spaced values of k. 
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Figure 10 shows computer-generated graphs of several functions. Notice that we get 
an especially good picture of a function when rotation is used to give views from dif- 
ferent vantage points. In parts (a) and (b) the graph of f is very flat and close to the 
xy-plane except near the origin; this is because e~*’~”” is very small when x or y is large. 


2 


(a) fx, y) = (x? + 3ye (b) fix, y) = (x? + Bye 


M 
YL 
W/L} 
XN 
FIGURE 10 (c) f(x, y) = sin x + sin y @) fea sin ssn 


E Level Curves and Contour Maps 


So far we have two methods for visualizing functions: arrow diagrams and graphs. A 
third method, borrowed from mapmakers, is a contour map on which points of constant 
elevation are joined to form contour curves, or level curves. 


Definition The level curves of a function f of two variables are the curves with 


equations f(x, y) = k, where k is a constant (in the range of f ). 


A level curve f(x, y) = k is the set of all points in the domain of f at which f takes 
on a given value k. In other words, it is a curve in the xy-plane that shows where the 
graph of f has height k (above or below the xy-plane). A collection of level curves is 
called a contour map. Contour maps are most descriptive when the level curves 
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45K 


level 
curve 


f(x, y) = 20 


FIGURE 11 


f(x, y) = k are drawn for equally spaced values of k, and we assume that this is the case 
unless indicated otherwise. 

You can see from Figure 11 the relation between level curves and horizontal traces. 
The level curves f(x, y) = k are just the traces of the graph of f in the horizontal plane 
z =k projected down to the xy-plane. So if you draw a contour map of a function and 
visualize the level curves being lifted up to the surface at the indicated height, then you 
can mentally piece together a picture of the graph. The surface is steeper where the level 
curves are close together and somewhat flatter where they are farther apart. 


horizontal 


FIGURE 12 


One common example of level curves occurs in topographic maps of mountainous 
regions, such as the map in Figure 12. The level curves are curves of constant elevation 
above sea level. If you walk along one of these contour lines, you neither ascend nor 
descend. Another common example is the temperature function introduced in the open- 
ing paragraph of this section. Here the level curves are called isothermals; they join 
locations with the same temperature. Figure 13 shows a weather map of the world indi- 
cating the average July temperatures. The isothermals are the curves that separate the 
colored bands. 

In weather maps of atmospheric pressure at a given time as a function of longitude 
and latitude, the level curves are called isobars; they join locations with the same pres- 
sure (see Exercise 34). Surface winds tend to flow from areas of high pressure across the 
isobars toward areas of low pressure and are strongest where the isobars are tightly 
packed. 

A contour map of worldwide precipitation is shown in Figure 14. Here the level 
curves are not labeled but they separate the colored regions and the amount of precipita- 
tion in each region is indicated in the color key. 
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90 


90 0 
Longitude 


FIGURE 13 Average air temperature near sea level in July (°F) 


90° 


80° 


KEY 


Precipitation (cm/yr) 
I Under25 IB 50to100 $ 200 to 250 
FIGURE 14 Precipitation E 25 to 50 | 100to200 I Over250 
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EXAMPLE9 A contour map for a function f is shown in Figure 15. Use it to estimate 
the values of f(1, 3) and f(4, 5). 


FIGURE 15 
SOLUTION The point (1, 3) lies partway between the level curves with z-values 70 
and 80. We estimate that 
fC, 3) = 73 
Similarly, we estimate that f(4, 5) = 56 a 
EXAMPLE 10 Sketch the level curves of the function f(x, y) = 6 — 3x — 2y for the 
values k = —6, 0, 6, 12. 
SOLUTION The level curves are 
6 — 3x -2y=k or 3x + 2y + (k —- 6) =0 
This is a family of lines with slope 3, The four particular level curves with 
k = —6, 0, 6, and 12 are 3x + 2y — 12 = 0, 3x + 2y — 6 = 0, 3x + 2y = 0, and 
3x + 2y + 6 = 0. They are sketched in Figure 16. For equally spaced values of k the 
level curves are equally spaced parallel lines because the graph of f is a plane (see 
Figure 6). 
FIGURE 16 
Contour map of 
f(x,y) = 6 — 3x — 2y a 


EXAMPLE 11 Sketch the level curves of the function 
g(x, y) = V9 — x? — y? for k=0,1,2,3 
SOLUTION The level curves are 


V9- x? -y =k or xX +y?=9 — k* 
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FIGURE 17 


Contour map of 


g(x,y) = /9 — x7 — y? 


FIGURE 18 


The graph of h(x, y) = 4x? + y? + 1 


is formed by lifting the level curves. 


KA 
300 + 


200 + 


100 + 


FIGURE 19 


100 
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This is a family of concentric circles with center (0, 0) and radius ./9 — k?. The cases 
k = 0, 1, 2, 3 are shown in Figure 17. Try to visualize these level curves lifted up to 
form a surface and compare with the graph of g (a hemisphere) in Figure 7. a 


EXAMPLE 12 Sketch some level curves of the function h(x, y) = 4x? + y? + 1. 
SOLUTION The level curves are 

2 2 
I ` -e 
Ik=) k=] 


4x? +yW+1=k or =1 


which, for k > 1, describes a family of ellipses with semiaxes sv. k —1 and af k-1. 
Figure 18(a) shows a contour map of h drawn by a computer. Figure 18(b) shows these 
level curves lifted up to the graph of h (an elliptic paraboloid) where they become 
horizontal traces. We see from Figure 18 how the graph of A is put together from the 
level curves. 


yA 


(a) Contour map (b) Horizontal traces are raised level curves. E 


EXAMPLE 13 Plot level curves for the Cobb-Douglas production function of 
Example 4. 


SOLUTION In Figure 19 we use a computer to draw a contour plot for the Cobb- 
Douglas production function 


P(L, K) = 1.01L°”?K°*> 


Level curves are labeled with the value of the production P. For instance, the level 
curve labeled 140 shows all values of the labor L and capital investment K that result 

in a production of P = 140. We see that, for a fixed value of P, as L increases K 
decreases, and vice versa. E 


For some purposes, a contour map is more useful than a graph. That is certainly 
true in Example 13. (Compare Figure 19 with Figure 8.) It is also true in estimating func- 
tion values, as in Example 9. 
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Figure 20 shows some computer-generated level curves together with the corre- 
sponding computer-generated graphs. Notice that the level curves in part (c) crowd 
together near the origin. That corresponds to the fact that the graph in part (d) is very 
steep near the origin. 


(a) Level curves of f(x, y) = —xye"? ? (b) Two views of f(x, y) = -xy 


yA 


—3y —3y 


(c) Level curves of f(x, y) = Yayo (d) f(x, y) = eye 


FIGURE 20 


E Functions of Three or More Variables 


A function of three variables, f, is a rule that assigns to each ordered triple (x, y, z) ina 
domain D C R°? a unique real number denoted by f(x, y, z). For instance, the tempera- 
ture T at a point on the surface of the earth depends on the longitude x and latitude y of 
the point and on the time t, so we could write T = f(x, y, t). 


EXAMPLE 14 Find the domain of f if 
f(x,y,z) = ln(z — y) + xy sin z 
SOLUTION The expression for f(x, y, z) is defined as long as z — y > 0, so the domain 
of f is 
D={(x,y,z) ER? | z>y} 
This is a half-space consisting of all points that lie above the plane z = y. a 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


SECTION 14.1 Functions of Several Variables 945 


It’s very difficult to visualize a function f of three variables by its graph, since that 
would lie in a four-dimensional space. However, we do gain some insight into f by 
examining its level surfaces, which are the surfaces with equations f(x, y, z) = k, where 
k is a constant. If the point (x, y, z) moves along a level surface, the value of f(x, y, z) 
remains fixed. 


EXAMPLE 15 Find the level surfaces of the function 


f(x, y,z) =x? + y? + 2? 
SOLUTION The level surfaces are x? + y? + z* = k, where k = 0. These form a 


family of concentric spheres with radius Jk. . (See Figure 21.) Thus, as (x, y, z) varies 
over any sphere with center O, the value of f(x, y, z) remains fixed. 


x+y’ +z =3 


[2+7 += 


FIGURE 21 x’ +y’ +z =l E 


EXAMPLE 16 Describe the level surfaces of the function 


f(x,y,z) =x? -—y- 2? 


SOLUTION The level surfaces are x? — y — z? = k, ory = x? — z’ — k, a family of 
hyperbolic paraboloids. Figure 22 shows the level surfaces for k = 0 and k = +5. 


FIGURE 22 E 


Functions of any number of variables can be considered. A function of n vari- 
ables is a rule that assigns a number z = f(x1, X2, . . - , Xn) to an n-tuple (X1, X2, ..., Xn) 
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of real numbers. We denote by R” the set of all such n-tuples. For example, if a company 
uses n different ingredients in making a food product, c; is the cost per unit of the ith 
ingredient, and x; units of the ith ingredient are used, then the total cost C of the ingredi- 
ents is a function of the n variables x1, X2, ..., Xn! 


[3] C = f (x1, X25. 2. Xn) = CX H 2X7 Foe + CnXn 


The function f is a real-valued function whose domain is a subset of R”. Sometimes 
we use vector notation to write such functions more compactly: If x = (x1, X2, ..., Xn), 
we often write f(x) in place of f(x, x2,...,x,). With this notation we can rewrite the 
function defined in Equation 3 as 


fs) =c-x 
where ¢ = (c1, C2,..., Cn) and c + x denotes the dot product of the vectors ¢ and x in V,. 
In view of the one-to-one correspondence between points (x1, %2,..., Xn) in R” and 
their position vectors x = (x1, X2,...,X,) in V,, we have three ways of looking at a func- 
tion f defined on a subset of R”: 
1. As a function of n real variables x1, x2, ..., Xn 
2. As a function of a single point variable (x1, %2,..., Xn) 


3. As a function of a single vector variable x = (x1, X2, ..., Xn) 


We will see that all three points of view are useful. 


14.1 | Exercises 


1. If f(x, y) = x?y/(2x — y?), find 9. g(x,y) = Vx + V4 - 422 - y? 

(a) f(1, 3) (b) f(-—2, -1) 

(c) flx + hy) (@) flax) iay) = na? + y? 9) 
2. If g(x, y) = xsiny + ysin x, find ii o x-y 

(a) g(z, 0) (b) g(ar/2, 17/4) AADS Fy 

(c) g(0, y) (d) g(x,y + h) 

In(2 — 

@ Let g(x, y) = x7 In(x + y). 12. g(x,y) = a 

(a) Evaluate g(3, 1). x"—y 

(b) Find and sketch the domain of g. 

(c) Find the range of g. 13. p(x, y) = a 

_ x 

4. Let h(x, y) = ev. 

(a) Evaluate h(—2, 5). @B fz y) = sin(x + y) 

(b) Find and sketch the domain of h. - 

(c) Find the range of h. 15. f(x, y, z) v4 x? 4 V9 yest v1 z? 
5. Let F(x, y, z) = Vy — Vx = 2z. 16. f(x, y, z) = In(16 — 4x? — 4y? — 2?) 


(a) Evaluate F(3, 4, 1). 


(0 Pind and descrive the domain gii; 17. A model for the surface area of a human body is given by the 
6. Let f(x, y, z) = In(z — vx? + y?). function 

(a) Evaluate f(4, —3, 6). 

(b) Find and describe the domain of f. 


S = f(w, h) = 0.1091w°?n°75 


7-16 Find and sketch the domain of the function. where w is the weight (in pounds), h is the height (in inches), 
and S is measured in square feet. 
7. fay=vx-2+Vy-1 (a) Find f(160, 70) and interpret it. 
8. f(x,y) = lx = 3y (b) What is your own surface area? 
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18. A manufacturer has modeled its yearly production function P 
(the monetary value of its entire production in millions of 
dollars) as a Cobb-Douglas function 


P(L, K) = 1.47L°SK 


where L is the number of labor hours (in thousands) and K is 
the invested capital (in millions of dollars). Find P(120, 20) 
and interpret it. 


19. In Example 3 we considered the function W = f(T, v), where 
W is the wind-chill index, T is the actual temperature, and v 
is the wind speed. A numerical representation is given in 
Table 1. 

(a) What is the value of f(—15, 40)? What is its meaning? 

(b) Describe in words the meaning of the question “For 
what value of v is f(—20, v) = —30?” Then answer the 
question. 

(c) Describe in words the meaning of the question “For 
what value of T is f(T, 20) = —49?” Then answer the 
question. 

(d) What is the meaning of the function W = f(—5, v)? 
Describe the behavior of this function. 

(e) What is the meaning of the function W = f(T, 50)? 
Describe the behavior of this function. 


20. The temperature-humidity index I (or humidex, for short) is 
the perceived air temperature when the actual temperature is 
T and the relative humidity is h, so we can write J = f(T, h). 
The following table of values of Z is an excerpt from a 

table compiled by the National Oceanic & Atmospheric 
Administration. 


Table 3 Apparent temperature as a function 
of temperature and humidity 


Relative humidity (%) 


h 20 30 40 50 60 70 


80 77 78 79 81 82 83 


85 82 84 86 88 90 93 


90 87 90 93 96 100 106 


95 93 96 101 107 114 124 


Actual temperature (°F) 


100 99 104 110 120 132 144 


(a) What is the value of f(95, 70)? What is its meaning? 

(b) For what value of h is f(90, h) = 100? 

(c) For what value of T is f(T, 50) = 88? 

(d) What are the meanings of the functions 7 = f(80, h) 
and J = f(100, h)? Compare the behavior of these two 
functions of h. 
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a The wave heights A in the open sea depend on the speed v 


of the wind and the length of time ż that the wind has been 

blowing at that speed. Values of the function h = f(v, t) are 

recorded in feet in Table 4. 

(a) What is the value of f(40, 15)? What is its meaning? 

(b) What is the meaning of the function h = f (30, t)? 
Describe the behavior of this function. 

(c) What is the meaning of the function h = f(v, 30)? 
Describe the behavior of this function. 


Table 4 Wave height as a function of wind speed and duration 


Duration (hours) 


a t 5 10 15 20 30 40 50 

10 2 2 2 2 2 2 2 

g 15 4 4 5 5 5 5 5 

= 20 5 7 8 8 9) 9) 9 
fa] 

& 30 9 13 16 17 18 19 19 

S 40 14 21 25 28 31 33 33 

50 19 29 36 40 45 48 50 

60 24 37 47 54 62 67 69 

22. A company makes three sizes of cardboard boxes: small, 


medium, and large. It costs $2.50 to make a small box, 

$4.00 for a medium box, and $4.50 for a large box. Fixed 

costs are $8000. 

(a) Express the cost of making x small boxes, y medium 
boxes, and z large boxes as a function of three variables: 
C= f(x, y, Z). 

(b) Find f(3000, 5000, 4000) and interpret it. 

(c) What is the domain of f? 


23-31 Sketch the graph of the function. 


23 
24 


i f(x,y) =y 
7 f(xy) =x? 


GB f(x, y) = 10 - 4x — 5y 


26. 
27 
28. 
29 
30. 


. f(x, y) = cos y 

. f(x, y) = sinx 

. Jœ y) =2- x- y? 
. f(x,y) =x + 4y +1 


e f(x, y) = v4x? + y? 


E f(x.) = V4 - 407 - y? 
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32. Match the function with its graph (labeled I-VI). Give rea- 34. Shown is a contour map of atmospheric pressure in North 
sons for your choices. America on a particular day. On the level curves (isobars) the 
1 1 pressure is indicated in millibars (mb). 
(a) f(x») = —z z b) fx y) = — (a) Estimate the pressure at C (Chicago), N (Nashville), 
ae Ma ee S (San Francisco), and V (Vancouver). 
b) At which of these locations were the winds strongest? 
=] 2 + 2 = fy2 +y? ( 
©) $n) = Inte +9") ayes oma ey (See the discussion preceding Example 9.) 
© f(xy) = |xy| (f) f(x,y) = cos(xy) 


35. Level curves (isothermals) are shown for the typical water 
temperature (in °C) in Long Lake (Minnesota) as a function 
of depth and time of year. Estimate the temperature in the 
lake on June 9 (day 160) at a depth of 10 m and on June 29 
(day 180) at a depth of 5 m. 


Depth (m) 


33. A contour map for a function f is shown. Use it to estimate 
the values of f(—3, 3) and f(3, —2). What can you say about 
the shape of the graph? Day of the year 


36. Two contour maps are shown. One is for a function f whose 
graph is a cone. The other is for a function g whose graph is a 
paraboloid. Which is which, and why? 


70 60 50 
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37. 


38. 


39. 


40. 


41-44 A contour map of a function is shown. Use it to make a 
rough sketch of the graph of f. 


41. 
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Locate the points A and B on the map of Lonesome Mountain 44. 
(Figure 12). How would you describe the terrain near A? 
Near B? 
Make a rough sketch of a contour map for the function whose 
graph is shown. 
45-52 Draw a contour map of the function showing several level 
curves. 
@fiuyar’-y 46. f(x,y) = xy 
47. f(x,y) = Vx +y 48. f(x,y) = In(x? + 4y°) 
49. f(x, y) = ye* 50. f(x,y) = y — arctan x 
S A 2 Z 2 2 
The body mass index (BMD) of a person is defined by 51. f(xy) sae 52. f(x,y) = y/(* + y?) 
B(m, h) = u 53-54 Sketch both a contour map and a graph of the given 
h function and compare them. 
where m is the person’s mass (in kilograms) and h is 53. f(x,y) =x" + Oy" 
the person’s height (in meters). Draw the level curves 54. f(x,y) = 36 — 9x? — 4y? 
B(m, h) = 18.5, B(m, h) = 25, B(m, h) = 30, and 
B(m, h) = 40. A rough guideline is that a person is under- 
weight if the BMI is less than 18.5; optimal if the BMI 55. A thin metal plate, located in the xy-plane, has temperature 
lies between 18.5 and 25; overweight if the BMI lies T(x, y) at the point (x, y). Sketch some level curves (isother- 
between 25 and 30; and obese if the BMI exceeds 30. mals) if the temperature function is given by 
Shade the region corresponding to optimal BMI. Does 
someone who weighs 62 kg and is 152 cm tall fall into the T(x, y) = 100 
optimal category? = Ix? + 2y? 
The body mass index is defined in Exercise 39. Draw the 56. If V(x, y) is the electric potential at a point (x, y) in the 


level curve of this function corresponding to someone who is 
200 cm tall and weighs 80 kg. Find the weights and heights 
of two other people with that same level curve. 


xy-plane, then the level curves of V are called equipotential 
curves because at all points on such a curve the electric 
potential is the same. Sketch some equipotential curves if 
V(x, y) = c/y/r? — x? — y?, where c is a positive constant. 


FÑ 57-60 Graph the function using various domains and viewpoints. 
If your software also produces level curves, then plot some 
contour lines of the same function and compare with the graph. 


57. f(x,y) = xy? — x? (monkey saddle) 


58. f(x,y) = xy? — yx? (dog saddle) 


59. f(x, y) =e °° t9/(sin(x?) + cos(y?)) 


60. f(x, y) = cos x cos y 
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61-66 Match the function (a) with its graph (labeled A-F below) 67-70 Describe the level surfaces of the function. 
and (b) with its contour map (labeled I-VI). Give reasons for your 67. foyiz See 1 
choices. 
61. z = sin(xy) 62. z = e“ cosy 68. g(x, y, z) =x +y’ -— z’ 
63. z = sin(x — y) 64. z = sinx — sin y 69. g(x, y, z) = x° + y? — z° 

= — y2 49,2 2 
65.2=(1-x)(1—-y*) 66, z= > > a Ms 

dl Pag sey 


Il 


) 
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71-72 Describe how the graph of g is obtained from the graph 
of f. 
71. (a) glx, y) = f(x,y) + 2 

(b) glx, y) = 2f (x, y) 

(c) g(x, y) = =f (x, y) 

(d) glx, y) = 2 — f(x, y) 


72. (a) g(x,y) = f(x — 2, y) 
(b) g(x,y) = f(x,y + 2) 
(c) g(x,y) = f(x + 3,y — 4) 


FS 73-74 Graph the function using various domains and view- 
points that give good views of the “peaks and valleys.” Would 
you say the function has a maximum value? Can you identify 
any points on the graph that you might consider to be “local 
maximum points”? What about “local minimum points”? 


73. f(x,y) = 3x — xt — 4y* — 10xy 


74. f(x,y) = xye ey? 


PÑ 75-76 Graph the function using various domains and view- 
points. Comment on the limiting behavior of the function. What 
happens as both x and y become large? What happens as (x, y) 
approaches the origin? 


xty xy 
75. yy) == 76. f(x,y) = = 
fla) = fe) = eG 
77. Investigate the family of functions f(x, y) = e+, How 


does the shape of the graph depend on c? 


FY 78. Investigate the family of surfaces 
z = (ax? + by? je? 


How does the shape of the graph depend on the numbers a 
and b? 


M 80. 


14.2 | Limits and Continuity 
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FM 79. Investigate the family of surfaces z = x? + y? + cxy. In 


particular, you should determine the transitional values of c 
for which the surface changes from one type of quadric sur- 
face to another. 


Graph the functions 
fy) = vx? + y? 
f(x,y) = every? 
fe) Hine ay? 
f(x, y) = sin(./x? + y?) 


1 


and f(xy) = 
x? + y? 


In general, if g is a function of one variable, how is the 
graph of 


f(x,y) = gv? + y?) 


obtained from the graph of g? 


. (a) Show that, by taking logarithms, the general Cobb- 


Douglas function P = bL*K'“ can be expressed as 


P 
In—=Inb+aln 
K 


(b) If we let x = In(L/K) and y = In(P/K), the equation 
in part (a) becomes the linear equation y = ax + Inb. 
Use Table 2 (in Example 4) to make a table of values of 
In(L/K) and In(P/K) for the years 1899-1922. Then 
find the least squares regression line through the points 
(In(L/K), In(P/K)). 

(c) Deduce that the Cobb-Douglas production function 
is P = 1.01L°°K°”. 


E Limits of Functions of Two Variables 


Let’s compare the behavior of the functions 


fy) = 


sin(x? + y?) yo =y 


3 and g(x, y) = 


x +y’ x+y? 


as x and y both approach 0 [and therefore the point (x, y) approaches the origin]. 
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Tables 1 and 2 show values of f(x, y) and g(x, y), correct to three decimal places, for 
points (x, y) near the origin. (Notice that neither function is defined at the origin.) 


Table 1 Values of f(x, y) Table 2 Values of g(x, y) 
a || 10 | =05 | =02 0 0.2 0.5 1.0 es % || =1.@ || OS || =02 0 0.2 0.5 1.0 
—1.0 | 0.455 | 0.759 | 0.829 | 0.841 | 0.829 | 0.759 | 0.455 —1.0 | 0.000] 0.600) 0.923} 1.000 | 0.923] 0.600) 0.000 
—0.5 | 0.759 | 0.959 | 0.986 | 0.990 | 0.986 | 0.959 | 0.759 —0.5 | —0.600|] 0.000) 0.724] 1.000 | 0.724) 0.000] —0.600 
—0.2 | 0.829 | 0.986 | 0.999 | 1.000 | 0.999 | 0.986 | 0.829 —0.2 | —0.923 | —0.724| 0.000} 1.000 | 0.000] —0.724 | —0.923 
0 | 0.841 | 0.990 | 1.000 1.000 | 0.990 | 0.841 0 | —1.000 | —1.000 | — 1.000 —1.000 | — 1.000 | — 1.000 
0.2 | 0.829 | 0.986 | 0.999 | 1.000 | 0.999 | 0.986 | 0.829 0.2 | —0.923 | —0.724 | 0.000} 1.000 | 0.000 | —0.724 | —0.923 
0.5 | 0.759 | 0.959 | 0.986 | 0.990 | 0.986 | 0.959 | 0.759 0.5 |—0.600] 0.000) 0.724] 1.000 | 0.724] 0.000] —0.600 
1.0 | 0.455 | 0.759 | 0.829 | 0.841 | 0.829 | 0.759 | 0.455 1.0 | 0.000} 0.600} 0.923) 1.000 | 0.923] 0.600} 0.000 


It appears that as (x, y) approaches (0, 0), the values of f(x, y) are approaching 1 
whereas the values of g(x, y) aren’t approaching any particular number. It turns out that 
these guesses based on numerical evidence are correct, and we write 

sin(x? + y? 2— y? 
pm 1 and LR 


im 5 7 lim  ———; does not exist 
(xy) 0,0) x + y? (x,y) >0,0) x? + y 


In general, we use the notation 


li =L 
(x, y) Sa b) fC, x 

to indicate that the values of f(x, y) approach the number L as the point (x, y) approaches 
the point (a, b) (staying within the domain of f). In other words, we can make the values 
of f(x, y) as close to L as we like by taking the point (x, y) sufficiently close to the point 
(a, b), but not equal to (a, b). A more precise definition follows. 


[1] Definition Let f be a function of two variables whose domain D includes 
points arbitrarily close to (a, b). Then we say that the limit of f(x, y) as (x, y) 
approaches (a, b) is L and we write 


lim f(xy) =L 


(x, y)—> (a, b) 
if for every number e > 0 there is a corresponding number 6 > 0 such that 


if (x,y ED and 0< y(x- a} +(y-b} <6 then |f(x,y)-L|< e€ 


Other notations for the limit in Definition 1 are 


lim fœ) =L and f(xy) > Las (x,y) > (a, b) 


yb 


Notice that | f(x, y) — L| is the distance between the numbers f(x, y) and L, and 


V(x — a)? + (y — b)? is the distance between the point (x, y) and the point (a, b). Thus 
Definition | says that the distance between f(x, y) and L can be made arbitrarily small by 
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making the distance from (x, y) to (a, b) sufficiently small, but not 0. (Compare to the 
definition of a limit for a function of a single variable, Definition 2.4.2.) Figure 1 illus- 
trates Definition 1 by means of an arrow diagram. If any small interval (L — €, L + e) is 
given around L, then we can find a disk Ds with center (a, b) and radius 6 > 0 such that 
f maps all the points in Ds [except possibly (a, b)] into the interval (L — £, L + e). 


FIGURE 1 FIGURE 2 


Another illustration of Definition 1 is given in Figure 2 where the surface S$ is the 
graph of f. If e > 0 is given, we can find ô > 0 such that if (x, y) is restricted to lie in 
the disk Ds and (x, y) # (a, b), then the corresponding part of S lies between the horizon- 
tal planes z = L — e and z = L + e. 


E Showing That a Limit Does Not Exist 

For functions of a single variable, when we let x approach a, there are only two possible 
directions of approach, from the left or from the right. We recall from Chapter 2 that if 
lim,>a- f(x) # lim,—,+ f(x), then lim,—, f(x) does not exist. 


ji For functions of two variables, the situation is not as simple because we can let (x, y) 

Po approach (a, b) from an infinite number of directions in any manner whatsoever (see 
DHS Figure 3) as long as (x, y) stays within the domain of f. 

l Definition 1 says that the distance between f(x, y) and L can be made arbitrarily small 

0 a a by making the distance from (x, y) to (a, b) sufficiently small (but not 0). The definition 

refers only to the distance between (x, y) and (a, b). It does not refer to the direction of 

approach. Therefore, if the limit exists, then f(x, y) must approach the same limit no mat- 

FIGURE 3 ter how (x, y) approaches (a, b). Thus one way to show that lim(,, y) (a, ») f(x, y) does not 

Different paths approaching (a, b) exist is to find different paths of approach along which the function has different limits. 


If f(x, y) — Lı as (x, y) — (a, b) along a path C; and f(x, y) — L2 as 


(x, y) —> (a, b) along a path C2, where Lı ¥ Lo, then lim, y) (a1) f(x, y) does 
not exist. 


2 2 


EXAMPLE1 Showthat lim *—* does not exist. 
(x,y) (0,0) xf + y 
SOLUTION Let f(x, y) = (x? — y*)/(x? + y’). First let’s approach (0, 0) along the 
x-axis. On this path y = 0 for every point (x, y), so the function becomes 
f(x, 0) = x?/x? = 1 for all x ¥ 0 and thus 


f(xy) 1 as (x, y) — (0, 0) along the x-axis 
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2 
: A =y 
y We now approach along the y-axis by putting x = 0. Then f(0, y) = —— = —1 for all 
y # 0, so y 
fa y)=-1 ; 
f(xy) 2-1 as (x, y) — (0, 0) along the y-axis 
nn i (See Figure 4.) Since f has two different limits as (x, y) approaches (0, 0) along two 
real different lines, the given limit does not exist. (This confirms the conjecture we made on 
the basis of numerical evidence at the beginning of this section.) E 
Xy i : 
EXAMPLE 2 If = =, li t? 
FIGURE 4 f(x, y) rer does E f(x, y) exis 


fix, y) 


SOLUTION If y = 0, then f(x, 0) = 0/x? = 0. Therefore 

f(x, y) = 0 as (x, y) — (0, 0) along the x-axis 
If x = 0, then f(0, y) = 0/y* = 0, so 

f(x,y) = 0 as (x, y) — (0, 0) along the y-axis 


Although we have obtained identical limits along the two axes, that does not show that 
the given limit is 0. Let’s now approach (0, 0) along another line, say y = x. For all 


x #0, 
x? 1 
LOD" ee 
Therefore f(x,y) —>4 as (x, y) — (0, 0) along y = x 


(See Figure 5.) Since we have obtained different limits along different paths, the given 


FIGURE 5 limit does not exist. E 


Figure 6 sheds some light on Example 2. The ridge that occurs above the line y = x 
corresponds to the fact that f(x, y) = 4 for all points (x, y) on that line except the origin. 


FIGURE 6 
Ree 
f(x,y) = x? Æ y? 
x 2 
EXAMPLE3 If f(x, y) = oe does A im, * f(x, y) exist? 


SOLUTION With the solution of Example 2 in mind, let’s try to save time by letting 
(x, y) — (0, 0) along any line through the origin. If the line is not the y-axis, then 
y = mx, where m is the slope, and 

x(mx)? mx? mx 


F(x, y) = f(x, mx) = = = 


x + (mt x? + m'x* 1 + m*x? 
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Figure 7 shows the graph of the func- So f(x, y) > 0 as (x, y) > (0, 0) along y = mx 
tion in Example 3. Notice the ridge 


above the parabola x = y?. We get the same result as (x, y) — (0, 0) along the line x = 0. Thus f has the same 


limiting value along every line through the origin. But that does not show that the given 
limit is 0, for if we now let (x, y) — (0, 0) along the parabola x = y*, we have 


afte oe a 
f(x, y) = fly y) (y?)?? + y4 2y 2 


2 


so f(x y) =) as (x, y) — (0, 0) along x = y 


Since different paths lead to different limiting values, the given limit does not exist. E 


FIGURE 7 
E Properties of Limits 
Just as for functions of one variable, the calculation of limits for functions of two vari- 
ables can be greatly simplified by the use of properties of limits. The Limit Laws listed 
in Section 2.3 can be extended to functions of two variables. Assuming that the indicated 
limits exist, we can state these laws verbally as follows: 
Sum Law 1. The limit of a sum is the sum of the limits. 
Difference Law 2. The limit of a difference is the difference of the limits. 
Constant Multiple Law 3. The limit of a constant times a function is the constant times the limit of the 
function. 
Product Law 4. The limit of a product is the product of the limits. 
Quotient Law 5. The limit of a quotient is the quotient of the limits (provided that the limit of the 


denominator is not 0). 
In Exercise 54, you are asked to prove the following special limits: 


[2] lim x=a lim y=b lm c=c 
(x, y)> (a, b) (x, y) > (a, b)” (x, y) > (a, b) 


A polynomial function of two variables (or polynomial, for short) is a sum of terms 
of the form cx"y", where c is a constant and m and n are nonnegative integers. A rational 
function is a ratio of two polynomials. For instance, 


p(x, y) = x* + 5x%y? + 6xy* — Ty + 6 


is a polynomial, whereas 


is a rational function. 
The special limits in (2) along with the limit laws allow us to evaluate the limit of any 
polynomial function p by direct substitution: 


[3] lim p(x, y) = p(a, b) 


(x, y) > (a, b) 


Similarly, for any rational function q(x, y) = p(x, y)/r(x, y) we have 


, p(x, y) _ pla, b) 
1 y=] = = qla, b 
[4] (x, JEU b) q( y) (x, EA b) r(x, y) r(a, b) (2.2) 


provided that (a, b) is in the domain of q. 
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EXAMPLE 4 Evaluate | lim, i (xy? — x3y? + 3x + 2y). 
SOLUTION Since f(x, y) = x’y? — xy? + 3x + 2y is a polynomial, we can find the 
limit by direct substitution: 


i lim y? = xy? + 3x 4 2y) = 1°12 1231+22 a 
x,y) (1, 


2 


EXAMPLES Evaluate lim 2271 


wI -32 4 fit exists. 
x, y)>(-2,3) x°y 2x 


SOLUTION The function f(x, y) = (x*y + 1)/(x°y? — 2x) is a rational function and 
the point (—2, 3) is in its domain (the denominator is not 0 there), so we can evaluate 
the limit by direct substitution: 


xy+1 o (—2)}(3) + 1 _— B3 


li E 
aade y 2x CPG- 2-2) 68 


The Squeeze Theorem also holds for functions of two or more variables. In the next 
example we find a limit in two different ways: by using the definition of limit and by 
using the Squeeze Theorem. 


. f 3x?y 
EXAMPLE 6 Find lim —;—— ifit exists. 
&y)—>0,0) x + y 
SOLUTION 1 As in Example 3, we could show that the limit along any line through the 
origin is 0. This doesn’t prove that the given limit is 0, but the limits along the parabo- 
las y = x° and x = y’ also turn out to be 0, so we begin to suspect that the limit does 
exist and is equal to 0. 
Let £ > 0. We want to find 6 > 0 such that 


3x? 
if O<yx7+y?<8 then | "> -0|<s 
x y 
. l ss 3x*ly| 
that is, if 0< x? + y? <6 then maaa S 
x y 


But x? < x* + y’ since y? = 0, so x?/(x? + y?) < 1 and therefore 


3x4, Ss 
oe = 2 < 24 2 
[5] ety 3|y| 3J/y < 3/x y 


Thus if we choose 6 = ¢/3 and let 0 < yx? + y? < ô, then by (5) we have 


3x y 


= - 0 
x+y? 


< 3yx? + y? <33=3(2) =g 


Hence, by Definition 1, 
. 3x’y 
lim =~ z 
(x,y) >00) x + y 


=0 
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SOLUTION 2 As in Solution 1, 


3x*y 3x*| y 
2 2| ~~ 2 | la] 
KEY Koy 
so 
3x7 y 
=3] |< rae 7s | | 
y 


N li = = d li = ing Limit 
ow|y|>0asy>0so lim | ( 3\y|) = Oan fim, 9 BLD 0 (using Limi 


Law 3). Thus, by the Squeeze Theorem, 
3x°y 


lim — >, = 0 E 
(x,y) —>0,0) x° + y 


E Continuity 


Recall that evaluating limits of continuous functions of a single variable is easy. It can 
be accomplished by direct substitution because the defining property of a continuous 
function is lim,—. f(x) = f(a). Continuous functions of two variables are also defined 
by the direct substitution property. 


[6] Definition A function f of two variables is called continuous at (a, b) if 


lim f(x, y) = f(a, b) 


(x, y) > (a, b) 


We say that f is continuous on D if f is continuous at every point (a, b) in D. 


The intuitive meaning of continuity is that if the point (x, y) changes by a small 
amount, then the value of f(x, y) changes by a small amount. This means that a surface 
that is the graph of a continuous function has no hole or break. 

We have already seen that limits of polynomial functions can be evaluated by direct 
substitution (Equation 3). It follows by the definition of continuity that all polynomials 
are continuous on R°. Likewise, Equation 4 shows that any rational function is continu- 
ous on its domain. In general, using properties of limits, you can see that sums, differ- 
ences, products, and quotients of continuous functions are continuous on their domains. 


i sd 
EXAMPLE7 Where is the function f(x, y) = ee continuous? 
x y 


SOLUTION The function f is discontinuous at (0, 0) because it is not defined there. 
Since f is a rational function, it is continuous on its domain, which is the set 


D = {(x, y) | (x, y) ¥ (0, 0}. a 


EXAMPLE 8 Let 


vay if (my) # (0,0) 
gx, y=) y? 
0 if (x, y) = (0, 0) 


Here g is defined at (0, 0) but g is still discontinuous there because lima, y) (0,0) g(x, y) 
does not exist (see Example 1). E 
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Figure 8 shows the graph of the 
continuous function in Example 9. 


FIGURE 8 


FIGURE 9 
ety); 


The function A(x, y) = e~. is 
continuous everywhere. 


EXAMPLE 9 Let 


3x°y 


jana rrr 
0 if (x, y) = (0, 0) 


if (x, y) # (0, 0) 


We know f is continuous for (x, y) # (0, 0) since it is equal to a rational function there. 
Also, from Example 6, we have 


3x°y 
lim x, y) = im —>—, =0=f(0,0 
(x,y) > (0, 0) fy) (x,y) >(0,0) x? + y? FO, 0) 
Therefore f is continuous at (0, 0), and so it is continuous on R°. E 


Just as for functions of one variable, composition is another way of combining two 
continuous functions to get a third. In fact, it can be shown that if f is a continuous func- 
tion of two variables and g is a continuous function of a single variable that is defined on 
the range of f, then the composite function h = g ° f defined by h(x, y) = g( f(x, y)) is 
also a continuous function. 


EXAMPLE 10 Where is the function A(x, y) = e7®°® continuous? 


SOLUTION The function f(x, y) = x” + y? is a polynomial and thus is continuous 
on R’. Because the function g(t) = e™ is continuous for all values of t, the composite 
function 


h(x, y) = g(f(x, y)) = er) 


is continuous on R°. The function A is graphed in Figure 9. 


EXAMPLE 11 Where is the function h(x, y) = arctan(y/x) continuous? 


SOLUTION The function f(x, y) = y/x is a rational function and therefore continuous 
except on the line x = 0. The function g(t) = arctan ¢ is continuous everywhere. So the 
composite function 


g(f(x, y)) = arctan(y/x) = h(x, y) 
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is continuous except where x = 0. The graph in Figure 10 shows the break in the graph 
of h above the y-axis. 


FIGURE 10 
The function h(x, y) = arctan(y/x) 
is discontinuous where x = 0. 


E Functions of Three or More Variables 


Everything that we have done in this section can be extended to functions of three or 
more variables. The notation 


lim f(x,y, =L 


(x, y, z) > (a be) 


means that the values of f(x, y, z) approach the number L as the point (x, y, z) approaches 
the point (a, b, c) (staying within the domain of f). Because the distance between two 
points (x, y, z) and (a, b, c) in R° is given by V(x — a)? + (y — b)? + (z — c)?, we can 
write the precise definition as follows: for every number e > 0 there is a corresponding 
number ô > 0 such that 


if (x, y, z) is in the domain of f and 0 < y(x — a)? + (y — b)? + (z — c)? < ô 
then | f(x,y,z) —L| < e 
The function f is continuous at (a, b, c) if 


lim mice y, z) = f(a, b, c) 


(x, y, z) > (a, b,c 


For instance, the function 
1 


ertyt+27-1 


fy z) = 


is a rational function of three variables and so is continuous at every point in R? except 
where x? + y? + z? = 1. In other words, it is discontinuous on the sphere with center 
the origin and radius 1. 

If we use the vector notation introduced at the end of Section 14.1, then we can write 
the definitions of a limit for functions of two or three variables in a single compact form 
as follows. 


If f is defined on a subset D of R”, then lim,—. f(x) = L means that for every 
number £e > 0 there is a corresponding number ô > 0 such that 


if xED and 0<|x-—a|<6 then |f(x)-L|<e 


Notice that if n = 1, then x = x anda = a, and (7) is just the definition of a limit for 
functions of a single variable (Definition 2.4.2). For the case n = 2, we have x = (x, y), 
a = (a,b), and |x — a| = V(x — a)? + (y — b)?, so (7) becomes Definition 1. If 
n = 3, then x = (x, y, z}, a = (a, b, c}, and (7) becomes the definition of a limit of a 
function of three variables. In each case the definition of continuity can be written as 


lim f&) = fla) 
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14.2 | Exercises 


1. Suppose that lima, »—>6.1 f(x, y) = 6. What can you say 
about the value of f(3, 1)? What if f is continuous? 


2. Explain why each function is continuous or discontinuous. 
(a) The outdoor temperature as a function of longitude, 
latitude, and time 
(b) Elevation (height above sea level) as a function of 
longitude, latitude, and time 
(c) The cost of a taxi ride as a function of distance traveled 
and time 


3-4 Use a table of numerical values of f(x, y) for (x, y) near the 
origin to make a conjecture about the value of the limit of f(x, y) 
as (x, y) — (0, 0). Then explain why your guess is correct. 


xy? + xy? — 5 2x 
> 4. C ap 


3. f(x, y) 


5-12 Find the limit. 
(2) lim — (x?y? — 4y’) 


(x, y) >, 2) 


6. lim — (x*y + 3xy? + 4) 


(x, y) > (5, —2) 
2 3 2) 2 
; xy — xy : xy + xy 
7. lim -i 8. im er a 
w> x -—y +2 @y>2-1l) x-y 
9. lim _ ysin(x — y) 10. lim ev**” 
(x, y) > (a, 1/2)” (x, y) > (3, 2) 


yy 


x,y) (1, 1) cos xX COS y 


2.3 13.2 = sin 2: 
w ia (=) 2 tim | 20S = Si 2y 
(x, y) > (a, 17/2) 


13-18 Show that the limit does not exist. 


2 


f y : 2xy 
T3: lm ea T 14. lim — ~= 
(x, > 0,0) x7 + y7 (x, y)—(0,0) x^ + 3y” 
x+y? x? + xy? 
15. tim E 16. lim > 
(x, yo, 0) x? + y’ (x,y) 0,0) x" + y 
sin’x -=x 
17. lim y sis 18. lim — 
(0,0 x4 + yt @wy»>01) 1 — y + Inx 


19-30 Find the limit, if it exists, or show that the limit does not 
exist. 


19. li 2y — xy? + 3)° 
EIEL —2) & y my 3) 


20. lim — e™® sin xy 
(x, y)—> (a, 1/2) 


3x — 2y : Qn =y 


lim — 22. lim ——> 
(y)>2,3) 4x7 — y (y>(1,2) 4x — y 
xy” cos a 
23. lim ay Oey 24. lim ote oan 
(0,0) x? + yt (xy) (0,0) x? + xy + y? 


2 2 
@® iim =< 


(x,y 0,0) x2 + y2+1-1 
4 


; xy 
@ lim = 


œ) >0,0 x? + y 


27. lim Vx + z cos(zy) 


(x, y, z)—>(6, 1, —2) 


xy + yz 


28. lim = n 
(x, y, 2) >(0,0,0) x? + y? +77 


xy + yz XZ 


2 


29. lim re ee 
(y,2>0,0,0) x+y +z 


xit+y +23 


30. lim ae aC ar 
ys 220,00) x4 +2y° +z 


31-34 Use the Squeeze Theorem to find the limit. 


: : 1 f xy 
31. lim xysin 32. 


EA lim ss 
(x,y) >0,0) x+y? (900 2 4 y? 
xy 


33. lm =- z 
(> 0,0) x + y 


Xy z 


34. lim =a o 
(x,y. 220,00) x? Fy tz 


[Ñ 35-36 Use a graph of the function to explain why the limit does 
not exist. 


2x? + 3xy + 4y? m , xy? 


35. im — aa ao lim EEA 
(x, 9) (0, 0) 3x° + Sy (x,y) (0,0) x? + y 


37-38 Find h(x, y) = g( f(x, y)) and the set of points at which h 
is continuous. 


37. gH) =P + Vt, fly) =2x + 3y-6 


I= 


38. g(t) =1+ Int = 
g(t) nt, f(x,y) Itry 


39-40 Graph the function and observe where it is discontinuous. 
Then use the formula to explain what you have observed. 


1 
39, f(x, y) =e 40. fixy) =a 
T= 
41-50 Determine the set of points at which the function is 
continuous. 
41. F(x, y) = T F 42. F(x, y) = cosyl +x— y 
pe? 

LEX Ey *+ @ 
43. F(x, y) = ss = 44. H(x, y) = Sei - : 

L= =y er i 
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@ Gy) = Ve + VI - x-y? 
46. G(x, y) = In(1 + x — y) 
@ f(x. y, z) = arcsin(x? + y? + z’) 


48. f(x,y,z) = Vy — x? Inz 


xy? 

omy ety, . 
49. f(x,y) = 2x2 + y? if (x, y) # (0, 0) 

l if (x, y) = (0, 0) 

xy ; 

E eee 7 
50. fy) =] etayty * (x, y) # (0, 0) 

if (xy) = (0,0) 


51-53 Use polar coordinates to find the limit. [If (r, 0) are 


polar coordinates of the point (x, y) with r = 0, note that r > 0* 


as (x, y) > (0, 0).] 
gy? 


51 
r+ y? 


y lim 
(x,y) > (0, 0) 


52. lim (x? + y*) In(x*? + y’) 


(x, y)— (0, 0) 


e=] 


53. lim =. a 
(xy) >00) x7 + ye 


14.3 


54. 
M 55. 


57. 


58. 


59. 


Partial Derivatives 
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Prove the three special limits in (2). 


At the beginning of this section we considered the function 


sin(x? + y°) 
T (x, y ) = x? + y? 

and guessed on the basis of numerical evidence that 

f(x, y) — 1 as (x, y) — (0, 0). Use polar coordinates to con- 
firm the value of the limit. Then graph the function. 


. Graph and discuss the continuity of the function 


sinxy , 
fead y "979 
1 if xy=0 
Let 
0 ifys0 or y=x* 


fay = f if 0<y<x! 

(a) Show that f(x, y) — 0 as (x, y) — (0, 0) along any path 
through (0, 0) of the form y = mx‘ withO < a < 4. 

(b) Despite part (a), show that f is discontinuous at (0, 0). 

(c) Show that f is discontinuous on two entire curves. 


Show that the function f given by f(x) = |x| is continuous 
on R”. [Hint: Consider |x — a|? = (x — a): (x — a).] 
Ife € V,, show that the function f given by f(x) = ¢ » xis 


continuous on R”. 


E Partial Derivatives of Functions of Two Variables 


On a hot day, extreme humidity makes us think the temperature is higher than it really 
is, whereas in very dry air we perceive the temperature to be lower than the thermom- 
eter indicates. The National Weather Service has devised the heat index (also called the 
temperature-humidity index, or humidex, in some countries) to describe the combined 
effects of temperature and humidity. The heat index J is the perceived air tempera- 
ture when the actual temperature is T and the relative humidity is H. So Z is a function of 
T and H and we can write I = f(T, H). The following table of values of J is an excerpt 
from a table compiled by the National Weather Service. 


Table 1 Heat index / as a function of temperature and humidity 


Relative humidity (%) 
T H| 50 55 60 65 70 75 80 85 90 
90 96 98 | 100 | 103 | 106 | 109 | 112 | 115 | 119 
eee 9p 100 | 103 | 105 | 108 | 112 | 115 | 119 | 123 | 128 
temperature 94 104 | 107 | 111 114 | 118 | 122 | 127 | 132 | 137 
(E 96 OS || a || Mie | Weil 130 | 135 | 141 | 146 
98 114 | 118 | 123 | 127 | 133 | 138 | 144 | 150 | 157 
100 119 | 124 | 129 | 135 | 141 | 147 | 154 | 161 | 168 
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If we concentrate on the highlighted column of the table, which corresponds to a rela- 
tive humidity of H = 70%, we are considering the heat index as a function of the single 
variable T for a fixed value of H. Let’s write g(T) = f(T, 70). Then g(T) describes how 
the heat index / increases as the actual temperature T increases when the relative humid- 
ity is 70%. The derivative of g when T = 96°F is the rate of change of J with respect to 
T when T = 96°F: 


' . 9(96 + h) — g(96) _ .  f(96 + h, 70) — f(96, 70) 
g'(96) = lim = lim 

h—>0 h h—>0 h 
We can approximate g'(96) using the values in Table 1 by taking h = 2 and —2: 


g(98) — g(96) _ f(98, 70) = f(96,70) _ 133 = 125 _ 
2 2 2 


g(94) — g(96) _ f(94, 70) — f(96,70) _ 118 — 125 _ 
- -2 -2 


g'(96) ~ 


g'(96) ~ 


3.5 


Averaging these values, we can say that the derivative g'(96) is approximately 3.75. This 
means that, when the actual temperature is 96°F and the relative humidity is 70%, the 
apparent temperature (heat index) rises by about 3.75°F for every degree that the actual 
temperature rises. 

Now let’s look at the highlighted row in Table 1, which corresponds to a fixed temper- 
ature of T = 96°F. The numbers in this row are values of the function G(H) = f(96, H), 
which describes how the heat index increases as the relative humidity H increases when 
the actual temperature is T = 96°F. The derivative of this function when H = 70% is 
the rate of change of J with respect to H when H = 70%: 


G(70 + h) — G(70) _ lim f(96,70 + h) — f(96, 70) 


h h—>0 h 


G'(70) = lim 
By taking h = 5 and —5, we approximate G'(70) using the tabular values: 


G(75) — GI _ f(96,75) — f(96,70) 130—125 _ 1 
5 5 5 


G'(70) ~ 


G(65) = GOO) _ f(96, 65) ~ f(96, 70) _ 121 — 125 _ og 


G'(70) 5 Z5 Z; 
By averaging these values we get the estimate G'(70) ~ 0.9. This says that, when the 
temperature is 96°F and the relative humidity is 70%, the heat index rises about 0.9°F for 
every percent that the relative humidity rises. 

In general, if f is a function of two variables x and y, suppose we let only x vary while 
keeping y fixed, say y = b, where b is a constant. Then we are really considering a func- 
tion of a single variable x, namely, g(x) = f(x, b). If g has a derivative at a, then we call 
it the partial derivative of f with respect to x at (a, b) and denote it by f(a, b). Thus 


[1] fila, b) = g(a) where g(x) = f(x, b) 


By the definition of a derivative, we have 


so = iim 


gla + h) - gla) 
h 
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and so Equation | becomes 


Hi apem 2 rea 


h—>0 h 


Similarly, the partial derivative of f with respect to y at (a, b), denoted by f,(a, b), is 
obtained by keeping x fixed (x = a) and finding the ordinary derivative at b of the func- 


tion G(y) = f(a, y): 


f(iab + h) — f(a, b) 
h 


[3] fila, b) = lim 


With this notation for partial derivatives, we can write the rates of change of the heat 
index J with respect to the actual temperature T and relative humidity H when T = 96°F 
and H = 70% as follows: 


fr(96, 70) ~ 3.75 ful96, 70) = 0.9 


If we now let the point (a, b) vary in Equations 2 and 3, f, and f, become functions of 
two variables. 


[4] Definition If f is a function of two variables, its partial derivatives are the 
functions f; and f, defined by 


f(x + h, y) — f(x, y) 
—>0 h 


fært h= fay) 
h 


fx, y) = lim 


Ha, y) = lim 


There are many alternative notations for partial derivatives. For instance, instead of 
jf; we can write fi or D, f (to indicate differentiation with respect to the first variable) or 
of/dx. But here ðf/ðx can’t be interpreted as a ratio of differentials. 


Notations for Partial Derivatives If z = f(x, y), we write 


T= 2 Hx, 9) fi = Dif = Def 
x Ox x 


Ex, y) = fr = 


fay) <= = Slay =F =f = Dif = Dif 


To compute partial derivatives, all we have to do is remember from Equation | that 
the partial derivative with respect to x is just the ordinary derivative of the function g of 
a single variable that we get by keeping y fixed. Thus we have the following rule. 


Rule for Finding Partial Derivatives of z = f(x, y) 
1. To find f., regard y as a constant and differentiate f(x, y) with respect to x. 


2. To find f,, regard x as a constant and differentiate f(x, y) with respect to y. 
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EXAMPLE 1 If f(x,y) = x? + x’y? — 2y?, find f,(2, 1) and f,(2, 1). 


SOLUTION Holding y constant and differentiating with respect to x, we get 
f(x, y) = 3x? + 2xy? 

and so fc(2, 1) =3-°2?+2-2-1=16 

Holding x constant and differentiating with respect to y, we get 


Syl, y) = 3x?y* — 4y 


f(2, 1) =3+2?-127-4-1=8 a 
EXAMPLE 2 If f(x, y) = sol = l calculate of and of 
l+y ox oy 


SOLUTION Using the Chain Rule for functions of one variable, we have 


of x ð x x 1 
= cos d = cos . 
Ox l+y ox \Il+y 1+y 1+y 


of x ð x x x 
= cos š = —cos 7 7 E 
ðy lt+y dy \1l+y Il+y (1 +y) 


E Interpretations of Partial Derivatives 


To give a geometric interpretation of partial derivatives, we recall that the equation 
z = f(x, y) represents a surface S (the graph of f). If f(a, b) = c, then the point P(a, b, c) 
lies on S. By fixing y = b, we are restricting our attention to the curve C, in which the 
vertical plane y = b intersects S. (In other words, C; is the trace of S in the plane y = b.) 
Likewise, the vertical plane x = a intersects S in a curve C2. Both of the curves C, and 
C pass through the point P. (See Figure 1.) 

Note that the curve C; is the graph of the function g(x) = f(x, b), so the slope of its tan- 
gent T, at P is g(a) = f(a, b). The curve C3 is the graph of the function G(y) = f(a, y), 
so the slope of its tangent T> at P is G'(b) = f,(a, b). 

FIGURE 1 Thus the partial derivatives f,(a, b) and f,(a, b) can be interpreted geometrically as 
The partial derivatives of f at (a,b) are the slopes of the tangent lines at P(a, b, c) to the traces C, and C; of S in the planes y = b 
the slopes of the tangents to C, and C). and x =a. 


EXAMPLE3 If f(x,y) =4 — x? — 2y’, find f(1, 1) and f,(, 1) and interpret these 
numbers as slopes. 


SOLUTION We have 
FAR) = -2x Ha, y) = —4y 


fl, I) = ~2 AQ, 1) = -4 


The graph of f is the paraboloid z = 4 — x° — 2y? and the vertical plane y = 1 
intersects it in the parabola z = 2 — x”, y = 1. (As in the preceding discussion, we 
label it C, in Figure 2.) The slope of the tangent line to this parabola at the point 

(1, 1, 1) is AC, 1) = —2. (Notice that the tangent line slopes downward in the posi- 
tive x-direction.) Similarly, the curve Cz in which the plane x = 1 intersects the 
paraboloid is the parabola z = 3 — 2y*, x = 1, and the slope of the tangent line at 
(1, 1, 1) is fC, 1) = —4. (See Figure 3.) 
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FIGURE 2 FIGURE 3 a 


As we have seen in the case of the heat index function at the beginning of this section, 
partial derivatives can also be interpreted as rates of change. If z = f(x, y), then dz/dx 
represents the rate of change of z with respect to x when y is fixed. Similarly, 0z/dy rep- 
resents the rate of change of z with respect to y when x is fixed. 


EXAMPLE 4 In Exercise 14.1.39 we defined the body mass index (BMI) of a person as 


m 
Bim, h) = Pe 


Calculate the partial derivatives of B for a young man with m = 64 kg and h = 1.68 m 
and interpret them. 


SOLUTION Regarding h as a constant, we see that the partial derivative with respect 


to m is 
a h) ð m 1 
m, = E 9 
om am \ K? h? 
2B (64, 1.68) 0.35 (kg /m?)/k 
so — (64, 1. = ——~ — 0. m 
ðm (1.68) E E 


This is the rate at which the man’s BMI increases with respect to his weight when he 
weighs 64 kg and his height is 1.68 m. So if his weight increases by a small amount, 
one kilogram for instance, and his height remains unchanged, then his BMI will 
increase from B(64, 1.68) ~ 22.68 by about 0.35. 

Now we regard m as a constant. The partial derivative with respect to h is 


ðB 
so Pa (64, 1.68) = 27 (kg/m?)/m 


(1.68) 


This is the rate at which the man’s BMI increases with respect to his height when he 
weighs 64 kg and his height is 1.68 m. So if the man is still growing and his weight 
stays unchanged while his height increases by a small amount, say 1 cm, then his BMI 
will decrease by about 27(0.01) = 0.27. E 
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Some software can plot surfaces 
defined by implicit equations in three 
variables. Figure 4 shows such a plot 
of the surface defined by the equation 
in Example 5. 


FIGURE 4 


EXAMPLE 5 Find 0z/dx and ðz/ðy if z is defined implicitly as a function of x and y by 
the equation 
x? +y? + 24+ 6xyz+4=0 


Then evaluate these partial derivatives at the point (—1, 1, 2). 
SOLUTION To find dz/dx, we differentiate implicitly with respect to x, being careful to 
treat y as a constant and z as a function (of x): 


wa Geet ges = 
yz + 6xy 
Ox Ox 


Solving this equation for dz/dx, we obtain 


ðz x? + 2yz 
ðx z? + Ixy 


Similarly, implicit differentiation with respect to y gives 


oy z? + Ixy 


az y? + 2xz 


Notice that the point (—1, 1, 2) satisfies the equation x? + y? + z* + 6xyz + 4 = 0 so 
it lies on the surface. At this point 
az (-1}+2-1:2_ 5 əz 1 +2(-1)-2_ 3 


= d p 
ax BP OC =1) = 1 2 ~ ay 2+2%-1)*1 2 


E Functions of Three or More Variables 
Partial derivatives can also be defined for functions of three or more variables. For 
example, if f is a function of three variables x, y, and z, then its partial derivative with 
respect to x is defined as 
fa t hy = FO) 

h 


f(x, y, z) = lim 


and it is found by regarding y and z as constants and differentiating f(x, y, z) with respect 
to x. If w = f(x, y, z), then f, = dw/dx can be interpreted as the rate of change of w with 
respect to x when y and z are held fixed. But we can’t interpret it geometrically because 
the graph of f lies in four-dimensional space. 

In general, if u is a function of n variables, u = f(x, X2, ..., Xn), its partial derivative 
with respect to the ith variable x; is 


ðu n Fareoe F h Mass nie) = faea Ane a) 
= lim 
Ox; ho h 
; ðu of 
and we also write = =f,=fr= Dif 
OX; OX; 


EXAMPLE6 Find f, fp» and f: if f(x, y, z) = e°” Inz. 
SOLUTION Holding y and z constant and differentiating with respect to x, we have 


i: = ye Inz 


Similarly, fy = xe Inz and J= E 
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Clairaut 

Alexis Clairaut was a child prodigy in 
mathematics: he read l'Hospital’s text- 
book on calculus when he was 10 

and presented a paper on geometry 
to the French Academy of Sciences 


when he was 13. At the age of 18, 
Clairaut published Recherches sur les 
courbes a double courbure, which was 
the first systematic treatise on three- 
dimensional analytic geometry and 
included the calculus of space curves. 
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E Higher Derivatives 

If f is a function of two variables, then its partial derivatives f, and f, are also functions 
of two variables, so we can consider their partial derivatives (fe), (fr)», (A), and (f,)), 
which are called the second partial derivatives of f. If z = f(x, y), we use the following 


notation: j 7 
(fie fa = fir = = (2) -H.Z 
e) = fo = fa = 7 (2) = on 7 aa 
Us = fa = fa = 2 (2) 7 an k = 
(Sh = fy fa > (2 ) -3i 


Thus the notation f,, (or 0°f/dy dx) means that we first differentiate with respect to x and 
then with respect to y, whereas in computing fx the order is reversed. 


EXAMPLE7 Find the second partial derivatives of 
F(x, y) = x° + xy? — 2y? 
SOLUTION In Example 1 we found that 


f(x, y) = 3x? + 2xy? f(x, y) = 3x7y? — 4y 


Therefore 


0 ð i 
Ja ay BX + 2xy?) = 6x + 2y? i= 55 Gx + 2xy3) = 6xy? 
i y 


ð ð 
Sx = (3x°y? — 4y) = 6xy? fy = (3x°y? — 4y) = 6x’ y— 4 E 
: Ox 7 ðy 


Notice that fey = fyx in Example 7. This is not just a coincidence. It turns out that the 
mixed partial derivatives f., and f,, are equal for most functions that one meets in prac- 
tice. The following theorem, which was discovered by the French mathematician Alexis 
Clairaut (1713-1765), gives conditions under which we can assert that fry = fyx. The 
proof is given in Appendix F. 


Clairaut’s Theorem Suppose f is defined on a disk D that contains the point 
(a, b). If the functions fry and fyx are both continuous on D, then 


f(a, b) = fala, b) 


Partial derivatives of order 3 or higher can also be defined. For instance, 


Pf ) o of 


fo = o) = À 
ae MER dy \ dy ðx dy? ax 


and using Clairaut’s Theorem it can be shown that fiyy = fixy = fyyx if these functions are 
continuous. 
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u(x, t) 


— 
FIGURE 5 


EXAMPLE 8 Calculate fixy- if f(x, y, z) = sin(3x + yz). 
SOLUTION fc = 3 cos(3x + yz) 

fox = —9 sin(3x + yz) 

fay = —9z cos(3x + yz) 


faxy: = —9 cos(3x + yz) + 9yz sin(3x + yz) E 


E Partial Differential Equations 


Partial derivatives occur in partial differential equations that express certain physical 
laws. For instance, the partial differential equation 


Fu 2 u ĝ 
ax? ay? 


is called Laplace’s equation after Pierre Laplace (1749-1827). Solutions of this equa- 
tion are called harmonic functions; they play a role in problems of heat conduction, 
fluid flow, and electric potential. 


EXAMPLE 9 Show that the function u(x, y) = e* sin y is a solution of Laplace’s 
equation. 


SOLUTION We first compute the needed second-order partial derivatives: 


Uy = e* sin y uy = e” cosy 
Uxx = e“ sin y Uyy = —e*siny 
So Uxx + Uyy = e“ sin y — e“ siny = 0 
Therefore u satisfies Laplace’s equation. E 
The wave equation 
ou 5 Ou 
— = a — 
at ax? 


describes the motion of a waveform, which could be an ocean wave, a sound wave, a 
light wave, or a wave traveling along a vibrating string. For instance, if u(x, t) represents 
the displacement of a vibrating violin string at time ¢ and at a distance x from one end of 
the string (as in Figure 5), then u(x, t) satisfies the wave equation. Here the constant a 
depends on the density of the string and on the tension in the string. 


EXAMPLE 10 Verify that the function u(x, t) = sin(x — at) satisfies the wave 


equation. 
SOLUTION ux = cos(x — at) u, = —a cos(x — at) 
Ux = —sin(x — at) Un = —a’ sin(x — at) = au, 
So u satisfies the wave equation. E 
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Partial differential equations involving functions of three variables are also very 
important in science and engineering. The three-dimensional Laplace equation is 
Fu Fu du 
[5] 2 + 2 2 
Ox oy 0z 


and one application is in geophysics. If u(x, y, z) represents magnetic field strength at 
position (x, y, z), then it satisfies Equation 5. The strength of the magnetic field indicates 
the distribution of iron-rich minerals and reflects different rock types and the location of 


faults. 


14.3 | Exercises 


1. At the beginning of this section we discussed the function 
I = f(T, H), where / is the heat index, T is the actual temper- 
ature, and H is the relative humidity. Use Table | to estimate 
fr(92, 60) and fz (92, 60). What are the practical interpreta- 
tions of these values? 


2. The wave heights h in the open sea depend on the speed v 
of the wind and the length of time ż that the wind has been 
blowing at that speed. Values of the function h = f (v, t) are 
recorded in feet in the following table. 


Duration (hours) 


t 5 10 15 20 30 40 50 


v 
10 2 2 2 2 2 2 2 
| 15 4 4 5 5 5 5 5 
Š 20 5 7 8 8 9 9 9 
G 30 9 13 16 17 18 19 19 
S 40 14 | 21 25 | 28 | 31 33 33 


50 19 29 36 40 45 48 50 


60 24 37 47 54 62 67 69 


(a) What are the meanings of the partial derivatives dh/dv 
and ðh/ðt? 

(b) Estimate the values of f,(40, 15) and f,(40, 15). What are 
the practical interpretations of these values? 

(c) What appears to be the value of the following limit? 


3. The temperature T (in °C) at a location in the Northern 
Hemisphere depends on the longitude x, latitude y, and time t, 
so we can write T = f(x, y, t). Let’s measure time in hours 
from the beginning of January. 

(a) What are the meanings of the partial derivatives ôT/ðx, 
dT/dy, and dT/dt? 


(b) Honolulu has longitude 158°W and latitude 21°N. 
Suppose that at 9:00 Am on January 1 the wind is 
blowing hot air to the northeast, so the air to the west and 
south is warm and the air to the north and east is cooler. 
Would you expect f,(158, 21, 9), f,(158, 21, 9), and 
f:(158, 21, 9) to be positive or negative? Explain. 


4-5 Determine the signs of the partial derivatives for the 
function f whose graph is shown. 


4. (a) AC, 2) 
5. (a) f(—1, 2) 


(b) ACL, 2) 
b) £(=1,2) 


6. A contour map is given for a function f. Use it to estimate 


f(2, 1) and f,(2, 1). 


VL Y 


Ap A 


10 
12 
4 14 
2 16 


(UNN 
7. If f(x, y) = 16 — 4x* — y’, find A(1, 2) and f (1, 2) and 


interpret these numbers as slopes. Illustrate with either hand- 
drawn sketches or computer plots. 
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8. If f(x, y) = V4 — x? — 4y?, find f,(1, 0) and f,(1, 0) and 45-46 Find ðz/ðx and ðz/ðy. 
interpret these numbers as slopes. Illustrate with either hand- 45. (a) z = f(x) + g) b) z=f(x +y) 
drawn sketches or computer plots. ` 
9-36 Find the first partial derivatives of the function. 46. (a) z= f(x)g(y) (b) z= f(xy) 
9. f(x,y) = xt + 5xy’ 10. f(x,y) = xy — 3y* (©) z= f(x/y) 
@D jQ, y) =x siny 12. g(x, t) = e” 47-52 Find all the second partial derivatives. 
x, y) = xy — 2x3y? 48. f(x,y) =In(ax + b 
-net Wa E f(x,y) = iy - 22°) f(x,y) = In( y) 
v 
49. z =>» 50. T=e cos 0 
© f(x,y) = ye” 16. g(x, y) = (x? + xy)? Ty 
: 51. v = sin(s? — 2°) 52. z = arctan — 2 
17. g(x, y) = y(x 4 x7y) 18. f(x, y) = Gay . v sms 2 Z arctan f= xy 
ax + by e” 
19. f(x, y) = Fee 20. w= 2 53-56 Verify that the conclusion of Clairaut’s Theorem holds, 
cx + dy u +v j 
that is, uyy = Uyx. 
21. glu, v) = (u’v — wv) 22. u(r,0) = sin(r cos 0) 53. u = x'y? — y 54. u = e*’siny 
23. R(p.q) = tan (pq?) 24. f) = BD «= cost’) pene Mee 
25. F(x,y) = J cos(e’) di 26. F(a, B) = ie JPL A 57-64 Find the indicated partial derivative(s). 
4 j 57. f(x, y) = xty? = x+y; Foxx fiyx 
27. f(x,y,z) =x*yz7 + 2yz 28. f(x,y,z) = xy e” 58. f(x,y) =sinQx + 5y); fy 
29. w = ln(x + 2y + 3z) 30. w = y tan(x + 2z) 59. f(x, y, 2) = e fin 
31. p = yt’ + u?’ cosv 32. u =x!” 60. g(r, s, t) = e"sin(st); grs 
R ax + By’ 
33. A(x, y, z, t) = x°y cos(z/t) 34. (x, y, z,t) = ——— aW 
yz + 62° 61. W ut ov’; as 
35. u=Vx2+x2+---+ x? a 
36. u = sin(x; + 2x. 4 + Xn) 62. V=In(r + s? + t’) au 
. T ir ees i a . ra rrj 
ees ar ðs ðt 
37-40 Find the indicated partial derivative. P xo aw aw 
e > >, 2 
37. R(s, t) = te"; R,(0, 1) y+2z ðzðyðx ax dy 
1 64 m a au 
I. f(x,y) = ysin (xy); fh, £) ET 


x? y’ z? 


1 
39. f(x, y, z) = ln liseyi > fi, 2,2) 65-66 Use Definition 4 to find f(x, y) and f,(x, y). 


40. f(x,y,z) =x"; fe, 1,0) 65. f(x, y) = xy? — xy 66. f(x,y) = 


x+y’ 


41-44 Use implicit differentiation to find 0z/ax and dz/dy. SK a Sate t eee) fnd 
. s Y, Z) = XY Z Z), xzy* 


GD x? + 2y? + 32? =1 42. x? — y? +z? —-2z=4 [Hint: Which order of differentiation is easiest?] 


43. ec = xyz 44. yrz+xIny=2 68. If g(x, y, z) = V1 + xz + y1 — xy, find gyz. [Hint: Use a 
different order of differentiation for each term.] 
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69. The following surfaces, labeled a, b, and c, are graphs of a 
function f and its partial derivatives f, and f,. Identify each 


surface and give reasons for your choices. 


them. 


y 
70. fal Ty ae 


FX 70-71 Find f and fv and graph f, f., and f, with domains and 
viewpoints that enable you to see the relationships between 


71. f(x,y) = xy 


72. Determine the signs of the partial derivatives for the func- 
tion f whose graph is shown in Exercises 4-5. 


(b) f (1,2) 
(@) fx(—1, 2) 


73. Use the table of values of f(x, y) to estimate the values of 


(a) fo(—1, 2) 
© fx, 2) 


LB: 2), fc(3, 2.2), and f.y(3, 2). 


PU 1.8 2.0 DD 
25 12.5 10.2 9.3 
3.0 18.1 17:5 15.9 
3.5 20.0 22.4 26.1 
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74. Level curves are shown for a function f. Determine whether 


the following partial derivatives are positive or negative at 
the point P. 


(a) fe b) fy (c) fix (d) fry ©) fy 


YA 


y; LSS 


75. (a) In Example 3 we found that f.(1, 1) = —2 for the 


76. 


77 


78 


79 


function f(x, y) = 4 — x* — 2y*. We interpreted this 
result geometrically as the slope of the tangent line to 
the curve C; at the point P(1, 1, 1), where C; is the trace 
of the graph of f in the plane y = 1. (See the figure.) 
Verify this interpretation by finding a vector equation 
for Cı, computing the tangent vector to C; at P, and then 
finding the slope of the tangent line to C; at P in the 
plane y = 1. 

(b) Use a similar method to verify that f(1, 1) = —4. 


If u = et Ferret FX Wherea? +a? +---+a7=1, 
show that 
ru ou ru 
state tp H=u 
Ox; oxi OXn 


Show that the function u = u(x, t) is a solution of the wave 
equation U, = a7U,.. 

(a) u = sin(kx) sin(akt) 

(b) u=t/(a’t? — x’) 

(c) u = (x — at)’ + (x + at)® 

(d) u = sin(x — at) + In(x + at) 


Determine whether each of the following functions is a 
solution of Laplace’s equation uxx + Uyy = 0. 

(a) u=x?+y? b) u=x -= y? 

(c) u = x? + 3xy? (d) u = ln yx? + y? 
(e) u = sin x cosh y + cos x sinh y 

(f) u = e~ cos y — e” cosx 


Verify that the function u = 1/yx? + y? + z? isa 
solution of the three-dimensional Laplace equation 
üs + Uyy Fuz = 0. 
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80. 


81. 


82. 


83. 


84. 


85. 


86. 


CHAPTER 14 Partial Derivatives 


The Heat Equation Verify that the function u = e~**"' sin kx 
is a solution of the heat conduction equation u, = Q Uy. 


The Diffusion Equation The diffusion equation 

ðc ae 

ðt ax? 
where D is a positive constant, describes the diffusion of heat 
through a solid, or the concentration of a pollutant at time t at 


a distance x from the source of the pollution, or the invasion 
of alien species into a new habitat. Verify that the function 


1 
4rDt 


c(x, t) = e™™?/ “Dù 


is a solution of the diffusion equation. 


The temperature at a point (x, y) on a flat metal plate is 
given by T(x, y) = 60/(1 + x* + y*), where T is measured 
in °C and x, y in meters. Find the rate of change of temper- 
ature with respect to distance at the point (2, 1) in (a) the 
x-direction and (b) the y-direction. 


The total resistance R produced by three conductors with 
resistances Rj, R2, R3 connected in a parallel electrical circuit 
is given by the formula 


= 
= 
= 
= 


Find ðR/ðRı. 


Ideal Gas Law The gas law for a fixed mass m of an ideal 
gas at absolute temperature T, pressure P, and volume V is 
PV = mRT, where R is the gas constant. 


oP OV OT 
(a) Show that — —-—— = —l. 
ðV OT OP 


ðP aV 
(b) Show that T— — = mR. 
oT OT 


Van der Waals Equation The Van der Waals equation for 
n moles of a gas is 


2 
(>. ray nb) = nRT 


where P is the pressure, V is the volume, and Tis the temper- 
ature of the gas. The constant R is the universal gas constant 
and a and b are positive constants that are characteristic of a 
particular gas. Calculate ôT/ðP and aP/dV. 


The wind-chill index is modeled by the function 
W = 13.12 + 0.6215T — 11.37v®!® + 0.3965Tv°'® 


where T is the temperature (°C) and v is the wind speed (in 
km/h). When T = —15°C and v = 30 km/h, by how much 
would you expect the apparent temperature W to drop if the 
actual temperature decreases by 1°C? What if the wind speed 
increases by 1 km/h? 


87. 


88. 


89. 


90. 


91. 


92. 


A model for the surface area of a human body is given by the 
function 
S = f(w, h) = 0.1091w° n°” 


where w is the weight (in pounds), h is the height (in inches), 
and S is measured in square feet. Calculate and interpret the 
partial derivatives. 
as as 
(a) —— (160, 70) (b) — (160, 70) 
ðw ðh 
One of Poiseuille’s laws states that the resistance of blood 
flowing through an artery is 


R=c4 
r’ 


where L and r are the length and radius of the artery and C is 
a positive constant determined by the viscosity of the blood. 
Calculate 3R/ðL and ðR/ðr and interpret them. 


In the project following Section 4.7 we expressed the power 
needed by a bird during its flapping mode as 


B 2. 
P(v, x, m) = Av? + Brard" 
v 


where A and B are constants specific to a species of bird, v is 
the velocity of the bird, m is the mass of the bird, and x is the 
fraction of the flying time spent in flapping mode. Calculate 
dP/dv, 0P/dx, and dP/dm and interpret them. 


In a study of frost penetration it was found that the tempera- 
ture T at time ¢ (measured in days) at a depth x (measured in 
feet) can be modeled by the function 


T(x, t) = To + Tre ™ sin(wt — Ax) 


where w = 277/365 and À is a positive constant. 

(a) Find d7/dx. What is its physical significance? 

(b) Find d7/dt. What is its physical significance? 

(c) Show that T satisfies the heat equation T, = kT, for a 
certain constant k. 

(d) Graph T(x, t) for A = 0.2, To = 0, and T, = 10. 

(e) What is the physical significance of the term —àÀx in the 
expression sin(wt — Ax)? 


The kinetic energy of a body with mass m and velocity v is 
K = $m”. Show that 


aK OK _ 
am ðv? 


K 


The average energy E (in kcal) needed for a lizard to walk or 
run a distance of 1 km has been modeled by the equation 


3.5 0.75 
E(m, v) = 2.65m° + 2e 


where m is the body mass of the lizard (in grams) and v is its 
speed (in km/h). Calculate £„(400, 8) and E, (400, 8) and 
interpret your answers. 


Source: C. Robbins, Wildlife Feeding and Nutrition, 2d ed. (San Diego: 
Academic Press, 1993). 
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93. 


95. 


96. 


97. 


98. 


FY 94. 


DISCOVERY PROJECT Deriving the Cobb-Douglas Production Function 


The ellipsoid 4x? + 2y? + z? = 16 intersects the plane 
y = 2 in an ellipse. Find parametric equations for the tan- 
gent line to this ellipse at the point (1, 2, 2). 


The paraboloid z = 6 — x — x* — 2y° intersects the plane 
x = 1 ina parabola. Find parametric equations for the tan- 
gent line to this parabola at the point (1, 2, —4). Use a com- 
puter to graph the paraboloid, the parabola, and the tangent 
line on the same screen. 


99. 


You are told that there is a function f whose partial deriva- 
tives are f(x, y) = x + 4y and f(x, y) = 3x — y. Should 
you believe it? 


100. 
101. 


If a, b, c are the sides of a triangle and A, B, C are the oppo- 
site angles, find dA/da, dA/db, dA/dc by implicit differen- 
tiation of the Law of Cosines. 


Use Clairaut’s Theorem to show that if the third-order 
partial derivatives of f are continuous, then 


eyy _ foxy a fry x 


(a) How many nth-order partial derivatives does a function 
of two variables have? 


DISCOVERY PROJECT 


973 


(b) If these partial derivatives are all continuous, how 
many of them can be distinct? 

(c) Answer the question in part (a) for a function of three 
variables. 


If 
f(x, y) = x(x? A yp?) eie) 


find f.(1, 0). [Hint: Instead of finding f(x, y) first, note 
that it’s easier to use Equation 1 or Equation 2.] 


If f(x, y) = Vx? + y?, find f,(0, 0). 
Let 


x? — xy? i 
f(xy) = ae if (x, y) # (0, 0) 


0 if (x, y) = (0, 0) 


(a) 
(b) 
(c) 
(d) 
(e) 


Graph f. 

Find f(x, y) and f,(x, y) when (x, y) # (0, 0). 

Find f,(0, 0) and f,(0, 0) using Equations 2 and 3. 
Show that f,,(0, 0) = —1 and f,.(0, 0) = 1. 

Does the result of part (d) contradict Clairaut’s 
Theorem? Use graphs of fiy and fy» to illustrate your 
answer. 


DERIVING THE COBB-DOUGLAS PRODUCTION FUNCTION 


In Example 14.1.4 we described the work of Cobb and Douglas in modeling the total produc- 
tion P of an economic system as a function of the amount of labor L and the capital invest- 
ment K. If the production function is denoted by P = P(L, K ), then 0P/AL, the rate at which 
production changes with respect to the amount of labor, is called the marginal productivity 
of labor. Similarly, 0P/0K is the marginal productivity of capital. 

Here we use these partial derivatives to show how the particular form of the model used by 
Cobb and Douglas follows from the following assumptions they made about the economy. 


(1) If either labor or capital vanishes, then so will production. 


(ii) The marginal productivity of labor is proportional to the amount of production per 


unit of labor (P/L). 


(iii) The marginal productivity of capital is proportional to the amount of production per 


unit of capital (P/K). 


1. Assumption (ii) says that 


ôP 


IP 
ðL 


L 


a 


for some constant a. If K is held constant (K = Ko), then this partial differential equation 
becomes the ordinary differential equation 


dP 


CEE 
dL “L 


Solve this separable differential equation by the methods of Section 9.3 to get 
P(L, Ko) = Ci(Ko) L*, where the constant C; is written as C;(Ko) because it could depend 


on the value of Ko. 


(continued) 
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14.4 


FIGURE 1 


The tangent plane contains the 


tangent lines T, and 7. 


2. Similarly, show that assumption (iii) implies that if L is held constant (L = Lo), then 
P(Lo, K) = Cx(Lo) K®. 


3. Comparing the results of Problems 1 and 2, conclude that 
P(L, K) = bL*K® 


where b is a constant that is independent of both L and K. Cobb and Douglas assumed that 
a + B = 1, so that 
P(L, K) = bL*°K'* 


In this case, if labor and capital are both increased by a factor m, then by what factor is 
production increased? 


4. Show that P(L, K) = bL*K' “ satisfies the partial differential equation 


5. Cobb and Douglas used the function P(L, K) = 1.01L°”K°* to model the American econ- 
omy from 1899 to 1922. Find the marginal productivity of labor and the marginal produc- 
tivity of capital in the year 1920, when L = 194 and K = 407, and interpret the results. In 
that year, which would have benefited production more, an increase in capital investment 
or an increase in spending on labor? 


Tangent Planes and Linear Approximations 


One of the most important ideas in single-variable calculus is that as we zoom in toward 
a point on the graph of a differentiable function, the graph becomes indistinguishable 
from its tangent line and we can approximate the function by a linear function. (See Sec- 
tion 3.10.) Here we develop similar ideas in three dimensions. As we zoom in toward a 
point on a surface that is the graph of a differentiable function of two variables, the sur- 
face looks more and more like a plane (its tangent plane) and we can approximate the 
function by a linear function of two variables. We also extend the idea of a differential to 
functions of two or more variables. 


E Tangent Planes 


Suppose a surface S has equation z = f(x, y), where f has continuous first partial deriva- 
tives, and let P(xo, yo, Zo) be a point on S. As in Section 14.3, let C, and C; be the curves 
obtained by intersecting the vertical planes y = yo and x = xo with the surface S. Then 
the point P lies on both C, and C3. Let T, and T, be the tangent lines to the curves C, and 
C: at the point P. Then the tangent plane to the surface S at the point P is defined to be 
the plane that contains both tangent lines T, and 7>. (See Figure 1.) 

We will see in Section 14.6 that if C is any other curve that lies on the surface § and 
passes through P, then its tangent line at P also lies in the tangent plane. Therefore you 
can think of the tangent plane to S at P as consisting of all possible tangent lines at P to 
curves that lie on S and pass through P. The tangent plane at P is the plane that most 
closely approximates the surface S near the point P. 

We know from Equation 12.5.7 that any plane passing through the point P(xo, yo, Zo) 
has an equation of the form 


A(x — xo) + Bly — yo) + C(z — zx) =0 
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By dividing this equation by C and letting a = —A/C and b = —B/C, we can write it in 
the form 


[1] z= 2 = ale = x) + Oly — yo) 


If Equation 1 represents the tangent plane at P, then its intersection with the plane y = yo 
must be the tangent line 7;. Setting y = yo in Equation 1 gives 


Z— Zo = a(x — xo) where y = yo 


and we recognize this as the equation (in point-slope form) of a line with slope a. But 
from Section 14.3 we know that the slope of the tangent T, is f,(xo, yo). Therefore 
a = f.(X0, Yo). 

Similarly, putting x = xo in Equation 1, we getz — zo = b(y — yo), which must rep- 
resent the tangent line T>, so b = f,(Xo, yo). 


Note the similarity between the [2] Equation of a Tangent Plane Suppose f has continuous partial deriva- 
equation of a tangent plane and the tives. An equation of the tangent plane to the surface z = f(x, y) at the point 
equation of a tangent line: P(xo, Yo, Zo) is 


y — yo = f'(xo (x — xo) Z — Zo = fe(xo, yo)(x — xo) + f(xo, yo)(y — yo) 


EXAMPLE 1 Find the tangent plane to the elliptic paraboloid z = 2x? + y? at the 
point (1, 1, 3). 


SOLUTION Let f(x, y) = 2x? + y’. Then 
Fx, y) = 4x Hx, y) = 2y 
fl, I) = 4 fr, 1) = 2 
Then (2) gives the equation of the tangent plane at (1, 1, 3) as 
z-3=4(x - 1) + 2(y - 1) 
or z=4x+2y—3 a 
Figure 2(a) shows the elliptic paraboloid and its tangent plane at (1, 1, 3) that we found 


in Example 1. In parts (b) and (c) we zoom in toward the point (1, 1, 3). Notice that the 
more we zoom in, the flatter the graph appears and the more it resembles its tangent plane. 


(a) (b) (c) 


FIGURE 2 The elliptic paraboloid z = 2x* + y? appears to coincide with its tangent plane as we zoom in toward (1, 1, 3). 
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FIGURE 3 

Zooming in toward (1, 1) 
on a contour map of 
aaa y 


1 


0.5 


In Figure 3 we corroborate this impression by zooming in toward the point (1, 1) ona 
contour map of the function f(x, y) = 2x” + y’. Notice that the more we zoom in, the 
more the level curves look like equally spaced parallel lines, which is characteristic of a 


Ñl 


0.8 0.95 


E Linear Approximations 


In Example 1 we found that an equation of the tangent plane to the graph of the function 
f(x, y) = 2x? + y? at the point (1, 1, 3) is z = 4x + 2y — 3. Therefore, in view of the 
visual evidence in Figures 2 and 3, the linear function of two variables 


L(x, y) = 4x + 2y — 3 


is a good approximation to f(x, y) when (x, y) is near (1, 1). The function L is called the 
linearization of f at (1, 1) and the approximation 


f(x,y) = 4x + 2y — 3 


is called the linear approximation or tangent plane approximation of f at (1, 1). 
For instance, at the point (1.1, 0.95) the linear approximation gives 


f(1.1, 0.95) = 41.1) + 2(0.95) — 3 = 3.3 


which is quite close to the true value of f(1.1, 0.95) = 2(1.1)? + (0.95)? = 3.3225. But 
if we take a point farther away from (1, 1), such as (2, 3), we no longer get a good 
approximation. In fact, L(2, 3) = 11 whereas f(2, 3) = 17. 

In general, we know from (2) that an equation of the tangent plane to the graph of 
a function f of two variables at the point (a, b, f(a, b)) is 


z = fla, b) + fila, b\(x — a) + f(a, b)(y — b) 


The linear function whose graph is this tangent plane, namely 


[3] L(x, y) = f(a, b) + fra, b)(x — a) + f(a, b)(y — b) 


is called the linearization of f at (a, b) and the approximation 


[4] f(x,y) ~ f(a, b) + f(a, b)\(x — a) + fila, b)(y — b) 


is called the linear approximation or the tangent plane approximation of f at (a, b). 
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We have defined tangent planes for surfaces z = f(x, y), where f has continuous first 
partial derivatives. What happens if f, and f, are not continuous? Figure 4 pictures such 
a function; its equation is 


xy 
Sœ) =] x+y? 
0 if (x, y) = (0, 0) 


if (x, y) # (0, 0) 


You can verify (see Exercise 54) that its partial derivatives exist at the origin and, in fact, 
f(O, 0) = 0 and f,(0, 0) = 0, but f and f, are not continuous. The linear approximation 
would be f(x, y) ~ 0, but f(x, y) = 5 at all points on the line y = x. So a function of two 


FIGURES xy, variables can behave badly even though both of its partial derivatives exist. To rule out 
f(xy) = Pa if (x, y) (0, 0), such behavior, we formulate the idea of a differentiable function of two variables. 
f(0,0) =0 Recall that for a function of one variable, y = f(x), if x changes from a toa + Ax, we 
defined the increment of y as 
Ay = f(a + Ax) — f(a) 
In Chapter 3 we showed that if f is differentiable at a, then 
This is Equation 3.4.7. [5] Ay = f'(a) Ax + £ Ax where e —> 0 as Ax ~0 


Now consider a function of two variables, z = f(x, y), and suppose x changes from a 
toa + Ax and y changes from b to b + Ay. Then the corresponding increment of z is 


[6] Az = f(a + Ax, b + Ay) — f(a, b) 


Thus the increment Az represents the change in the value of f when (x, y) changes from 
(a, b) to (a + Ax, b + Ay). By analogy with (5) we define the differentiability of a func- 
tion of two variables as follows. 


Definition If z = f(x, y), then f is differentiable at (a, b) if Az can be 
expressed in the form 


Az = f(a, b) Ax + f(a, b) Ay + £, Ax + £ Ay 


where s; and sz are functions of Ax and Ay such that s; and £2 —> 0 as 
(Ax, Ay) — (0, 0). 


Definition 7 says that a differentiable function is one for which the linear approxima- 
tion (4) is a good approximation when (x, y) is near (a, b). In other words, the tangent 
plane approximates the graph of f well near the point of tangency. 

It’s sometimes hard to use Definition 7 directly to check the differentiability of a func- 
tion, but the next theorem provides a convenient sufficient condition for differentiability. 


Theorem 8 is proved in Appendix F Theorem If the partial derivatives f, and f, exist near (a, b) and are continu- 


ous at (a, b), then f is differentiable at (a, b). 
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Figure 5 shows the graphs of the 
function f and its linearization L in 
Example 2. 


FIGURE5 


EXAMPLE 2 Show that f(x, y) = xe” is differentiable at (1, 0) and find its 
linearization there. Then use it to approximate f(1.1, —0.1). 


SOLUTION The partial derivatives are 
filmy) =e? +aye” flay) = 322 
FC, 0) = 1 fll, 0) = 1 


Both f, and f, are continuous functions, so f is differentiable by Theorem 8. The 
linearization is 


L(x, y) = f0, 0) + fe, Ox — 1) + AA, 0)(y — 0) 
=1+4+1l(x-1)+1l-y=xty 
The corresponding linear approximation is 
xe =xty 
so f(.1,—0.1) = 1.1 — 0.1 = 1 


Compare this with the actual value of f(1.1, —0.1) = 1.1e™®™! ~= 0.98542. a 
EXAMPLE3 At the beginning of Section 14.3 we discussed the heat index (perceived 
temperature) / as a function of the actual temperature T and the relative humidity H 


and gave the following table of values from the National Weather Service. 


Relative humidity (%) 


H| 50 55 60 65 70 75 80 85 90 


90 96 98 100 | 103 106 | 109 | 112 | 115 119 


92 100 103 105 108 112 115 119 123 128 
Actual 


temperature 94 104 107 111 114 118 122 127 132 137 
CF) 


96 109 113 116 | 121 125 130 | 135 141 146 


98 114 | 118 123 127 133 138 144 | 150 | 157 


100 119 124 | 129 | 135 141 147 154 | 161 168 


Find a linear approximation for the heat index J = f(T, H) when T is near 96°F and H 
is near 70%. Use it to estimate the heat index when the actual temperature is 97°F and 
the relative humidity is 72%. 


SOLUTION We read from the table that f(96, 70) = 125. At the beginning of Sec- 
tion 14.3 we used the tabular values to estimate that fr(96, 70) ~ 3.75 and 
fu(96, 70) ~ 0.9. So the linear approximation is 


f(T, H) ~ f(96, 70) + fr(96, 70)(T — 96) + fa(96, 70)(H — 70) 
= 125 + 3.75(T — 96) + 0.9(H — 70) 


In particular, 
f(97, 72) = 125 + 3.75(1) + 0.9(2) = 130.55 


Therefore, when T = 97°F and H = 72%, the heat index is 
I= 131°F E 
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= 
N 
N 
+ 
> 
kad 
=y 


tangent line 


y= fla) + f'(a)\(x— a) 
FIGURE 6 


FIGURE 7 
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E Differentials 


For a differentiable function of one variable, y = f(x), we define the differential dx to be 
an independent variable; that is, dx can be given the value of any real number. The dif- 
ferential of y is then defined as 


[9] dy = f'(x) dx 


(See Section 3.10.) Figure 6 shows the relationship between the increment Ay and the 
differential dy: Ay represents the change in height of the curve y = f(x) and dy repre- 
sents the change in height of the tangent line when x changes by an amount dx = Ax. 

For a differentiable function of two variables, z = f(x, y), we define the differentials 
dx and dy to be independent variables; that is, they can be given any values. Then the 
differential dz, also called the total differential, is defined by 


ð 


ð 
dz = f(x, y) dx + f(x, y) dy = h + dy 
x y 


(Compare with Equation 9.) Sometimes the notation df is used in place of dz. 
If we take dx = Ax = x — a and dy = Ay = y — b in Equation 10, then the differen- 
tial of z is 


dz = f(a, b)(x — a) + f(a, b)\(y — b) 
So, in the notation of differentials, the linear approximation (4) can be written as 
f, y) ~ fla, b) + dz 


Figure 7 is the three-dimensional counterpart of Figure 6 and shows the geometric inter- 
pretation of the differential dz and the increment Az: dz represents the change in height 
of the tangent plane, whereas Az represents the change in height of the surface z = f(x, y) 
when (x, y) changes from (a, b) to (a + Ax, b + Ay). 


(a + Ax, b + Ay, f(a + Ax, b+ Ay)) 


surface z = f(x, y) 


f(a, b) 


š 
flab) | 2b rma 
wy (a + Ax, b+ Ay, 0) 
x 


(a, b, 0) Ay =dy 
tangent plane 


z— f(a, b) = fx(a, b)(x — a) + fy(a, b)(y — b) 


EXAMPLE 4 


(a) If z = f(x, y) =x? + 3xy — y’, find the differential dz. 
(b) If x changes from 2 to 2.05 and y changes from 3 to 2.96, compare the values 
of Az and dz. 
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In Example 4, dz is close to Az 
because the tangent plane is a good 
approximation to the surface 

z = x° + 3xy — y? near (2, 3, 13). 
(See Figure 8.) 


FIGURE 8 


SOLUTION 
(a) Definition 10 gives 
Oz Oz 
dz = — dx + dy = (2x + 3y) dx + (3x — 2y) dy 
Ox oy 


(b) Putting x = 2, dx = Ax = 0.05, y = 3, and dy = Ay = —0.04, we get 
dz = [2(2) + 3(3)]0.05 + [3(2) — 2(3)](—0.04) = 0.65 


The increment of z is 
Az = f(2.05, 2.96) — f(2, 3) 
= [(2.05)? + 3(2.05)(2.96) — (2.96)?] — [27 + 3(2)(3) — 37] 
= 0.6449 


Notice that Az ~ dz but dz is easier to compute. a 


EXAMPLE 5 The base radius and height of a right circular cone are measured as 

10 cm and 25 cm, respectively, with a possible error in measurement of as much as 

g cm in each. 

(a) Use differentials to estimate the maximum error in the calculated volume of the 
cone. 

(b) What is the estimated maximum error in volume if the radius and height are mea- 
sured with errors up to 0.1 cm? 


SOLUTION 
(a) The volume V of a cone with base radius r and height h is V = mr’h/3. 
So the differential of V is 

OV OV _ 2arh ar 


= + h + h 
dV es dr Ah d 3 dr 3 d 


Since each error is at most ¢ cm, we have | Ar| < e, | Ah | < e. To estimate the largest 
error in the volume, we take the largest error in the measurement of r and of h. There- 
fore we take dr = e and dh = e along with r = 10, h = 25. This gives 


5007 1007 
e€ + 


AV ~ dV = 
3 3 


e = 2007e 


Thus the maximum error in the calculated volume is about 2007 cm’. 

(b) If the largest error in each measurement is e = 0.1 cm, then 

dV = 2007(0.1) = 63, so the estimated maximum error in volume is about 63 cm’. 
(Note that since the measured volume of the cone is V = 7r(10)?(25)/3 ~ 2618, this is 
a relative error of 63/2618 ~ 0.024 or 2.4%.) E 


E Functions of Three or More Variables 


Linear approximations, differentiability, and differentials can be defined in a similar 
manner for functions of more than two variables. A differentiable function is defined by 
an expression similar to the one in Definition 7. For such functions the linear approxi- 
mation is 


f(x, y, z) ~ f(a, b, c) + f(a, b, cle — a) + f(a, b, oy — b) + f(a, b, c)(z — c) 


and the linearization L(x, y, z) is the right side of this expression. 
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If w = f(x, y, z), then the increment of w is 
Aw = f(x + Ax, y + Ay, z + Az) — f(x, y, z) 


The differential dw is defined in terms of the differentials dx, dy, and dz of the independ- 
ent variables by 


EXAMPLE 6 The dimensions of a rectangular box are measured to be 75 cm, 60 cm, 
and 40 cm, and each measurement is correct to within € cm. 

(a) Use differentials to estimate the largest possible error when the volume of the box 
is calculated from these measurements. 

(b) What is the estimated maximum error in the calculated volume if the measured 
dimensions are correct to within 0.2 cm? 


SOLUTION 
(a) If the dimensions of the box are x, y, and z, then its volume is V = xyz and so 


V 
dz = yz dx + xz dy + xy dz 
Ox oy Oz 


We are given that | Ax| < e, | Ay| < e, and | Az| < e. To estimate the largest error 
in the volume, we therefore use dx = £, dy = €, and dz = e together with x = 75, 
y = 60, and z = 40: 


AV = dV = (60)(40)e + (75)(40)e + (75)(60)e = 9900e 


Thus the maximum error in the calculated volume is about 9900 times larger than the 
error in each measurement taken. 


(b) If the largest error in each measurement is e = 0.2 cm, then 

dV = 9900(0.2) = 1980, so an error of only 0.2 cm in measuring each dimension 
could lead to an error of approximately 1980 cm’ in the calculated volume. (This may 
seem like a large error, but you can verify that it’s only about 1% of the volume of the 
box.) E 


14.4| Exercises 


1-2 The graph of a function f is shown. Find an equation of the 
tangent plane to the surface z = f(x, y) at the specified point. 


1. f(x,y) = 16 — x? - y? 2. f(x,y) = y’ sinx 


ZA 
(2, 2, 8) 
— A 
A A O WA 
4 / À y 
4 (77/2, —2, 4) 
z=16- x-y? z=y* sinx 


3-10 Find an equation of the tangent plane to the given surface at 
the specified point. 


@: = 2x? + y? — 5y, (1,2, -4) 


4.z2=(x+ 2) —-2y- 1-5, (2,3,3) 


5. z=e", (2,2,1) 


6. z 


ye“, (0, 3,9) 
7.z=2Jy/x, (1,1, —2) 
8. z = x/y°, (-4,2,-1) 
@: xsin(x + y), (—1, 1,0) 
10. z = In(x — 2y), (3, 1,0) 
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11-12 Graph the surface and the tangent plane at the given recorded in feet in the following table. Use the table to find 

point. (Choose the domain and viewpoint so that you get a good a linear approximation to the wave height function when v 

view of both the surface and the tangent plane.) Then zoom in is near 40 knots and f is near 20 hours. Then estimate the 

until the surface and the tangent plane become indistinguishable. wave heights when the wind has been blowing for 24 hours 
at 43 knots. 


11. z=x° + xy + 3y’, (1, 1,5) 


12.2=/9 + x?y*, (2,2,5) Duration (hours) 
t 5 10 15 20 30 40 50 


v 
13-14 Draw the graph of f and its tangent plane at the given z 
point. (Use a computer to compute the partial derivatives.) 2 a a T š 8 9 9 9 
Then zoom in until the surface and the tangent plane become & 30 9 13 16 17 18 19 19 
indistinguishable. 3 
2 &| 40 14 21 25 28 31 33 33 
13. f(x,y) 1 + cos*(x — y) mr 7 E 
. f(x,y) = 3 Ae E 
V= IF cost(x ty)’ (3 64 =| so | 19 | 2 | 36 | 40 | 45 | 48 | 50 
14. f(x,y) =e (vx + Vy + Vey), C1, 3e™) 60 | 24 | 37 | 47 | 54 | 62 | 67 | 69 


@) Use the table in Example 3 to find a linear approximation to 
the heat index function when the actual temperature is near 
94°F and the relative humidity is near 80%. Then estimate 


15-22 Explain why the function is differentiable at the given 
point. Then find the linearization L(x, y) of the function at 


that point. 

a the heat index when the actual temperature is 95°F and the 
15. f(xy) = xy, (—2, 1) relative humidity is 78%. 
16. f(x,y) =ytanx, (7/4, 2) 30. The wind-chill index W is the perceived temperature when 


a7. fæ y) =1+xn(y-— 5), (2,3) the actual temperature is T and the wind speed is v, so we 
can write W = f(T, v). The following table of values is an 

18. f(x,y) =vxy, (1,4) excerpt from Table 1 in Section 14.1. Use the table to find a 
linear approximation to the wind-chill index function when 


19. fy) = xte (1,0) T is near — 15°C and v is near 50 km/h. Then estimate the 


1+y wind-chill index when the temperature is — 17°C and the 
20. f(x,y) = tex’ (1, 3) wind speed is 55 km/h. 
21. f(x,y) = 4arctan(xy), (1, 1) Wind speed (km/h) 
= : ox v 
22. f(x,y) = y + sin(x/y), (0, 3) Ole 20 30 40 50 60 70 
S 10 18 20 21 22 23 23 
23-24 Verify the linear approximation at (0, 0). g 
i 2 15 24 26 27 29 | —30 | —30 
x = y — = em v 
23. e* cos(xy) =x + 1 24. 4a * +y-1 = 20 30 33 34 35 36 37 
5 
2| -25 | -37 | -39 | -41 | -42 | -43 | —44 


25. Given that f is a differentiable function with f(2, 5) = 6, 
f(2, 5) = 1, and f,(2, 5) = —1, use a linear approximation 


` 31-38 Find the differential of the function. 
to estimate f (2.2, 4.9). 


31. m = pg? 32. z = xln(y? + 1) 
26. Find the linear approximation of the function 5 
f(x,y) = 1 — xy cos 7y at (1, 1) and use it to approximate 33. z =e “cos 2rt 34. u = yx? + 3y? 
f(1.02, 0.97). Illustrate by graphing f and the tangent plane. 35. H = x?°yt + yz’ 36. w = xze 7” 
27) Find the linear approximation of the function 37. R= aß’ cosy 38. T= ie 
f(x,y,z) = Vx? + y? + z? at (3, 2, 6) and use it to slit 
approximate the number \/(3.02)? + (1.97)? + (5.99)?. 39. If z = 5x? + y? and (x, y) changes from (1, 2) to (1.05, 2.1), 


28. The wave heights A in the open sea depend on the speed v compare the values of Az and dz, 


of the wind and the length of time f that the wind has been 40. If z = x° — xy + 3y’ and (x, y) changes from (3, — 1) to 
blowing at that speed. Values of the function h = f(v, t) are (2.96, —0.95), compare the values of Az and dz. 
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Aa The length and width of a rectangle are measured as 30 cm 
and 24 cm, respectively, with an error in measurement of at 
most 0.1 cm in each. Use differentials to estimate the maxi- 
mum error in the calculated area of the rectangle. 


42. Use differentials to estimate the amount of metal in a closed 
cylindrical can that is 10 cm high and 4 cm in diameter if the 
metal in the top and bottom is 0.1 cm thick and the metal in 


the sides is 0.05 cm thick. 


@) Use differentials to estimate the amount of tin in a closed tin 
can with diameter 8 cm and height 12 cm if the tin is 0.04 cm 
thick. 


44. The base and height of a triangle are measured as 28 inches 

and 16 inches, respectively. Suppose that each measurement 

has a possible error of at most e inches. 

(a) Use differentials to estimate the maximum error in the 
calculated area of the triangle. 

(b) What is the estimated maximum error in the area of the 
triangle if the base and height are measured with errors at 


most ; inch? 


45 


The radius of a right circular cylinder is measured as 2.5 ft, 

and the height is measured as 12 ft. Suppose that each mea- 

surement has a possible error of at most e feet. 

(a) Use differentials to estimate the maximum error in the 
calculated volume of the cylinder. 

(b) If the computed volume must be accurate to within one 
cubic foot, determine the largest allowable value of e. 


46. The wind-chill index is modeled by the function 


W = 13.12 + 0.62157 — 11.37v°'® + 0.3965Tv°'® 


where T is the actual temperature (in °C) and v is the wind 
speed (in km/h). The wind speed is measured as 26 km/h, 
with a possible error of +2 km/h, and the actual temperature 
is measured as — 11°C, with a possible error of +1°C. Use 
differentials to estimate the maximum error in the calculated 
value of W due to the measurement errors in T and v. 


47, The tension T in the string of the yo-yo in the figure is 


_ __mgR 
2r? + R? 


where m is the mass of the yo-yo and g is acceleration due to 

gravity. Use differentials to estimate the change in the tension 
if R is increased from 3 cm to 3.1 cm and r is increased from 

0.7 cm to 0.8 cm. Does the tension increase or decrease? 


TA 


ima 
>< 
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@) The pressure, volume, and temperature of a mole of an ideal 


49. 


50. 


51 


52 


53 


gas are related by the equation PV = 8.317, where P is mea- 
sured in kilopascals, V in liters, and T in kelvins. Use differ- 
entials to find the approximate change in the pressure if the 
volume increases from 12 L to 12.3 L and the temperature 
decreases from 310 K to 305 K. 


If R is the total resistance of three resistors, connected in 
parallel, with resistances Ri, R2, R3, then 


If the resistances are measured in ohms as R; = 25 Q, 

R = 40 Q, and R; = 50 Q, with a possible error of 0.5% in 
each case, estimate the maximum error in the calculated value 
of R. 


A model for the surface area of a human body is given by 

S = 0.1091w°**h°”>, where w is the weight (in pounds), h is 
the height (in inches), and S is measured in square feet. If the 
errors in measurement of w and h are at most 2%, use differ- 
entials to estimate the maximum percentage error in the cal- 
culated surface area. 


In Exercise 14.1.39 and Example 14.3.4, the body mass index 

of a person was defined as B(m, h) = m/h?, where m is the 

mass in kilograms and A is the height in meters. 

(a) What is the linear approximation of B(m, h) for a child 
with mass 23 kg and height 1.10 m? 

(b) If the child’s mass increases by 1 kg and height by 3 cm, 
use the linear approximation to estimate the new BMI. 
Compare with the actual new BMI. 


Suppose you need to know an equation of the tangent plane to 
a surface S at the point P(2, 1, 3). You don’t have an equation 
for S but you know that the curves 


r(t) = (2 + 34,1 — 7,3 — 4t + t°) 


ro(u) = (1 + u’, 2u’ — 1,2u + 1) 


both lie on S. Find an equation of the tangent plane at P. 


Prove that if f is a function of two variables that is differen- 
tiable at (a, b), then f is continuous at (a, b). 


Hint: Show that 


eee od f(a + Ax,b + Ay) = f(a, b) 


54. (a) The function 


flay) = F if (x, y) # (0, 0) 


0 if (x, y) = (0, 0) 


was graphed in Figure 4. Show that f,(0, 0) and f,(0, 0) 
both exist but f is not differentiable at (0, 0). [Hint: Use 
the result of Exercise 53.] 

(b) Explain why f; and f, are not continuous at (0, 0). 
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APPLIED PROJECT THE SPEEDO LZR RACER 


Many technological advances have occurred in sports that have contributed to increased 
athletic performance. One of the best known is the introduction, in 2008, of the Speedo 

LZR racer. It was claimed that this full-body swimsuit reduced a swimmer’s drag in the 
water. Figure | shows the number of world records broken in men’s and women’s long-course 
freestyle swimming events from 1990 to 2011.' The dramatic increase in 2008 when the suit 
was introduced led people to claim that such suits were a form of technological doping. As a 
result, all full-body suits were banned from competition starting in 2010. 


yA 
EE Women 
~, .. bt 
Ons + EE Men 
DS 14+ 
2 g JL 
BS mwl 
eu Ai 
al S 6 
: i { P if 
ae E Ei 
| = | | | =] | | Ea | | | p> 
1990 1992 1994 1996 1998 2000 2002 2004 2006 2008 2010 


FIGURE 1 Number of world records set in long-course men’s and women’s freestyle swimming event 1990-2011 


It might be surprising that a simple reduction in drag could have such a big effect on per- 
formance. We can gain some insight into this using a simple mathematical model.” 
The speed v of an object being propelled through water is given by 


1/3 
MLO = (22) 


where P is the power being used to propel the object, C is the drag coefficient, and k is a posi- 
tive constant. Athletes can therefore increase their swimming speeds by increasing their power 
or reducing their drag coefficients. But how effective is each of these? 

To compare the effect of increasing power versus reducing drag, we need to somehow com- 
pare the two in common units. A frequently used approach is to determine the percentage 
change in speed that results from a given percentage change in power and in drag. 

If we work with percentages as fractions, then when power is changed by a fraction x (with 
x corresponding to 100x percent), P changes from P to P + xP. Likewise, if the drag coeffi- 
cient is changed by a fraction y, this means that it has changed from C to C + yC. Finally, the 
fractional change in speed resulting from both effects is 


AUP 4b IP, C te WC) = oP, C) 
i v(P, C) 


1. Expression 1 gives the fractional change in speed that results from a change x in power and 
a change y in drag. Show that this reduces to the function 


IEE a 
aw VY 


Given the context, what is the domain of f? 


1. L. Foster et al., “Influence of Full Body Swimsuits on Competitive Performance,’ Procedia 
Engineering 34 (2012): 712-17. 
2. Adapted from http://plus.maths.org/content/swimming. 
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2. Suppose that the possible changes in power x and drag y are small. Find the linear approxi- 
mation to the function f(x, y). What does this approximation tell you about the effect of a 
small increase in power versus a small decrease in drag? 


3. Calculate f(x, y) and f,,(x, y). Based on the signs of these derivatives, does the linear 
approximation in Problem 2 result in an overestimate or an underestimate for an increase 
in power? What about for a decrease in drag? Use your answer to explain why, for changes 
in power or drag that are not very small, a decrease in drag is more effective. 


4. Graph the level curves of f(x, y). Explain how the shapes of these curves relate to your 
answers to Problems 2 and 3. 


14.5 | The Chain Rule 


Recall that the Chain Rule for functions of a single variable gives the rule for differenti- 
ating a composite function: if y = f(x) and x = g(t), where f and g are differentiable 
functions, then y is indirectly a differentiable function of t and 


dy _ dy dx 
dt dx dt 


In this section we extend the Chain Rule to functions of more than one variable. 


E The Chain Rule: Case 1 


For functions of more than one variable, the Chain Rule has several versions, each of 
them giving a rule for differentiating a composite function. The first version (Theorem 1) 
deals with the case where z = f(x, y) and each of the variables x and y is, in turn, a func- 
tion of a variable t. This means that z is indirectly a function of t, z = f(g(d), h(t), and 
the Chain Rule gives a formula for differentiating z as a function of t. We assume that f 
is differentiable (Definition 14.4.7). Recall that this is the case when f, and f, are con- 
tinuous (Theorem 14.4.8). 


[1] The Chain Rule (Case 1) Suppose that z = f(x, y) is a differentiable function 
of x and y, where x = g(t) and y = h(t) are both differentiable functions of t. Then 
zis a differentiable function of t and 


dz _ af dx | of dy 
dt ox dt dy dt 


PROOF A change of At in t produces changes of Ax in x and Ay in y. These, in turn, 
produce a change of Az in z, and from Definition 14.4.7 we have 

0 0 

Az = EET + fiy + e, Ax + & Ay 

Ox oy 
where sı — 0 and s2 — 0 as (Ax, Ay) — (0, 0). [If the functions sı and e2 are not 
defined at (0, 0), we can define them to be 0 there.] Dividing both sides of this equation 
by Ar, we have 


Az _ of Ax M ðf Ay Ax 4 Ay 
At ax At dy At Aar At 
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If we now let At — 0, then Ax = g(t + At) — g(t) — 0 because g is differentiable and 
therefore continuous. Similarly, Ay — 0. This, in turn, means that s; — 0 and £2 —> 0, so 


dz . dz 


— = 4m 
dt AroAt 


Ax ð A A A 
ee 7 + (Jimai) lim = + (Jim e») lim — 


i im 
ax Ar>0 At  ðy Ar>o At 


Aro Aro At Ato Aro At 
of d: 
_ f dx FY 9.2% 49.2 
ox dt dy dt dt dt 
d 
_ af dx | af dy 7 


ox dt dy dt 


Since we often write dz/dx in place of df/dx, we can rewrite the Chain Rule in the 


Notice the similarity to the definition form 


of the differential: dz _ dz dx ps az dy 
dt ðx dt ðy dt 


dz = Ir ie + hears 
Ox oy 

EXAMPLE 1 If z = x’y + 3xy*, where x = sin 2t and y = cos t, find dz/dt when 
t=0. 
SOLUTION The Chain Rule gives 

dz 0z dx, 9 dy 

dt ox dt ðy dt 

= (2xy + 3y*)(2 cos 2 + (x? + 12xy?)(—sin £ 


It’s not necessary to substitute the expressions for x and y in terms of t. We simply 

(0,1) observe that when t = 0, we have x = sin 0 = 0 and y = cos 0 = 1. Therefore 
dz ; 
PT = (0 + 3)(2 cos 0) + (0 + 0)(—sin 0) = 6 Oo 


t=0 


=Y 


The derivative in Example 1 can be interpreted as the rate of change of z with respect 
to t as the point (x, y) moves along the curve C with parametric equations x = sin 2t, 
y = cos t. (See Figure 1.) In particular, when t = 0, the point (x, y) is (0, 1) and dz/dt = 6 
is the rate of increase as we move along the curve C through (0, 1). If, for instance, 
z = T(x, y) =x’y + 3xy* represents the temperature at the point (x, y), then the com- 
FIGURE 1 posite function z = T(sin 21, cos t) represents the temperature at points on C and the 
The curve x = sin 2t, y = cos t derivative dz/dt represents the rate at which the temperature changes along C. 


EXAMPLE 2 The pressure P (in kilopascals), volume V (in liters), and temperature T 
(in kelvins) of a mole of an ideal gas are related by the equation PV = 8.317. Find the 
rate at which the pressure is changing when the temperature is 300 K and increasing at 
arate of 0.1 K/s and the volume is 100 L and increasing at a rate of 0.2 L/s. 


SOLUTION If ¢ represents the time elapsed in seconds, then at the given instant we have 
T = 300, dT/dt = 0.1, V = 100, dV/dt = 0.2. Since 


T 
P=8.31— 
V 
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the Chain Rule gives 
dP _ OP dT + ðP dV 8.31 dT 8.31T dV 
d T d ƏV dt V dt V? dt 


83l 8.31(300) 
100 `` 100° 


(0.2) = —0.04155 
The pressure is decreasing at a rate of about 0.042 kPa/s. E 


E The Chain Rule: Case 2 


We now consider the situation where z = f(x, y) but each of x and y is a function of two 
variables s and t: x = g(s, t), y = h(s, t). Then z is indirectly a function of s and ż and we 
wish to find 0z/ds and 0z/dt. Recall that in computing 0z/dt we hold s fixed and compute 
the ordinary derivative of z with respect to t. Therefore we can apply Theorem | to obtain 


ðôz Oz oF 4, 8 oy 
ot Ox ðt Oy ðt 


A similar argument holds for 0z/ds and so we have proved the following version of the 
Chain Rule. 


[2] The Chain Rule (Case 2) Suppose that z = f(x, y) is a differentiable function 
of x and y, where x = g(s, t) and y = h(s, t) are differentiable functions of s and t. 
Then 


ðz Oz a ae oy Oz OZ Ox dz oy 
os Ox Os dy Os ot ox ðt Oy ot 


EXAMPLE 3 If z = e*sin y, where x = st? and y = s’t, find dz/ds and ðz/ðt. 
SOLUTION Applying Case 2 of the Chain Rule, we get 


oz Oz LIE oy 
Os Ox Os dy ðs 


= (e* sin y)(t?) + (e* cos y)(2st) 


0z  ðz oe oy 
Ot Ox ðt Oy ot 


= (e* sin y)(2st) + (e* cos y)(s*) 


If we wish, we can now express dz/ds and ðz/ðt solely in terms of s and t by substitut- 
ing x = st’, y = st, to get 


Oz 5 gi a 2 2 
— = te" sin(s*t) + 2ste™ cos(s7f) 
os 
dz st? os 2 2 st? 2 
ot 2ste" sin(s*t) + s*e™ cos(s t) E 
oz. oz 
is Case 2 of the Chain Rule contains three types of variables: s and ¢ are independent 
x y variables, x and y are called intermediate variables, and z is the dependent variable. 
ox Ox oy oy : : : : 
as / \ A ae / \ FT Notice that Theorem 2 has one term for each intermediate variable and each of these 
: b : terms resembles the one-dimensional Chain Rule (see Equation 3.4.2). 


To remember the Chain Rule, it’s helpful to draw the tree diagram in Figure 2. We 
FIGURE 2 draw branches from the dependent variable z to the intermediate variables x and y to 
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ATIE Ti 


FIGURE 3 


E F. 


FIGURE 4 


indicate that z is a function of x and y. Then we draw branches from x and y to the inde- 
pendent variables s and t. On each branch we write the corresponding partial derivative. 
To find dz/ds, we find the product of the partial derivatives along each path from z to s 
and then add these products: 


oz Oz OF Se oy 
Os Ox Os dy ðs 


Similarly, we find dz/dt by using the paths from z to t. 


E The Chain Rule: General Version 


Now we consider the general situation in which a dependent variable u is a function of 
n intermediate variables xı, ..., Xn, each of which is, in turn, a function of m indepen- 
dent variables t,,..., tn. Notice that there are n terms, one for each intermediate variable. 
The proof is similar to that of Case 1. 


[3] The Chain Rule (General Version) Suppose that u is a differentiable func- 
tion of the n variables x), x2, ..., Xn and each x; is a differentiable function of the 
m variables fi, h, ..., tn. Then u is a function of ty, t2, ..., fn and 


ðu Ox, Ou OX2 OU OXn 
+ Fee + 


Ox, Ot; 0x2 Ot; OXn Ot; 


for each į = 1,2,...,m. 


EXAMPLE 4 Write out the Chain Rule for the case where w = f(x, y, z, f) and 
x = x(u, v), y = y(u, v), z = z(u, v), and t = t(u, v). 


SOLUTION We apply Theorem 3 with n = 4 and m = 2. Figure 3 shows the tree 
diagram. Although we haven’t written the derivatives on the branches, it’s understood 
that if a branch leads from y to u, then the partial derivative for that branch is dy/du. 
With the aid of the tree diagram, we can now write the required expressions: 


ðw ðw Ox ðw ðy ðw ðZ ðw ðt 
T pg F 
ðu Ox ðu ðy ðu oz ðu ðt ðu 


dt OW OE q OW oY JW ðw ot 
ov Ox ðv dy ov oz ðv ot ov 


EXAMPLE5 Ifu = xty + y?z*, where x = rse', y = rs’e™, and z = r’s sin t, find the 
value of du/ds when r = 2, s = 1,t=0. 


SOLUTION With the help of the tree diagram in Figure 4, we have 


ðu du Ox ðu oy ae Oz 
Os ox ðs dy ðs ðz OS 


= (4x3 y)(re') + (x* + 2yz?)(2rse") + (3y7z*)(r? sin t) 
When r = 2, s = 1, andt = 0, we have x = 2, y = 2, and z = 0, so 
ðu 


on (64)(2) + (16)(4) + (0)(0) = 192 E 
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EXAMPLE 6 If g(s, t) = f(s? — t’, t — s?) and f is differentiable, show that g 
satisfies the equation 


SOLUTION Let x = s? — t’ and y = t° — s*. Then g(s, t) = f(x, y) and the Chain Rule 


gives 
ð of a of a ð 0 
E Ee SE ee ET, 
os Ox Os dy ðs Ox oy 
0 of a of a ð 0 
g Yr a ope Lo 
ðt Ox ðt Oy ot Ox oy 
Therefore 
0 0 0 0 0 0 
(gS nog E eG a 
ðs ot Ox oy Ox oy 


EXAMPLE 7 If z = f(x, y) has continuous second-order partial derivatives and 
x = r° + s? and y = 2rs, find expressions for (a) 0z/dr and (b) 0°z/dr’. 


SOLUTION 
(a) The Chain Rule gives 


0z Oz Ox 0z oy 
= + = 


Oz 0z 
(2r) + —(2s) 
or ox or oy or Ox oy 


(b) Applying the Product Rule to the expression in part (a), we get 


or? or Ox y 
Oz ð [ az ð [ oz 
=2 a 2r F2 
Ox or \ ox or \ oy 
oz But, using the Chain Rule again (see Figure 5), we have 
Ox 
ða fð ð (az\ð ð (əz\@ð ə ə? 
FN -|)-=(=)"4 = | > = = (ar) + = (25) 
or \ 0x ox \ ox / ðr dy \ ox / or Ox Oy Ox 


x y 
/\ /\ ð (az d(dz\ax 9d /dz\a a°z az 
r sr s = + L= (2r) + —; (2s) 
or \ oy ox \ dy / or dy \ oy / or Ox oy oy 
FIGURE 5 
Putting these expressions into Equation 4 and using the equality of the mixed second- 


order derivatives, we obtain 


oz Oz Oz oz Oz Oz 
— =2— + 2r| 2r + 25s + 2s are 2S ee 


ər? | ax ax? Oy Ox x oy oy 
0z 3 Oz 7 3 az 
=2 + 4r? —~ + 8rs + Ay -— E 
Ox Ox" x Oy oy 
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The solution to Example 8 should be 
compared to the one in Example 3.5.2. 


E Implicit Differentiation 


The Chain Rule can be used to give a more complete description of the process of implicit 
differentiation that was introduced in Sections 3.5 and 14.3. We suppose that an equa- 
tion of the form F(x, y) = 0 defines y implicitly as a differentiable function of x, that is, 
y = f(x), where F(x, f(x)) = 0 for all x in the domain of f. If F is differentiable, we can 
apply Case 1 of the Chain Rule to differentiate both sides of the equation F(x, y) = 0 
with respect to x. Since both x and y are functions of x, we obtain 


OF dx OF dy 
+ =0 
ax dx dy dx 


But dx/dx = 1, so if 0F/dy # 0 we solve for dy/dx and obtain 


To derive this equation we assumed that F(x, y) = 0 defines y implicitly as a function 
of x. The Implicit Function Theorem, proved in advanced calculus, gives conditions 
under which this assumption is valid: it states that if F is defined on a disk containing 
(a, b), where F(a, b) = 0, F,(a, b) # 0, and F, and F, are continuous on the disk, then 
the equation F(x, y) = 0 defines y as a function of x near the point (a, b) and the deriva- 
tive of this function is given by Equation 5. 


EXAMPLE 8 Find y’ if x? + y? = 6xy. 
SOLUTION The given equation can be written as 

F(x, y) = x? + y? — 6xy =0 
so Equation 5 gives 


dy Fe 3 =ty_ x-y 
dx F, 3y? — 6x y = Oe 


Now we suppose that z is given implicitly as a function z = f(x, y) by an equation of 
the form F(x, y, z) = 0. This means that F(x, y, f(x, y)) = 0 for all (x, y) in the domain 
of f. If F and f are differentiable, then we can use the Chain Rule to differentiate the 
equation F(x, y, z) = 0 as follows: 


OF ox OF oy OF dz 
Ox Ox Oy Ox oz Ox 


ð 
But —(x)=1 and 
Ox 


so this equation becomes 
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If 0F/dz # 0, we solve for dz/dx and obtain the first formula in Equations 6. The for- 
mula for dz/dy is obtained in a similar manner. 


[6] ax 


aF aF 

Oz ax S F Oz “oy. __ 
ar F ay ar F 
az az 


Again, a version of the Implicit Function Theorem stipulates conditions under which 
our assumption is valid: if F is defined within a sphere containing (a, b, c), where 
F(a, b, c) = 0, F.(a, b, c) # 0, and F,, F,, and F, are continuous inside the sphere, then 
the equation F(x, y, z) = 0 defines z as a function of x and y near the point (a, b, c) and 
this function is differentiable, with partial derivatives given by (6). 


0 0 
EXAMPLE 9 Find — and Z if x? ty +24 6xyz+4=0. 
x yY 


SOLUTION Let F(x, y, z) = x? + y? + z? + 6xyz + 4. Then, from Equations 6, we 


have 
OZ F, = 3x? + 6yz E x? + 2yz 
The solution to Example 9 should ðx F, 37? + 6xy z + 2xy 
be compared to the one in 
Example 14.3.5. oz OU 3y? + 6xz = y? + 2xz “i 
oy F, 3z? + 6xy z + 2xy 


14.5) Exercises 


1-2 Find dz/dt in two ways: by using the Chain Rule, and by first 
substituting the expressions for x and y to write z as a function 
of t. Do your answers agree? 


lz=x*y+xy’, x=34, y=? 


2.z=xye’”, x=, y=5t 


3-8 Use the Chain Rule to find dz/dt or dw/dt. 
@2 =- - xy, x=P 41, y=r-i 


+7 Yy em! =t 


4. z ; 
x + 2y 


5. z = sinx cosy, x=Vt, y=1/t 


6. z=/1 +xy, x=tant, y= arctan t 


8. w = Inyx? 4 y? +z, x=sint, y=cost, z= tant 


9-10 Find ðz/ðs and ðz/ðt in two ways: by using the Chain Rule, 
and by first substituting the expressions for x and y to write z as a 
function of s and t. Do your answers agree? 


9z=xX +y?, x=29+34, y=stt 


10.z=x’siny, x=s*t, y=st 


11-16 Use the Chain Rule to find ôz/ðs and ðz/ðt. 
2 


11. z=(x—y), x=s7t, y=st 
12. z= tan t(x? + y?) x=sInt, y= te 
AB z = InGx + 2y), x=ssint, y=tcoss 
14. z= xe”, x=1l+st, y=s*-t 

15. z=(sin0)/r, r=st, 0=s° +t 

T z = tan(u/v), u=25+3t, v= 3s -— 2t 


17. Suppose f is a differentiable function of x and y, and 
P(t) = (9), h (£), g(2) = 4, g'(2) = —3, h(2) = 5, 
h'(2) = 6, fr(4, 5) = 2, f, (4, 5) = 8. Find p'(2). 
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18. Let R(s, t) = G(u(s, t), v(s, t)), where G, u, and v are dif- 30. u=xe”, x=a’B, y=B’y, t= y’a; 
ferentiable, u(1, 2) = 5, u,(1, 2) = 4, u.(1, 2) = —3, ay aw du 
v(1, 2) = 7, v,(1, 2) = 2, »,(1, 2) = 6, G,(5, 7) = 9, —, —, — whene = -1,6 =2,y=1 
G,(5, 7) = —2. Find R,(1, 2) and R,(1, 2). da oB dy 
19. Suppose f is a differentiable function of x and y, and 31-34 Use Equation 5 to find dy/dx. 
glu, v) = f(e" + sin v, e" + cos v). Use the table of values i ; i 
to calculate g,(0, 0) and g,(0, 0). én) yoosx =x" + y 32. cos(xy) = 1 + siny 
33. tan '(x?y) =x + xy’ 34. e’sinx =x + xy 
(0, 0) 3 6 4 8 35-38 Use Equations 6 to find dz/dx and 0z/dy. 
(1,2) | 6 3 2 5 GB x? + 2y? + 32? = 1 36. x? -y +z —2z=4 
37. e7 = xyz 38. yz +xIny=2 


20. Suppose f is a differentiable function of x and y, and 
g(r, s) = f(2r — s, s? — 4r). Use the table of values in 
Exercise 19 to calculate g,(1, 2) and g,(1, 2). 


G) The temperature at a point (x, y) is T(x, y), measured in 
degrees Celsius. A bug crawls so that its position after t sec- 


; ; : fos i 
21-24 Use a tree diagram to write out the Chain Rule for the onds is given by x = y1 + t,y = 2 + 3t, where x and y are 
given case. Assume all functions are differentiable. measured in centimeters. The temperature function satisfies 


T.(2, 3) = 4 and T,(2, 3) = 3. How fast is the temperature 


21. u = f(x,y), where x = x(r, s, t), y = y(r, s, 1) rising on the bug’s path after 3 seconds? 


22. w = f(x,y,z), where x = x(u, v), y = y(u, v), z = z(u, v) 40. Wheat production W in a given year depends on the average 
temperature T and the annual rainfall R. Scientists estimate 
23. T= F(p, q,r), where p = p(x, y, z), q = q(x, y, 2), that the average temperature is rising at a rate of 0.15°C/year 
r= r(x, y, z) and rainfall is decreasing at a rate of 0.1 cm/year. They also 
estimate that at current production levels, ó6W/ðT = —2 
24. R= F(t,u) wheret = t(w, x,y,z), u = u(w, x, y, Z) and aW/aR = 8. 
(a) What is the significance of the signs of these partial 
25-30 Use the Chain Rule to find the indicated partial derivatives? 
derivatives. (b) Estimate the current rate of change of wheat production, 
25.z=x'+2x7y, x=st+2t-—u, y=stu; aW/dt. 


41. The speed of sound traveling through ocean water with salin- 


3a) apt oe whens = 4,t=2,u = 1 ity 35 parts per thousand has been modeled by the equation 
S t u 
C = 1449.2 + 4.6T — 0.055T° + 0.00029T° + 0.016D 
v 
26. T= Cary oe payr, v=pvqr; where C is the speed of sound (in meters per second), T 
is the temperature (in degrees Celsius), and D is the depth 
oT oT OT below the ocean surface (in meters). A scuba diver began a 
—, = — whenp=2,¢g=1,r=4 : wo : ar 
ap’ ðq? ar leisurely dive into the ocean water; the diver’s depth and the 
surrounding water temperature over time are recorded in the 
Q7)) w = xy + yz + zx, x= rcosĝ, y=rsind, z= rð; following graphs. Estimate the rate of change (with respect 
3w ðw to time) of the speed of sound through the ocean water expe- 
a ry when r = 2, 0 = 77/2 rienced by the diver 20 minutes into the dive. What are the 
á units? 
28. P= Ju2 + 02 + w?2, u = xe, v= ye", w=e”; Ph 
aP oP 16 
—, — whenx=0,y=2 i 
ox oy 7 
i 12 
a 10 
29. N p 1 p=utvw, q=v+ uw, r=w + uv; 8 
prr { jo | | | | Puy 
10 20 30 40 t 
oN ON ON i 
—, —, — whenu =2,v=3,w=4 (min) 
ðu ðv ðw Depth Water temperature 
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42. The radius of a right circular cone is increasing at a rate of 
1.8 in/s while its height is decreasing at a rate of 2.5 in/s. At 
what rate is the volume of the cone changing when the radius 
is 120 inches and the height is 140 inches? 


43. The length £, width w, and height h of a box change with 
time. At a certain instant the dimensions are € = 1 m and 
w = h = 2 m, and £ and w are increasing at a rate of 2 m/s 
while A is decreasing at a rate of 3 m/s. At that instant find 
the rates at which the following quantities are changing. 
(a) The volume 
(b) The surface area 
(c) The length of a diagonal 


44. The voltage V in a simple electrical circuit is slowly decreas- 
ing as the battery wears out. The resistance R is slowly 
increasing as the resistor heats up. Use Ohm’s Law, V = IR, 
to find how the current Z is changing at the moment when 
R = 400 Q, J = 0.08 A, dV/dt = —0.01 V/s, and 
dR/dt = 0.03 Q/s. 


45. The pressure of 1 mole of an ideal gas is increasing at a rate 
of 0.05 kPa/s and the temperature is increasing at a rate of 
0.15 K/s. Use the equation PV = 8.31T in Example 2 to find 
the rate of change of the volume when the pressure is 20 kPa 
and the temperature is 320 K. 


46. A manufacturer has modeled its yearly production function P 
(the value of its entire production, in millions of dollars) as a 
Cobb-Douglas function 


P(L, K) = 1.47L°®K° 


where L is the number of labor hours (in thousands) and K is 
the invested capital (in millions of dollars). Suppose that when 
L = 30 and K = 8, the labor force is decreasing at a rate of 
2000 labor hours per year and capital is increasing at a rate of 
$500,000 per year. Find the rate of change of production. 


@ One side of a triangle is increasing at a rate of 3 cm/s and a 
second side is decreasing at a rate of 2 cm/s. If the area of the 
triangle remains constant, at what rate does the angle between 
the sides change when the first side is 20 cm long, the second 
side is 30 cm, and the angle is 7/6? 


48. Doppler Effect A sound with frequency f; is produced by a 
source traveling along a line with speed »,. If an observer is 
traveling with speed v, along the same line from the opposite 
direction toward the source, then the frequency of the sound 
heard by the observer is 


ct 0, 
h= (e)a 
=i 


where c is the speed of sound, about 332 m/s. (This is the 
Doppler effect.) Suppose that, at a particular moment, you 
are in a train traveling at 34 m/s and accelerating at 1.2 m/s?. 
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A train is approaching you from the opposite direction on the 
other track at 40 m/s, accelerating at 1.4 m/s?, and sounds its 
whistle, which has a frequency of 460 Hz. At that instant, 
what is the perceived frequency that you hear and how fast is 
it changing? 

49-50 Assume that all the given functions are differentiable. 


49. If z = f(x, y), where x = r cos 0 and y = r sin 9, (a) find 
ðz/ðr and ðz/ð0 and (b) show that 


dz Vy {8z 2 az \? _ Lf oz 
ax) \ay ar) r? \a0 
50. If u = f(x, y), where x = e° cos t and y = e“ sin t, show that 
ðu V ðu V = au V ðu V 
t ee t 
Ox oy Os ðt 


51-55 Assume that all the given functions have continuous 
second-order partial derivatives. 


51. Show that any function of the form 


z= f(x + at) + g(x — at) 
is a solution of the wave equation 


Oz 5 Oz 


Se ge 
at? ax? 
[Hint: Let u = x + at,v = x — at.] 


52. If u = f(x, y), where x = e° cos t and y = e’ sin t, show that 


ru ru 24 ru ru 
at enon H = 
gS ðs? ðt” 


53. If z = f(x, y), where x = r° + s? and y = 2rs, find 0°z/dr ðs. 
(Compare with Example 7.) 


54. If z = f(x, y), where x = r cos and y = r sin9, find 
(a) ðz/ðr, (b) ðz/ð0, and (c) 0°z/dr 00. 


55. Ifz = f(x, y), where x = r cos 0 and y = r sin 0, show that 


Oz Oz Oz ; 1 8z , 1 oz 
ax? oy" ae r 06? + Or 


56-58 Homogeneous Functions A function f is called homoge- 
neous of degree n if it satisfies the equation 


f (tx, ty) = t"f (x, y) 


for all t, where n is a positive integer and f has continuous 
second-order partial derivatives. 


56. Verify that f(x, y) = xy + 2xy? + 5y° is homogeneous 
of degree 3. 
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57. Show that if f is homogeneous of degree n, then two: z = f(x, y), y = g(x, z), x = h(y, z). If F is differentiable 
of of and F,, F,, and F, are all nonzero, show that 
(a) ae + y—=nf(x, y) 
x oy 
; : : F 0z Ox Oy 
[Hint: Use the Chain Rule to differentiate f (zx, ty) — SS] 
with respect to f.] ax dy dz 
, of of , of : : aes . 
(b) x° —> + 2xy ty z= n(n — 1)f(x, y) 60. Equation 5 is a formula for the derivative dy/dx of a function 
ox ðx y ay defined implicitly by an equation F (x, y) = 0, provided that 
58. If f is homogeneous of degree n, show that F is differentiable and F, # 0. Prove that if F has continuous 
zi second derivatives, then a formula for the second derivative 
filtx, ty) = t f(x y) of yis 
59. Suppose that the equation F(x, y, z) = 0 implicitly defines d*y FoFy — 2FyFiFy + FyFe 
each of the three variables x, y, and z as functions of the other dx? F; 
14.6 | Directional Derivatives and the Gradient Vector 
The weather map in Figure 1 shows a contour map of the temperature function T(x, y) 
for the states of California and Nevada at 3:00 pm on a day in October. The level curves, 
or isothermals, join locations with the same temperature. The partial derivative T, at a 
location such as Reno is the rate of change of temperature with respect to distance if we 
travel east from Reno; T, is the rate of change of temperature if we travel north. But what 
if we want to know the rate of change of temperature when we travel southeast (toward 
Las Vegas), or in some other direction? In this section we introduce a type of derivative, 
called a directional derivative, that enables us to find the rate of change of a function of 
two or more variables in any direction. 
0 50 100 150 200 
FIGURE 1 (Distance in miles) 


E Directional Derivatives 
Recall that if z = f(x, y), then the partial derivatives f, and f, are defined as 


f (x0 + h, yo) — f (Xo, yo) 
h 


f (x0, yo + hA) — f(xo, yo) 
h 


f(x, Yo) = lim 


11] 


ful%os Yo) = lim 


and represent the rates of change of z in the x- and y-directions, that is, in the directions 
of the unit vectors i and j. 
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yA Suppose that we now wish to find the rate of change of z at (xo, yo) in the direction of 
an arbitrary unit vector u = (a, b}. (See Figure 2.) To do this we consider the surface S 
with the equation z = f(x, y) (the graph of f) and we let zo = f(xo, yo). Then the point 
P(xo, yo, Zo) lies on S. The vertical plane that passes through P in the direction of u inter- 
sects S in a curve C. (See Figure 3.) The slope of the tangent line T to C at the point P is 
the rate of change of z in the direction of u. 


(Xo; Yo) 
ZA 


FIGURE 2 
A unit vector u = (a, by 


FIGURE 3 


If Q(x, y, z) is another point on C and P’, Q’ are the projections of P, Q onto the 
xy-plane, then the vector P’Q’ is parallel to u and so 


—> 
P'Q' = hu = (ha, hb) 


for some scalar h. Therefore x — xo = ha, y — yo = hb, so x = xo + ha, y = yo + hb, 
and 

Az z-—2 _ f(xo0 + ha, yo + hb) — f(xo, yo) 

h h h 


If we take the limit as h — 0, we obtain the rate of change of z (with respect to distance) 
in the direction of u, which is called the directional derivative of f in the direction of u. 


[2] Definition The directional derivative of f at (xo, yo) in the direction of a 
unit vector u = (a, b) is 


f (xo + ha, Yo + hb) — f (x0, yo) 
h 


Daf (xo, Yo) = lim 


if this limit exists. 


By comparing Definition 2 with Equations 1, we see that if u = i = (1,0), then 
Dif = f, and if u = j = (0, 1), then D; f = f,. In other words, the partial derivatives of f 
with respect to x and y are just special cases of the directional derivative. 
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EXAMPLE 1 Use the weather map in Figure | to estimate the value of the directional 
derivative of the temperature function at Reno in the southeasterly direction. 


SOLUTION We start by drawing a line through Reno toward the southeast [in the 
direction of u = (i — j)//2; see Figure 4]. 


Francisco 


nay 
0 30) 100 150° 200: 
FIGURE 4 (Distance in miles) 


We approximate the directional derivative D, T by the average rate of change of the 
temperature between the points where this line intersects the isothermals T = 50 and 
T = 60. The temperature at the point southeast of Reno is T = 60°F and the tempera- 
ture at the point northwest of Reno is T = 50°F. The distance between these points 
looks to be about 75 miles. So the rate of change of the temperature in the southeasterly 
direction is 
_ 60-50 10 


D.T = —— = — = 0.13°F/mi E 
75 75 0.13°F/mi 


When we compute the directional derivative of a function defined by a formula, we 
generally use the following theorem. 


[3] Theorem If f is a differentiable function of x and y, then f has a directional 
derivative in the direction of any unit vector u = (a, b) and 


Dau f(x, y) = f(x, y)a + f(x, y)b 


PROOF If we define a function g of the single variable h by 
g(h) = f(xo + ha, yo + hb) 
then, by the definition of a derivative, we have 


g(h) — gO) _ lim f(xo + ha, yo + hb) — f(xo, yo) 


[a] 9’) = lim h a h 
= Duf (Xo, yo) 
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On the other hand, we can write g(h) = f(x, y), where x = x9 + ha, y = yo + hb, so 
Case 1 of the Chain Rule (Theorem 14.5.1) gives 


of dx of dy 
i h E H T= d Ga F TAr b 
g = edh ay dh La, y)a + f(x, y) 
YA 
If we now put h = 0, then x = xo, y = yo, and 
[5] g'(0) = f(xo, Yo) a + fi(x0, Yo) b 
Comparing Equations 4 and 5, we see that 
Du f (Xo, Yo) = f(xo, Yo) a + f(xo, Yo) b m 
0 x 
í If the unit vector u makes an angle 0 with the positive x-axis (as in Figure 5), then we 
can write u = (cos 0, sin@) and the formula in Theorem 3 becomes 
FIGURE 5 A unit vector 
u = (cos 6, sin 0) [6] Da f(x, y) = f(x, y) cosO + f(x, y) sind 


The directional derivative Du f (1, 2) EXAMPLE 2 Find the directional derivative Dy f(x, y) if 
in Example 2 represents the rate of 


change of z in the direction of u. This fy) =x? — 3xy + 4y? 
is the slope of the tangent line to the 
curve of intersection of the surface and u is the unit vector in the direction given by angle 0 = 77/6, measured from the 


z= x? — 3xy + 4y’ and the vertical positive x-axis. What is Dy f(1, 2)? 


plane through (1, 2, 0) in the direction SOLUTION Formula 6 gives 
of u shown in Figure 6. 


T 


z4 Du f(x, y) = f(x, y) cos = + f(x, y) sin = 


3B 


2 


= 13 (3x? = 3x4 (8 = 3/3)y| 


1 
= (3x7 — 3y) + (-—3x + ae 


Bia s (1, 2, 0) Therefore 


D.f(t,2) = if v30} - 30) + 8 - 330] = B= 
FIGURE 6 


E The Gradient Vector 


Notice from Theorem 3 that the directional derivative of a differentiable function can be 
written as the dot product of two vectors: 


Di f(x, y) = f(x, y)a + f(x, y) b 
= ( f(x, y), hx, y)) (a, b} 
= (f(x, y), Ax, y)) +u 


The first vector in this dot product occurs not only in computing directional derivatives 
but in many other contexts as well. So we give it a special name (the gradient of f) and 
a special notation (grad f or Vf, which is read “del f”). 
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Definition If f is a function of two variables x and y, then the gradient of f 
is the vector function Vf defined by 


V(x y) = (fel, y), fy y)) = 


of 
Ox 


EXAMPLE 3 If f(x, y) = sin x + e”, then 
Vf(x, y) = Co f) F (cos x + ye”, xe™”) 
and VF(0, 1) = (2,0) e 


With this notation for the gradient vector, we can rewrite Equation 7 for the direc- 
tional derivative of a differentiable function as 


[9] Duf(x, y) = Vf(x, y) +u 


This expresses the directional derivative in the direction of a unit vector u as the scalar 
projection of the gradient vector onto u. 


The gradient vector Vf (2, —1) in EXAMPLE 4 Find the directional derivative of the function f(x, y) = x*y* — 4y at the 
Example 4 is shown in Figure 7 with point (2, — 1) in the direction of the vector v = 2i + 5j. 

initial point (2, — 1). Also shown is the 
vector v that gives the direction of 
the directional derivative. Both of _ a a . 
these vectors are superimposed on a Vf, y) = 2xy"i + Gx'y" = 4)j 


contour plot of the graph of f. Vf(2, -1) = —4i + 8j 


SOLUTION We first compute the gradient vector at (2, —1): 


Note that v is not a unit vector, but since | v| = v29 , the unit vector in the direction 
of v is 


v 2 a Df. 4 
= i + j 
lvl y% /29 


Therefore, by Equation 9, we have 


u= 


Daf 2, -1) = Vf2, -1) -u = ( aso (Fett Fea) 


452485 32 


FIGURE 7 oe oa 


E Functions of Three Variables 


For functions of three variables we can define directional derivatives in a similar manner. 
Again Du f(x, y, z) can be interpreted as the rate of change of the function in the direction 
of a unit vector u. 
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Definition The directional derivative of f at (xo, yo, Zo) in the direction of 
a unit vector u = (a, b, c) is 


f(xo + ha, yo + hb, zo + he) — f (xo, Yo, Zo) 
h 


Daf (Xo, yo, Zo) = lim 


if this limit exists. 


If we use vector notation, then we can write both definitions (2 and 10) of the direc- 
tional derivative in the compact form 


(Xo + hu) — f(xo) 
h 


[11] Dif (Xo) = lim 


where Xo = (xo, Yo) if n = 2 and Xo = (xo, Yo, Zo) if n = 3. This is reasonable because 
the vector equation of the line through Xo in the direction of the vector u is given by 
X = Xo + tu (Equation 12.5.1) and so f(xo + hu) represents the value of f at a point on 
this line. 

If f(x, y, z) is differentiable and u = (a, b, c), then the same method that was used to 
prove Theorem 3 can be used to show that 


[12] Da f(x, y, 2) = fil% y, a + flx, y, 2)b + FQ, y, z) c 
For a function f of three variables, the gradient vector, denoted by Vf or grad f, is 


Vf(x, y, z) n (6G, y, z); AG, y, z), fx, y, z)) 


or, for short, 


m3] a ETE E 
Ox oy Oz 


Then, just as with functions of two variables, Formula 12 for the directional derivative 
can be rewritten as 


Du f(x, y, 2) = Vf(x, y,z) +u 


EXAMPLE 5 If f(x, y, z) = x sin yz, (a) find the gradient of f and (b) find the direc- 
tional derivative of f at (1, 3, 0) in the direction of v =i + 2j — K. 


SOLUTION 
(a) The gradient of f is 


VEC, y, Z) = (fs y, z), Hy y, z), Fx, y, Z)) 


= (sin yz, XZ COS yz, XY COS yz) 
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(b) At (1, 3, 0) we have Vf(1, 3, 0) = (0, 0, 3). The unit vector in the direction of 
v=i+2j—kis 


Therefore Equation 14 gives 


Daf (1, 3, 0) = Vf, 3,0) + u 
= sk- (i+ 4j-4r) 
V6 Vo" 6 
l 3 
-3( =) 7 y: ï 


E Maximizing the Directional Derivative 


Suppose we have a function f of two or three variables and we consider all possible 
directional derivatives of f at a given point. These give the rates of change of f in all 
possible directions. We can then ask the questions: in which of these directions does f 
change fastest and what is the maximum rate of change? The answers are provided by the 
following theorem. 


[15] Theorem Suppose f is a differentiable function of two or three variables. 


The maximum value of the directional derivative Dy f(x) is | V(x) | and it occurs 
when u has the same direction as the gradient vector V f(x). 


PROOF From Equation 9 or 14 and using Theorem 12.3.3, we have 
Dif = Vf: u = | Vf ||u | cosé = | Vf | cos 0 


where @ is the angle between Vf and u. The maximum value of cos @ is | and this 
occurs when 0 = 0. Therefore the maximum value of Du f is | Vf | and it occurs when 
0 = 0, that is, when u has the same direction as Vf. E 


EXAMPLE 6 


(a) If f(x, y) = xe’, find the rate of change of f at the point P(2, 0) in the direction 
from P to oG, 2). 

(b) In what direction does f have the maximum rate of change? What is this maximum 
rate of change? 


SOLUTION 
(a) We first compute the gradient vector: 


Vf y) = o fr) = (e, xe”) 
Vf(2,0) = (1,2) 
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At (2, 0) the function in Example 6 
increases fastest in the direction of 
the gradient vector Vf(2, 0) = (1, 2). 
Notice from Figure 8 that this vector 
appears to be perpendicular to the 
level curve through (2, 0). Figure 9 
shows the graph of f and the gradient 
vector. 
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5> 
The unit vector in the direction of PQ = (= 2) isu = (=3, a) so the rate of change 
of f in the direction from P to Q is 


Dy f(2, 0) = Vf(2, 0) -u = (1,2) + (-3,4) =1 


(b) According to Theorem 15, f increases fastest in the direction of the gradient vector 
Vf(2, 0) = (1, 2). The maximum rate of change is 


| VF(2, 0)| = |(1,2)| = v5 E 


FIGURE 8 FIGURE 9 


EXAMPLE7 Suppose that the temperature at a point (x, y, z) in space is given by 
T(x, y, z) = 80/(1 + x* + 2y* + 3z), where T is measured in degrees Celsius and 
x, y, z in meters. In which direction does the temperature increase fastest at the point 
(1, 1, —2)? What is the maximum rate of increase? 


SOLUTION The gradient of T is 


160x i 320y : 480z 
(1 + x? + 2y? + 32°) (1 +x? + 2y? + Ee (1 + x? + 2y? + 32°) 


160 
= i— 2yj k 
(1 + x? + 2y? + 32’) (aai Pj= k) 


At the point (1, 1, —2) the gradient vector is 
VT(1, 1, —2) = {£(—i — 2j + 6k) = 3(-i — 2j + 6k) 


By Theorem 15 the temperature increases fastest in the direction of the gradient vector 
VT(1, 1, —2) = į(—i — 2j + 6k) or, equivalently, in the direction of —i — 2j + 6k 


or the unit vector (~i — 2j + 6k)/./41. The maximum rate of increase is the length of 
the gradient vector: 


| V7(1, 1, —2)| = 3|-i — 2j + 6k| = 3/41 


Therefore the maximum rate of increase of temperature is 2/41 = 4°C/m. a 
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E Tangent Planes to Level Surfaces 


Suppose S is a surface with equation F(x, y, z) = k, that is, it is a level surface of a func- 
tion F of three variables, and let P(xo, yo, Zo) be a point on S. Let C be any curve that lies 
on the surface S and passes through the point P. Recall from Section 13.1 that the 
curve C is described by a continuous vector function r(¢) = (x(t), y(t), z(t) ). Let to be the 
parameter value corresponding to P; that is, r(to) = (xo, yo, Zo). Since C lies on S, any 
point (x(t), y(t), z(t)) must satisfy the equation of S, that is, 


F(x(1), y(t), 2() = k 


If x, y, and z are differentiable functions of t and F is also differentiable, then we can use 
the Chain Rule to differentiate both sides of Equation 16 as follows: 


OF dx ðF dy OF dz 
+ + a 


17 
az ox dt ðy dt dz dt 


But, since VF = (F,, F,, F-) and r'(t) = (x'(t), y'(®, z'(£) }, Equation 17 can be written in 
terms of a dot product as 

VF -r(A =0 
In particular, when t = tọ we have r(to) = (xo, yo, Zo), SO 


VE(xo, Yo, Zo) * r'(to) = 0 


Equation 18 says that the gradient vector at P, VF(xo, yo, Zo), is perpendicular to the 
tangent vector r'(to) to any curve C on S that passes through P. (See Figure 10.) If 


VF (Xo, Yo» Zo) 


tangent plane VEF(xo, yo, Zo) # 0, it is therefore natural to define the tangent plane to the level surface 
F(x, y, z) = k at P(xo, yo, Zo) as the plane that passes through P and has normal vector 
VEF(xo, Yo, Zo). Using the standard equation of a plane (Equation 12.5.7), we can write the 
equation of this tangent plane as 


| 
a n 


A 
S 
4 F(X, Yo, Zo)(x — xo) + Fy(Xo, yo, Z0)(¥ — yo) + F-(xo, Yo, Z0)(z — zo) = 0 
FIGURE 10 


The normal line to S at P is the line passing through P and perpendicular to the tan- 
gent plane. The direction of the normal line is therefore given by the gradient vector 
VEF(xo, yo, Zo) and so, by Equation 12.5.3, its symmetric equations are 


x = Xo y — yo Z— Zo 
E = 


F(x, Yo, Zo) F,(x0, Yo, Zo) F(xo, yo, Zo) 


EXAMPLE 8 Find the equations of the tangent plane and normal line to the ellipsoid 
xe Ages z . r 
4 > "9 

at the point (—2, 1, —3). 

SOLUTION The ellipsoid is the level surface (with k = 3) of the function 
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Figure 11 shows the ellipsoid, tangent 
plane, and normal line in Example 8. 


0 0 -2 
y . 2 xX 


FIGURE 11 


Compare the solution to Example 9 to 


the one in Example 14.4.1. 
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Therefore we have 


2 
F(x, y, z) = F(x, y, z) = 2y F(x, y, z) = = 
FA+2,1,-3) = “1 F,(—2, 1, -3) = 2 F{-2, 1, -3) = -3 
Then Equation 19 gives the equation of the tangent plane at (—2, 1, —3) as 
—1(x + 2) + 2(y — 1) - 3(2 + 3) =0 
which simplifies to 3x — 6y + 2z + 18 = 0. 
By Equation 20, symmetric equations of the normal line are 
KD yo Z+3 
=l 2 =; 


In the special case in which the equation of a surface S is of the form z = f(x, y) 
(that is, S is the graph of a function f of two variables), we can rewrite the equation as 


F(x, y, z) = f(x,y) —z=0 
and regard S as a level surface (with k = 0) of F. Then 
F (Xo, Yo, Zo) = f(xo, Yo) 
F (xo, Yo, Zo) = f(xo, Yo) 
FAX, Yo, zo) = —1 
so Equation 19 becomes 
fi(%o, Yo)(x — xo) + fr(%o, YoY — yo) — (z — z) = 0 


which is equivalent to Equation 14.4.2. Thus our new, more general, definition of a tan- 
gent plane is consistent with the definition that was given for the special case of 
Section 14.4. 


EXAMPLE 9 Find the tangent plane to the surface z = 2x* + y? at the point (1, 1, 3). 


SOLUTION The surface z = 2x? + y° or, equivalently, 2x? + y? — z = 0 is a level 
surface (with k = 0) of the function 


F(x,y, z) = 2x7 + y? -z 
Then 


F(x, y, z) = 4x F,(x, y, z) = 2y F(x, y,z) = —1 
F.(1, 1,3) = 4 Fy, 1,3) = 2 F.(1, 1,3) = —1 
By Equation 19 the equation of the tangent plane at (1, 1, 3) is 


A(x — 1) + Ay -) -@-3)=0 


which simplifies to z = 4x + 2y — 3. a 
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XA Vf(xXo, Yo) 
Q 
level curve Z 
f(x, y) =k 
> 
0 x 
FIGURE 12 


curve of 
steepest 
ascent 


FIGURE 13 


100 


FIGURE 14 


E Significance of the Gradient Vector 


We first consider a function f of three variables and a point P(xo, yo, Zo) in its domain. 
We know from Theorem 15 that the gradient vector Vf(xo, yo, Zo) gives the direction of 
fastest increase of f. We also know that Vf(xo, yo, Zo) is orthogonal to the level surface S 
of f through P. (Refer to Figure 10.) These two properties are quite compatible intui- 
tively because as we move away from P on the level surface S, the value of f does not 
change at all. So it seems reasonable that if we move in the perpendicular direction, we 
get the maximum increase. 

In like manner we consider a function f of two variables and a point P(xo, yo) in its 
domain. Again the gradient vector Vf (xo, yo) gives the direction of fastest increase of f. 
Also, by considerations similar to our discussion of tangent planes, it can be shown that 
Vf (xo, yo) is perpendicular to the level curve f(x, y) = k that passes through P. Again 
this is intuitively plausible because the values of f remain constant as we move along the 
curve (see Figure 12). 

We now summarize the ways in which the gradient vector is significant. 


Properties of the Gradient Vector Let f be a differentiable function of two or 
three variables and suppose that Vf(x) # 0. 


e The directional derivative of f at x in the direction of a unit vector u is given 
by Du f(x) = Vf) + u. 

e Vf(x) points in the direction of maximum rate of increase of f at x, and 
that maximum rate of change is | Vf(x) |. 


e Vf(x) is perpendicular to the level curve or level surface of f through x. 


If we consider a topographical map of a hill and let f(x, y) represent the height above 
sea level at a point with coordinates (x, y), then a curve of steepest ascent can be drawn 
as in Figure 13 by making it perpendicular to all of the contour lines. This phenomenon 
can also be noticed in Figure 14.1.12, where Lonesome Creek follows a curve of steepest 
descent. 

Mathematical software can plot sample gradient vectors, where each gradient vector 
V f(a, b) is plotted starting at the point (a, b). Figure 14 shows such a plot (called a gradi- 
ent vector field) for the function f(x, y) = x? — y? superimposed on a contour map of f. 
As expected, the gradient vectors point “uphill” and are perpendicular to the level curves. 
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14.6 | Exercises 


(E) Level curves for barometric pressure (in millibars) are the table to estimate the value of Du f (—20, 30), where 
shown for 6:00 AM on a day in November. A deep low with u = (i + j)/ V2. 
pressure 972 mb is moving over northeast Iowa. The dis- ; 
tance along the red line from K (Kearney, Nebraska) to $ Wind speed (km/h) 
(Sioux City, Towa) is 300 km. Estimate the value of the direc- S a 20 30 40 50 60 70 
tional derivative of the pressure function at Kearney in the JE ma 
direction of Sioux City. What are the units of the directional £ 10 18 20 21 22 23 23 
derivative? 8 
2 15 24 26 27 29 30 30 
o 
= 20 30 33 34 35 36 37 
5 
< | -25 37 39 41 42 43 44 


4-7 Find the directional derivative of f at the given point in the 
direction indicated by the angle 0. 


4. f(x,y) =xy? — x’, (1,2), @=7/3 
@ f(x. y) =ycos(xy), (0,1), 0 = 7/4 
6. f(x,y) = V2x + 3y, 3,1, 0 = -7/6 
7. f(x,y) = arctan(xy), (2, -3), 0 = 37/4 


8-12 
(a) Find the gradient of f. 
(b) Evaluate the gradient at the point P. 


2. The contour map shows the average maximum temperature (c) Find the rate of change of f at P in the direction of the 
for November 2004 (in °C). Estimate the value of the direc- vector u. 
tional derivative of this temperature function at Dubbo, 8. f(x,y) =xe, PB,0), u= 4(3i — 4j) 
New South Wales, in the direction of Sydney. What are jy dos 
the units? Z f(x y) = x/y, P(2, 1), u=sitsj 


10. f(x,y) =x7?Iny, PBI), u= fit 3j 
@ f(x, y, Z) = x’yz = xyz’, P(2,-1,1), u= (0, 4, —3) 
12. f(x,y,z) = ye, P(0,1,—1), u (3 i 13) 


13-19 Find the directional derivative of the function at the given 
point in the direction of the vector v. 


@® f(x,y) =e*siny, (0,7/3), v= (-6,8) 
x 

14. f(x,y) = Per (1,2), v= @,5) 

15. gs) =svVt, (2,4) v=2i-j 

16. glu, v) =u’e’, (3,0), v=3it+ 4j 


17. f(x, y,z) =x’y +yz (1,2,3), v= (2,—-1,2) 
18. „y, Z) =xy’tan'z, (2,1, 1), =(1,1,1 
3. The wind-chill index W is the perceived temperature Ley AY mina ees ) 
when the actual temperature is T and the wind speed is v, 19. A(r, s, t) = In@r + 6s + 9t), (1,1,1), 
so we can write W = f(T, v). The following table of v=4i+ 12j + 6k 
values is an excerpt from Table 1 in Section 14.1. Use 
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20. Use the figure to estimate Du f(2, 2). 


4 (2, 2) 


21-25 Find the directional derivative of the function at the 
point P in the direction of the point Q. 


21. race y) = xy? ~~ y, Pi, 2), O(-3, 5) 


22. f(x,y) =a P(3,—-1), Q(—2, 11) 


23. f(x,y) =Vvxy, P(2,8), (5,4) 
24. f(x,y,z) =xy*z*, P(2,1,1), Q(0,—3, 5) 
25. f(x,y,z) = xy — xy*z*, P(2,-1,1), (5, 1,7) 


26. The contour map of a function f is shown. At points P, Q, 
and R, draw an arrow to indicate the direction of the gradient 


vector. 
PNY 
10 8 
)) 6 


2 


wa 


27-32 Find the maximum rate of change of f at the given point 
and the direction in which it occurs. 


@ fc. y) = 5xy’, (3, —2) 


Ss 
pap hN 


28. f(s, t) = 


29. f(x, y) = sin(xy), (1, 0) 

30. f(x,y,z) = xIn(yz), (1, 2,4) 

@ fy. =2/0 +2, (8,1,3) 
32. f(p, q,r) = arctan(pgr), (1, 2, 1) 


33. Direction of Most Rapid Decrease 

(a) Show that a differentiable function f decreases most 
rapidly at x in the direction opposite the gradient vector, 
that is, in the direction of —V f (x), and that the maximum 
rate of decrease is —| Vf (x)|. 

(b) Use the result of part (a) to find the direction in which the 
function f(x, y) = x*y — x*y? decreases fastest at the 
point (2, —3). What is the rate of decrease? 


34. Find the directions in which the directional derivative of 
f(x,y) = x? + xy? at the point (2, 1) has the value 2. 


35. Find all points at which the direction of greatest rate of change 


of the function f(x, y) = x? + y? — 2x — 4yisi + j. 


36. Near a buoy, the depth of a lake at the point with coordinates 
(x, y) is z = 200 + 0.02x” — 0.001y*, where x, y, and z are 
measured in meters. A fisherman in a small boat starts at the 
point (80, 60) and moves toward the buoy, which is located at 
(0, 0). Is the water under the boat getting deeper or shallower 
when he departs? Explain. 


eA) The temperature T in a metal ball is inversely proportional to 

the distance from the center of the ball, which we take to be 

the origin. The temperature at the point (1, 2, 2) is 120°. 

(a) Find the rate of change of T at (1, 2, 2) in the direction 
toward the point (2, 1, 3). 

(b) Show that at any point in the ball the direction of greatest 
increase in temperature is given by a vector that points 
toward the origin. 


38. The temperature at a point (x, y, z) is given by 
T(x, y, z) = 20007- 


where T is measured in °C and x, y, z in meters. 
(a) Find the rate of change of temperature at the point 
P(2, —1, 2) in the direction toward the point (3, —3, 3). 
(b) In which direction does the temperature increase fastest 
at P? 
(c) Find the maximum rate of increase at P. 


39. Suppose that over a certain region of space the electrical 
potential V is given by V(x, y, z) = 5x? — 3xy + xyz. 
(a) Find the rate of change of the potential at P(3, 4, 5) in the 
direction of the vector v = i + j — k. 
(b) In which direction does V change most rapidly at P? 
(c) What is the maximum rate of change at P? 


40. Suppose you are climbing a hill whose shape is given by the 
equation z = 1000 — 0.005x? — 0.01y’, where x, y, and z 
are measured in meters, and you are standing at a point with 
coordinates (60, 40, 966). The positive x-axis points east and 
the positive y-axis points north. 

(a) If you walk due south, will you start to ascend or 
descend? At what rate? 

(b) If you walk northwest, will you start to ascend or 
descend? At what rate? 

(c) In which direction is the slope largest? What is the rate of 
ascent in that direction? At what angle above the horizon- 
tal does the path in that direction begin? 


41. Let f be a function of two variables that has continuous par- 
tial derivatives and consider the points A(1, 3), B(3, 3), 
C(1, 7), and D(6, 15). The directional derivative of f at A in 
the direction of the vector AB is 3, and the directional deriva- 
tive at A in the direction of AC is 26. Find the directional 
derivative of f at A in the direction of the vector AD. 
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42. Shown is a topographic map of Blue River Pine Provincial 47-52 Find equations of (a) the tangent plane and (b) the normal 
Park in British Columbia. Draw curves of steepest descent line to the given surface at the specified point. 
from point A (descending to Mud Lake) and from point B. 47. x- 2)? + (y — 1)? + @ - 37 =10, (6,3,5) 


BLUE _@. 48.x=y?+277+1, (3, 1, -1) 
RIVERS : 
; RSS 49. xy?’z? =8, (2,2,1) 
V ý = ; zek 50. xy + yz +zx=5, (1,2, 1) 
N 51. x+ y +z=e™, (0,0,1) 
52. x4 tyt +24 = 3y (LLD 


k FY 53-54 Graph the surface, the tangent plane, and the normal line 
i; at the given point on the same screen. Choose a viewpoint so that 


IT you get a good view of all three objects. 


53. xy tyz+2zx=3, (1,1,1) 54. xyz=6, (1,2, 3) 
43. Show that the operation of taking the gradient of a function ; 
has the given property. Assume that u and v are differentiable 55. If f(x, y) = xy, find the gradient vector Vf(3, 2) and use it 
functions of x and y and that a, b are constants. to find the tangent line to the level curve f(x, y) = 6 at the 
@) View + bh = a Vu + b Vo point (3, 2). Sketch the level curve, the tangent line, and the 


O) Vi = u Vo + v Vu gradient vector. 


56. If g(x, y) = x? + y? — 4x, find the gradient vector Vg(1, 2) 


(c) x( z) 2u — u Vo (d) Vu” = nu"! Vu and use it to find the tangent line to the level curve 
d p: g(x, y) = 1 at the point (1, 2). Sketch the level curve, the 
44. Sketch the gradient vector Vf (4, 6) for the function f whose tangent line, and the gradient vector. 
level curves are shown. Explain how you chose the direction 57. Show that the equation of the tangent plane to the ellipsoid 
and length of this vector. x*/a? + y*/b? + 2*/c* = 1 at the point (xo, yo, Zo) can be 
YA written as 
=5 a? i b? i c? 
6+ 3 e (4,6 
ee 58. Find the equation of the tangent plane to the hyperboloid 
1 x*/a? + y*/b? — z*/c* = 1 at (xo, Yo, Zo) and express it in a 
eel 0 form similar to the one in Exercise 57. 
| : 3/5 59. Show that the equation of the tangent plane to the elliptic 
paraboloid z/c = x*/a* + y*/b? at the point (xo, yo, Zo) can 
be written as 
a 2XxX0o , 2yyo _ Z+ Zo 
Of 2 4 6 * a b c 


60. At what point on the ellipsoid x? + y? + 2z* = 1 is the 


45-46 Second Directional Derivatives The second directional 
tangent plane parallel to the plane x + 2y + z = 1? 


derivative of f(x, y) is 
D2 f(x, y) = DalDs fy) 61. Are there any points on the hyperboloid x? — y? — z? = 1 


where the tangent plane is parallel to the plane z = x + y? 


PENN 2 3 — (3 4 
45. I f(x, y) = x° + Sx’y + y’ and u = (3. $), calculate 62. Show that the ellipsoid 3x? + 2y* + z? = 9 and the sphere 
Di f(2, 1). x? + y? + 2? — 8x — 6y — 8z + 24 = 0 are tangent to each 
46. (a) If u = (a, b) is a unit vector and f has continuous other at the point (1, 1, 2). (This means that they have a com- 
second partial derivatives, show that mon tangent plane at the point.) 
Dif = fra? + 2f,ab + fyb’ 63. Show that every plane that is tangent to the cone 


x? + y? = z? passes through the origin. 
(b) Find the second directional derivative of f(x, y) = xe?” in i r ; 
the direction of v = (4, 6). 64. Show that every normal line to the sphere x? + y? + z* = r° 


passes through the center of the sphere. 
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65. Where does the normal line to the paraboloid z = x? + y? 73-74 Orthogonal Surfaces Two surfaces are called orthogo- 
at the point (1, 1, 2) intersect the paraboloid a second time? nal at a point of intersection if their normal lines are perpen- 

66. At what points does the normal line through the point dicular at that point- 

(1, 2, 1) on the ellipsoid 4x? + y? + 4z? = 12 intersect the 73. Show that surfaces with equations F(x, y, z) = 0 and 
sphere x? + y? + z? = 102? G(x, y, z) = 0 are orthogonal at a point P where VF # 0 

67. Show that the sum of the x-, y-, and z-intercepts of any AAN gs O it and only if 
tangent plane to the surface yx + yy + yz = yc isa F.G, + F,G, + F.G- =0 atP 
poder 74. Use Exercise 73 to show that the surfaces z? = x? + y? and 

68. Show that the pyramids cut off from the first octant by any x? + y? + 2? = r° are orthogonal at every point of intersec- 
tangent planes to the surface xyz = 1 at points in the first tion. Can you see why this is true without using calculus? 
octant must all have the same volume. 

69. Find parametric equations for the tangent line to the curve 75. Suppose that the directional derivatives of f(x, y) are known 
of intersection of the paraboloid z = x? + y? and the ellip- at a given point in two nonparallel directions given by unit 
soid 4x? + y? + z* = 9 at the point (—1, 1, 2). vectors u and v. Is it possible to find Vf at this point? If so, 

it? 

70. (a) The plane y + z = 3 intersects the cylinder how would you do it? o 

x? + y? = 5 in an ellipse. Find parametric equations 76. (a) Show that the function f(x, y) = 3/xy is continuous 
for the tangent line to this ellipse at the point (1, 2, 1). and the partial derivatives f, and f, exist at the origin, 

M (b) Graph the cylinder, the plane, and the tangent line on but the directional derivatives in all other directions do 
the same screen. not exist. 

71. Where does the helix r(t) = (cos mt, sin mt, t) intersect the b) ns f near the origin and comment on how the graph 
paraboloid z = x* + y°? What is the angle of intersection confirms part (a). 
between the helix and the paraboloid? (This is the angle 77. Show that if z = f(x, y) is differentiable at xo = (xo, yo), 
between the tangent vector to the curve and the tangent then 
plane to the paraboloid.) m f(x) — [f (x0) + Vf (Xo) + (x — xo)] P 

72. The helix r(t) = (cos(t/2), sin(mt/2), tY intersects the XX» |x — xo] 
sphere x? + y? + z? = 2 in two points. Find the angle of 
intersection at each point. [Hint: Use Definition 14.4.7 directly. ] 

14.7 | Maximum and Minimum Values 
E Local Maximum and Minimum Values 
z absolute As we saw in Chapter 4, one of the main uses of ordinary derivatives is in finding maxi- 
i maxımum mum and minimum values (extreme values). In this section we see how to use partial 
mái derivatives to locate maxima and minima of functions of two variables. In particular, in 
Example 6 we will see how to maximize the volume of a box without a lid if we have a 
| as = fixed amount of cardboard to work with. 
~ á y Look at the hills and valleys in the graph of f shown in Figure 1. There are two points 
local (a, b) where f has a local maximum, that is, where f(a, b) is larger than nearby values of 
absolute minimum f(x, y). Likewise, f has two local minima, where f(a, b) is smaller than nearby values. 
minimum : j ; 
The largest value of f(x, y) on the domain of f is the absolute maximum, and the smallest 
FIGURE 1 value is the absolute minimum. 


[1] Definition A function of two variables has a local maximum at (a, b) if 
f(x,y) < f(a, b) when (x, y) is near (a, b). [This means that f(x, y) < f(a, b) for 


all points (x, y) in some disk with center (a, b).] The number f(a, b) is called a 
local maximum value. If f(x, y) = f(a, b) when (x, y) is near (a, b), then f has a 
local minimum at (a, b) and f(a, b) is a local minimum value. 
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Notice that the conclusion of 
Theorem 2 can be stated in the 
notation of gradient vectors as 
Vif (a, b) = 0. 


x 
FIGURE 2 
z=x +y 2x — 6y + 14 


FIGURE 3 


z=y x? 


=y 
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Fermat’s Theorem (Section 4.1) states that, for single-variable functions, if f has a 
local maximum or minimum at c, and if f’(c) exists, then f’(c) = 0. The following theo- 
rem states a similar result for functions of two variables. 


[2] Theorem If f has a local maximum or minimum at (a, b) and the first-order 


partial derivatives of f exist there, then f(a, b) = 0 and f(a, b) = 0. 


PROOF Let g(x) = f(x, b). If f has a local maximum (or minimum) at (a, b), then g 
has a local maximum (or minimum) at a, so g'(a) = 0 by Fermat’s Theorem (see 
Theorem 4.1.4). But g(a) = f(a, b) (see Equation 14.3.1) and so f,(a, b) = 0. Simi- 
larly, by applying Fermat’s Theorem to the function G(y) = f(a, y), we obtain 

fla, b) = 0. = 


If we put f(a, b) = 0 and f,(a, b) = 0 in the equation of a tangent plane (Equa- 
tion 14.4.2), we get z = zo. Thus the geometric interpretation of Theorem 2 is that if the 
graph of f has a tangent plane at a local maximum or minimum, then the tangent plane 
must be horizontal. 

A point (a, b) is called a critical point (or stationary point) of f if f(a, b) = 0 and 
f(a, b) = 0, or if one of these partial derivatives does not exist. Theorem 2 says that if f 
has a local maximum or minimum at (a, b), then (a, b) is a critical point of f. However, 
as in single-variable calculus, not all critical points give rise to maxima or minima. 


EXAMPLE 1 Let f(x, y) = x? + y? — 2x — 6y + 14. Then 


fx, y) = 2x — 2 S(x,y) = 2y — 6 
These partial derivatives are equal to 0 when x = 1 and y = 3, so the only critical point 
is (1, 3). By completing the square, we find that 


Fey) =4 4 GH 1 + (y-3F 


Since (x — 1)? = Oand (y — 3)? = 0, we have f(x, y) = 4 for all values of x and y. 
Therefore f(1, 3) = 4 is a local minimum, and in fact it is the absolute minimum of f. 
This can be confirmed geometrically from the graph of f, which is the elliptic parabo- 
loid with vertex (1, 3, 4) shown in Figure 2. a 


EXAMPLE 2 Find the extreme values of f(x, y) = y? — x”. 


SOLUTION Since f; = —2x and f, = 2y, the only critical point is (0, 0). Notice that 
for points on the x-axis we have y = 0, so f(x, y) = —x* < 0 (if x # 0). However, for 
points on the y-axis we have x = 0, so f(x, y) = y* > 0 (if y 0). Thus every disk 
with center (0, 0) contains points where f takes on positive values as well as points 
where f takes on negative values. Therefore f(0, 0) = 0 can’t be an extreme value 

for f, so f has no extreme value. E 


Example 2 illustrates the fact that a function need not have a maximum or minimum 
value at a critical point. Figure 3 shows one way in which this can happen. The graph of 
f is the hyperbolic paraboloid z = y* — x’, which has a horizontal tangent plane (z = 0) 
at the origin. You can see that f(0, 0) = 0 is a maximum in the direction of the x-axis but 
a minimum in the direction of the y-axis. 
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Recall that for functions of a single variable, a critical number c where f’(c) = 0 may 
correspond to a local maximum, a local minimum, or neither. An analogous situation 
occurs for functions of two variables. If (a, b) is a critical point of a function f, where 
f(a, b) = 0 and f,(a, b) = 0, then f(a, b) may be a local maximum, a local minimum, 
or neither. In the last case, we say that (a, b) is a saddle point of f. The name is sug- 
gested by the shape of the surface in Figure 3 near the origin. In general, the graph of a 
function at a saddle point need not resemble an actual saddle, but the graph crosses the 
tangent plane at that point. 

We need to be able to determine whether or not a function has an extreme value at a 
critical point. The following test, which is proved at the end of this section, is analogous 
to the Second Derivative Test for functions of one variable. 


[3] Second Derivatives Test Suppose the second partial derivatives of f are 
continuous on a disk with center (a, b), and suppose that f.(a, b) = 0 and 
f(a, b) = 0 [so (a, b) is a critical point of f]. Let 


Photo by Stan Wagon, Macalester College 


D = D(a, b) = fila, b) fiy(a, b) — [fo (a, b)P 


A mountain pass also has the shape of 
a saddle; for people hiking in one (a) If D > 0 and f,,(a, b) > 0, then f(a, b) is a local minimum. 
direction the saddle point is the lowest (b) If D > 0 and f,,(a, b) < 0, then f(a, b) is a local maximum. 


point on their TOUTE; whereas for those (c) If D < 0, then (a, b) is a saddle point of f. 
traveling in a different direction the 


saddle point is the highest point. 


NOTE 1 If D = 0, the test gives no information: f could have a local maximum or local 
minimum at (a, b), or (a, b) could be a saddle point of f. 


NOTE 2 To remember the formula for D, it’s helpful to write it as a determinant: 


fix fry 
Six fy 


DS = faf — (hay 


EXAMPLE 3 Find the local maximum and minimum values and saddle points 
of f(x, y) = xt + yt — 4xy + 1. 


SOLUTION We first find the partial derivatives: 
fr = 4x? — 4y f = 4y? — 4x 


Since these partial derivatives exist everywhere, the critical points occur where both 
partial derivatives are zero: 


x —y=0 and yy-x=0 


To solve these equations we substitute y = x° from the first equation into the second 
one. This gives 


0 =x — x = x(x? — 1) = x(xt — 1)(x* + 1) = x(x? — I(x? + 1)(xf + 1) 
so there are three real solutions: x = 0, 1, —1. The three critical points are (0, 0), (1, 1), 


and (—1, —1). 
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x 


FIGURE 4 


4xy + 1 


A contour map of the function f in 
Example 3 is shown in Figure 5. The 
level curves near (1, 1) and (—1, —1) 
are oval in shape and indicate that as 
we move away from (1, 1) or (—1, —1) 
in any direction the values of f are 
increasing. The level curves near (0, 0), 
on the other hand, resemble hyper- 
bolas. They reveal that as we move 
away from the origin (where the value 
of f is 1), the values of f decrease in 
some directions but increase in other 
directions. Thus the contour map 
suggests the presence of the minima 
and saddle point that we found in 
Example 3. 


FIGURE 5 
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Next we calculate the second partial derivatives and D(x, y): 
fo = 12x? fs 4 hry = 12y? 
D(x, y) = fofis = (Fo) = 144x°y? — 16 


Since D(0, 0) = —16 < 0, it follows from case (c) of the Second Derivatives Test 
that the origin is a saddle point. Since D(1, 1) = 128 > 0 and f.,(1, 1) = 12 > 0, 
we see from case (a) of the test that f(1, 1) = —1 is a local minimum. This means 
that —1 is a local minimum value, and it occurs at the point (1, 1). Similarly, we have 
D(-1, —1) = 128 > Oand f..(—1, —1) = 12 > 0, so f(-1, —1) = —1isalsoa 
local minimum. 

The graph of f is shown in Figure 4. E 


EXAMPLE 4 Find and classify the critical points of the function 
f(x, y) = 10x°y — 5x? — 4y? — x* — 2y* 
Also find the highest point on the graph of f. 
SOLUTION The first-order partial derivatives are 
fe = 20xy — 10x — 4x? fy = 10x? — 8y — 8y° 
So to find the critical points we need to solve the equations 
[4] 2x(10y — 5 — 2x7) =0 
[5] 5x? — 4y — 4y? = 0 
From Equation 4 we see that either 
x=0 o 10y — 5 — 2x7 =0 


In the first case (x = 0), Equation 5 becomes —4y(1 + y?) = 0, so y = 0 and we 
have the critical point (0, 0). 
In the second case (10y — 5 — 2x? = 0), we get 


[6] x” = 5y — 2.5 
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and, putting this in Equation 5, we have 25y — 12.5 — 4y — 4y° = 0 or, equivalently, 
4y? — 21y + 12.5 = 0 
Using a graphing calculator or computer to solve this equation numerically, we obtain 


y = —2.5452 y =~ 0.6468 y = 1.8984 


(Alternatively, we could graph the function g(y) = 4y* — 21y + 12.5, as in Figure 6, 
and find the intercepts.) From Equation 6, the corresponding x-values are given by 


3 27 x= tV5y - 2.5 


If y ~ —2.5452, then x has no corresponding real values. If y ~ 0.6468, then 
x = £0.8567. If y ~ 1.8984, then x = +2.6442. So we have a total of five critical 
points, which are analyzed in the following chart. All quantities are rounded to two 


FIGURE 6 decimal places. 
Critical point Value of f Sex D Conclusion 
(0, 0) 0.00 —10.00 80.00 local maximum 
(£2.64, 1.90) 8.50 —55.93 2488.72 local maximum 
(+0.86, 0.65) —1.48 —5.87 — 187.64 saddle point 


Figures 7 and 8 give two views of the graph of f and we see that the surface opens 
downward. [This can also be seen from the expression for f(x, y): the dominant terms 
are —x* — 2y* when |x| and | y| are large.] Comparing the values of f at its local maxi- 
mum points, we see that the absolute maximum value of f is f(+2.64, 1.90) ~ 8.50. In 
other words, the highest points on the graph of f are (+2.64, 1.90, 8.50). 


FIGURE 7 FIGURE 8 E 


The five critical points of the function 
f in Example 4 are shown in red in the 
contour map of f in Figure 9. 


FIGURE 9 
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Example 5 could also be solved using 
vectors. Compare with the methods of 
Section 12.5. 


a 


y 
FIGURE 10 


SECTION 14.7 Maximum and Minimum Values 1013 


EXAMPLE 5 Find the shortest distance from the point (1, 0, —2) to the plane 
x+2y+z2=4. 


SOLUTION The distance from any point (x, y, z) to the point (1, 0, —2) is 
d= V(x — 12 + y? + (z + 2) 


but if (x, y, z) lies on the plane x + 2y + z = 4, then z = 4 — x — 2y and so we have 


d= V(x — 1} + y? + (6 — x — 2y)?. We can minimize d by minimizing the simpler 
expression 
d = f(x,y) = (x — 1? + y? + (6 — x — 2y? 

By solving the equations 

fc = 2(x — 1) — 2(6 — x — 2y) = 4x + 4y —- 14 = 0 

fr = 2y — 4(6 — x — 2y) = 4x + 10y — 24 = 0 
we find that the only critical point is (4, 3), Since fir = 4, fey = 4, and fi, = 10, we 
have D(x, y) = fax fry — (fo) = 24 > Oand fix > 0, so by the Second Derivatives Test 


J has a local minimum at (2 >), Intuitively, we can see that this local minimum is 
actually an absolute minimum because there must be a point on the given plane that is 
closest to (1, 0, —2). If x = 4 and y = 3, then 


d=V(x- 1} + y? + 6 -—x- 2y} = VE) + GF + CY = ivo 
The shortest distance from (1, 0, —2) to the plane x + 2y + z = 4 is y6. a 


EXAMPLE6 A rectangular box without a lid is to be made from 12 m? of cardboard. 
Find the maximum volume of such a box. 


SOLUTION Let the length, width, and height of the box (in meters) be x, y, and z, as 
shown in Figure 10. Then the volume of the box is 


V = xyz 


We can express V as a function of just two variables x and y by using the fact that the 
area of the four sides and the bottom of the box is 


2xz + 2yz + xy = 12 


Solving this equation for z, we get z = (12 — xy)/[2(x + y)], so the expression for V 
becomes 


We compute the partial derivatives: 


eV y(12 = 2xy — x°) ƏV 212 = 2xy — y°) 
ðx 2(x + y? dy (x + y? 


If V is a maximum, then 0V/dx = dV/dy = 0, but x = 0 or y = 0 gives V = 0. It 
remains to solve the equations 


12 — 2xy —- x’ =0 12 — 2xy — y =0 
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These imply that x* = y° and so x = y. (Note that x and y must both be nonnegative in 
this problem.) If we put x = y in either equation we get 12 — 3x* = 0, which gives 
x =2,y =2,andz = (12 — 2- 2)/[2(2 + 2)] = 1. 

We could use the Second Derivatives Test to show that this gives a local maximum 
of V, or we could simply argue from the physical nature of this problem that there must 
be an absolute maximum volume, which has to occur at a critical point of V, so it must 
occur when x = 2, y = 2,z = 1. Then V = 2+ 2+ 1 = 4, so the maximum volume of 
the box is 4 m°. a 


E Absolute Maximum and Minimum Values 


Just as for single-variable functions, the absolute maximum and minimum values of a 
function f of two variables are the largest and smallest values that f achieves on its 
domain. 


Definition Let (a, b) be a point in the domain D of a function f of two vari- 
ables. Then f(a, b) is the 


e absolute maximum value of f on D if f(a, b) = f(x, y) for all (x, y) in D. 


e absolute minimum value of f on D if f(a, b) < f(x, y) for all (x, y) in D. 


For a function f of one variable, the Extreme Value Theorem says that if f is continu- 
ous on a closed interval [a, b], then f has an absolute minimum value and an absolute 
maximum value. According to the Closed Interval Method in Section 4.1, we found these 
by evaluating f not only at the critical numbers but also at the endpoints a and b. 

There is a similar situation for functions of two variables. Just as a closed interval 
contains its endpoints, a closed set in R? is one that contains all its boundary points. [A 
boundary point of D is a point (a, b) such that every disk with center (a, b) contains 


a) Closed sets $ : f . 3 : 
6) points in D and also points not in D.] For instance, the disk 


l \ D = {(x, y) | x? + y? = 1} 


x d which consists of all points on or inside the circle x? + y? = 1, is a closed set because 
it contains all of its boundary points (which are the points on the circle x? + y? = 1). 
But if even one point on the boundary curve were omitted, the set would not be closed. 
FIGURE 11 (See Figure 11.) 
A bounded set in R? is one that is contained within some disk. In other words, it is 
finite in extent. Then, in terms of closed and bounded sets, we can state the following 
counterpart of the Extreme Value Theorem in two dimensions. 


(b) Sets that are not closed 


Extreme Value Theorem for Functions of Two Variables If f is continu- 
ous on a closed, bounded set D in R°, then f attains an absolute maximum value 


f (x1, yı) and an absolute minimum value f(x2, y2) at some points (xı, yı) and 
(x2, y2) in D. 


To find the extreme values guaranteed by Theorem 8, we note that, by Theorem 2, if 
f has an extreme value at (x), yı), then (xı, yı) is either a critical point of f or a boundary 
point of D. Thus we have the following extension of the Closed Interval Method. 
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[9] To find the absolute maximum and minimum values of a continuous func- 
tion f on a closed, bounded set D: 


1. Find the values of f at the critical points of f in D. 


2. Find the extreme values of f on the boundary of D. 


3. The largest of the values from steps | and 2 is the absolute maximum value; 
the smallest of these values is the absolute minimum value. 


EXAMPLE 7 Find the absolute maximum and minimum values of the function 
f(x, y) = x? — 2xy + 2y on the rectangle D = {(x, y) |0 <x <3,0 <y <2}. 


SOLUTION Since f is a polynomial, it is continuous on the closed, bounded rectangle 
D, so Theorem 8 tells us there is both an absolute maximum and an absolute minimum. 
According to step 1 in (9), we first find the critical points. These occur when 


fr = 2x —2y =0 
fp = —2x+2=0 


so the only critical point is (1, 1). This point is in D and the value of f there is 


fd, )=1. 
YA T 48 In step 2 we look at the values of f on the boundary of D, which consists of the four 
(0, 2) ` ( ° (3, 2) line segments Lı, L2, L3, L4 shown in Figure 12. On Lı we have y = 0 and 
L, D L, fœ 0) = x? ie 
This is an increasing function of x, so its minimum value is f(0, 0) = 0 and its maxi- 
(0, 0) D (3,0) p mum value is f(3, 0) = 9. On L we have x = 3 and 
= = <y< 
FIGURE 12 FG, =9 ~ Ay Aa 


This is a decreasing function of y, so its maximum value is f(3, 0) = 9 and its mini- 
mum value is f(3, 2) = 1. On L; we have y = 2 and 


f(x, 2) =x? —4x +4 0<x<3 


By the methods of Chapter 4, or simply by observing that f(x, 2) = (x — 2)’, we see 
that the minimum value of this function is f(2, 2) = 0 and the maximum value is 
f(0, 2) = 4. Finally, on L4 we have x = 0 and 


fO, y) = 2y 0O<yx<2 


with maximum value f(0, 2) = 4 and minimum value f(0, 0) = 0. Thus, on the 
boundary, the minimum value of f is 0 and the maximum is 9. 

In step 3 we compare these values with the value f(1, 1) = 1 at the critical point and 
FIGURE 13 conclude that the absolute maximum value of f on D is f(3, 0) = 9 and the absolute 
f(x,y) = x? — 2xy + 2y minimum value is f(0, 0) = f(2, 2) = 0. Figure 13 shows the graph of f. a 


E Proof of the Second Derivatives Test 


We close this section by giving a proof of the first part of the Second Derivatives Test. 
Part (b) has a similar proof. 
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PROOF OF THEOREM 3, PART (a) We compute the second-order directional derivative 
of f in the direction of u = (h, k}. The first-order derivative is given by Theorem 14.6.3: 


Daf = fch + fk 


Applying this theorem a second time, we have 


Dif = Da(Daf) = | (Daf )h + = (Da f)k 


— (fixh + fixk)h T (foh + fiyk)k 


= fah + 2fyhk + fryk? (by Clairaut’s Theorem) 


If we complete the square in this expression, we obtain 


xy g k? 2 
Dis= toh t a ; + efo = fo) 


We are given that f,,(a, b) > 0 and D(a, b) > 0. But fa and D = fa fy — f% are con- 
tinuous functions, so there is a disk B with center (a, b) and radius 6 > O such that 
falx, y) > 0 and D(x, y) > 0 whenever (x, y) is in B. Therefore, by looking at Equa- 
tion 10, we see that Dê f(x, y) > 0 whenever (x, y) is in B. This means that if C is 

the curve obtained by intersecting the graph of f with the vertical plane through 

P(a, b, f(a, b)) in the direction of u, then C is concave upward on an interval of length 
26. This is true in the direction of every vector u, so if we restrict (x, y) to lie in B, the 
graph of f lies above its horizontal tangent plane at P. Thus f(x, y) = f(a, b) whenever 


(x, y) is in B. This shows that f(a, b) is a local minimum. E 
Exercises 
1. Suppose (1, 1) is a critical point of a function f with contin- reasoning. Then use the Second Derivatives Test to confirm your 
uous second derivatives. In each case, what can you say predictions. 


about f? 
(a) fall, 1) = 4, 
(b) fa(l, 1) = 4, 


2. Suppose (0, 2) is a critical point of a function g with contin- 


fol; 1) = 3; fy, 1) =2 


3. f(x,y) =4 + x? +y’ — 3xy 


yA 


uous second derivatives. In each case, what can you say 
about g? 


(a) gxx(0, 2) = = gxy(0, 2) = 6, yy (0, 2) =1 
(b) gxx(0, 2) = =l, gxy(0, 2) = 2, gy, 2) == 
(c) gxx(0, 2) = 4, gxy(0, 2) = 6, gyy(0, 2) = 9 


3-4 Use the level curves in the figure to predict the location of 
the critical points of f and whether f has a saddle point or a local 


maximum or minimum at each critical point. Explain your 


=y 
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3x — x? 


4. f (x, y) 


5-22 Find the local maximum and minimum values and saddle 
point(s) of the function. You are encouraged to use a calculator or 
computer to graph the function with a domain and viewpoint that 
reveals all the important aspects of the function. 


@fayartxaytyty 

6. f(x,y) 2x —-2y—-x*-y 
7. f(x,y) yt — 4y? 
8. f(x,y) =x? + y? + 3xy 

9. f(x, y) = (x — y) — xy) 


2 2 


xy 


Dx? 


8xy 4 


10. f(x, y) = yle" — 1) 

11. f(x,y) = yvx — y? — 2x + Ty 

12. f(x,y) =2—x*++2x?- y? 

13. f(x, y) =x? — 3x + 3xy? 

14. f(x,y) =x? + y? — 3x? — 3y? — 9x 
@ f(x,y) = x4 — 2x? + y? 3y 

16. f(x,y) =x? + yt + 2xy 


17. f(x,y) = xy — x’y — xy? 

18. f(x, y) = (6x = x*)(4y — y?) 

19. f(x, y) = e*cosy 

20. f(x, y) = (x? + ye 

21. f(x,y) =y? — 2ycosx, -l1<x<7 

22. f(x,y) = sinx siny, -m<x<am, -tT<y<7 
23. Show that f(x, y) = x? + 4y* — 4xy + 2 has an infinite 


number of critical points and that D = 0 at each one. Then 
show that f has a local (and absolute) minimum at each criti- 
cal point. 


24. Show that f(x, y) = x?ye™ =? has maximum values at 


(+1, 1/2 ) and minimum values at (+1, —1/,/2 ). Show 
also that f has infinitely many other critical points and D = 0 


SECTION 14.7 Maximum and Minimum Values 1017 


at each of them. Which of them give rise to maximum values? 
Minimum values? Saddle points? 


25-28 Use a graph or level curves or both to estimate the local 
maximum and minimum values and saddle point(s) of the 
function. Then use calculus to find these values precisely. 


25. f(x,y =x ty +x7y? 


26. f(x,y) = (x — yer” 

27. f(x,y) = sin x + sin y + sin(x + y), 
O0S<x<27,05ys<27 

28. f(x,y) = sin x + sin y + cos(x + y), 


O<x<7/4,0Sysa7/4 


29-32 Find the critical points of f correct to three decimal places 
(as in Example 4). Then classify the critical points and find the 
highest or lowest points on the graph, if any. 


29. f(x,y) =x* + yt 
30. f(x,y) = y° 
31. f(x,y) =x + y? 
32. f(x, y) = 20e sin 3x cos 3y, 


3x +y’ +x—-2y+1 


Ix] <1, |y|<1 


33-40 Find the absolute maximum and minimum values of f on 
the set D. 


E f(x, y) =x? + y? — 2x, Dis the closed triangular region 
with vertices (2, 0), (0, 2), and (0, —2) 


34. f(x,y) =x + y—xy, Dis the closed triangular region 


with vertices (0, 0), (0, 2), and (4, 0) 


35. xy + 4, 


JEM ty" 
D = {(x, y) | x|<1,|/y|<}} 


f (x,y) x xy y” 6y, 

D={(x,y)|-3<x<3,0<y< 
F(x, y) = x? + 2y? — 2x — 4y + 1, 
D = {(x,y)|0<x<2,0<y <3} 


36. 


5} 


37. 


38. 
39. 


f(xy) =xy’, D = {(x, y) | x = 0, y => 0, x? +y? <3} 
f(xy) =2x? + yt, D= {(x, y) | x? +y?’ < 1} 


GOD f(x, y) = x? — 3x — y? + 12y, Dis the quadrilateral 
whose vertices are (—2, 3), (2, 3), (2, 2), and (—2, —2) 


PÑ 41. For functions of one variable it is impossible for a continuous 


function to have two local maxima and no local minimum. 
But for functions of two variables such functions exist. Show 
that the function 


f(x, y) 


has only two critical points, but has local maxima at both of 
them. Then produce a graph with a carefully chosen domain 
and viewpoint to see how this is possible. 


(x? — 1)? — @’y — x - 1)? 
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42. If a function of one variable is continuous on an interval and 
has only one critical number, then a local maximum has to 
be an absolute maximum. But this is not true for functions 
of two variables. Show that the function 


y 


f(x, y) = 3xe’ — x’? — e” 


(b) Find the dimensions that minimize heat loss. (Check 
both the critical points and the points on the boundary of 
the domain.) 

(c) Could you design a building with even less heat loss if 
the restrictions on the lengths of the walls were removed? 


6H If the length of the diagonal of a rectangular box must be L, 


has exactly one critical point and that f has a local maxi- 

mum there that is not an absolute maximum. Produce a 

graph with a carefully chosen domain and viewpoint to see 58. 
how this is possible. 


43. Find the shortest distance from the point (2, 0, —3) to the 
planex + y+z=1. 


44, Find the point on the plane x — 2y + 3z = 6 that is closest 
to the point (0, 1, 1). 


@5) Find the points on the cone z? = x? + y? that are closest to 59. 
the point (4, 2, 0). 


46. Find the points on the surface y? = 9 + xz that are closest 
to the origin. 


47. Find three positive numbers whose sum is 100 and whose 
product is a maximum. 


48. Find three positive numbers whose sum is 12 and the sum 
of whose squares is as small as possible. 


49. Find the maximum volume of a rectangular box that is 


inscribed in a sphere of radius r. 66 


50. Find the dimensions of the box with volume 1000 cm? that 
has minimal surface area. 


GT) Find the volume of the largest rectangular box in the first 
octant with three faces in the coordinate planes and one 
vertex in the plane x + 2y + 3z = 6. 


52. Find the dimensions of the rectangular box with largest 
volume if the total surface area is given as 64 cm’. 


53. Find the dimensions of a rectangular box of maximum 
volume such that the sum of the lengths of its 12 edges 


; 61. 
is a constant c. 


54. The base of an aquarium with given volume V is made of 
slate and the sides are made of glass. If slate costs five times 
as much (per unit area) as glass, find the dimensions of the 
aquarium that minimize the cost of the materials. 


65) A cardboard box without a lid is to have a volume of 
32,000 cm*. Find the dimensions that minimize the amount 
of cardboard used. 


56. A rectangular building is being designed to minimize 

heat loss. The east and west walls lose heat at a rate of 

10 units/m? per day, the north and south walls at a rate of 
8 units/m? per day, the floor at a rate of 1 unit/m” per day, 
and the roof at a rate of 5 units/m* per day. Each wall must 
be at least 30 m long, the height must be at least 4 m, and 
the volume must be exactly 4000 m°. 

(a) Find and sketch the domain of the heat loss as a 


function of the lengths of the sides. 


what is the largest possible volume? 


A model for the yield Y of an agricultural crop as a function 
of the nitrogen level N and phosphorus level P in the soil 
(measured in appropriate units) is 


Y(N, P) = kNPe~’~? 


where k is a positive constant. What levels of nitrogen and 
phosphorus result in the best yield? 


The Shannon index (sometimes called the Shannon- Wiener 
index or Shannon-Weaver index) is a measure of diversity in 
an ecosystem. For the case of three species, it is defined as 


H Pi lnpi — p2 ln p2 — p: ln p3 


where p; is the proportion of species i in the ecosystem. 

(a) Express H as a function of two variables using the fact 
that pi + po + p; = 1. 

(b) What is the domain of H? 

(c) Find the maximum value of H. For what values of 
Pi, P2, p does it occur? 


Three alleles (alternative versions of a gene) A, B, and O 
determine the four blood types A (AA or AO), B (BB or 
BO), O (OO), and AB. The Hardy-Weinberg Law states that 
the proportion of individuals in a population who carry two 
different alleles is 


P = 2pq + 2pr + 2rq 


where p, q, and r are the proportions of A, B, and O in the 
population. Use the fact that p + q + r = 1 to show that P 
is at most 3. 


Method of Least Squares Suppose that a scientist has rea- 
son to believe that two quantities x and y are related linearly, 
that is, y = mx + b, at least approximately, for some values 
of m and b. The scientist performs an experiment and col- 
lects data in the form of points (x1, y1), (x2, 2), -<-> (Xns Yn)» 
and then plots these points. The points don’t lie exactly on a 
straight line, so the scientist wants to find constants m and b 
so that the line y = mx + b “fits” the points as well as pos- 
sible (see the figure). 
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Let d; = y; — (mx; + b) be the vertical deviation of the 
point (x;, y:) from the line. The method of least squares deter- 
mines m and b so as to minimize È; d?, the sum of the 
squares of these deviations. Show that, according to this 
method, the line of best fit is obtained when 


n n n 
and m>xv+b> x= Dd xy; 
i=1 i=1 i=1 


Thus the line is found by solving these two equations in the 
two unknowns m and b. (See Section 1.2 for a further discus- 
sion and applications of the method of least squares.) 


M 5 cd bac 5 yi 62. Find an equation of the plane that passes through the point 
i=l i=l (1, 2, 3) and cuts off the smallest volume in the first octant. 


DISCOVERY PROJECT | QUADRATIC APPROXIMATIONS AND CRITICAL POINTS 


The Taylor polynomial approximation to functions of one variable that we discussed in Chap- 
ter 11 can be extended to functions of two or more variables. Here we investigate quadratic 
approximations to functions of two variables and use them to give insight into the Second 
Derivatives Test for classifying critical points. 

In Section 14.4 we discussed the linearization of a function f of two variables at a 
point (a, b): 


L(x, y) = f(a, b) + fila, b)\(x — a) + f(a, b)(y — b) 


Recall that the graph of L is the tangent plane to the surface z = f (x, y) at (a, b, f(a, b)) and 
the corresponding linear approximation is f(x, y) ~ L(x, y). The linearization L is also called 
the first-degree Taylor polynomial of f at (a, b). 


1. If f has continuous second-order partial derivatives at (a, b), then the second-degree 
Taylor polynomial of f at (a, b) is 


Q(x, y) = f(a, b) + fla, b)(x — a) + f,(a, b)(y — b) 
+ 3 fala, b\(x — a) + f(a, b\(x — a)(y — b) + zfy(a, by — bP 
and the approximation f(x, y) = Q(x, y) is called the quadratic approximation to f 


at (a, b). Verify that Q has the same first- and second-order partial derivatives as f 
at (a, b). 


2. (a) Find the first- and second-degree Taylor polynomials L and Q of f(x, y) =e” 
at (0, 0). 
PM (b) Graph f, L, and Q. Comment on how well L and Q approximate f. 


3. (a) Find the first- and second-degree Taylor polynomials L and Q for f(x, y) = xe” 
at (1, 0). 
(b) Compare the values of L, Q, and f at (0.9, 0.1). 
M (c) Graph f, L, and Q. Comment on how well L and Q approximate f. 


4. In this problem we analyze the behavior of the polynomial f(x, y) = ax? + bxy + cy? 
(without using the Second Derivatives Test) by identifying the graph as a paraboloid. 
(a) By completing the square, show that if a # 0, then 


b \? _ (4ac— b? 
HGS 39) = Gas FP lose st aye a| (x ») ( ae - J] 
2a 4a“ 


(b) Let D = 4ac — b?. Show that if D > 0 and a > 0, then f has a local minimum 
at (0, 0). 

(c) Show that if D > 0 anda < 0, then f has a local maximum at (0, 0). 

(d) Show that if D < 0, then (0, 0) is a saddle point. 


(continued) 
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14.8 
YA 
f(x,y) =U 
| Fla, y) = 10 
_ f(xy) =9 
[ae fltsy)=8 
f(x,y) =7 
0 
FIGURE 1 


5. (a) Suppose f is any function with continuous second-order partial derivatives such that 
f(0, 0) = 0 and (0, 0) is a critical point of f. Write an expression for the second- 
degree Taylor polynomial, Q, of f at (0, 0). 

(b) What can you conclude about Q from Problem 4? 
(c) In view of the quadratic approximation f(x, y) ~ Q(x, y), what does part (b) suggest 
about f? 


Lagrange Multipliers 


In Example 14.7.6 we maximized a volume function V = xyz subject to the constraint 
2xz + 2yz + xy = 12, which expressed the side condition that the surface area was 
12 m’. In this section we present Lagrange’s method for maximizing or minimizing a 
general function f(x,y,z) subject to a constraint (or side condition) of the form 


g(x, y, z) = k. 


E Lagrange Multipliers: One Constraint 


First we explain the geometric basis of Lagrange’s method for functions of two variables. 
We start by trying to find the extreme values of f(x, y) subject to a constraint of the form 
g(x, y) = k. In other words, we seek the extreme values of f(x, y) when the point (x, y) 
is restricted to lie on the level curve g(x, y) = k. Figure 1 shows this curve together with 
several level curves of f. These have the equations f(x, y) = c, where c = 7, 8,9, 10, 11. 
To maximize f(x, y) subject to g(x, y) = k is to find the largest value of c such that the 
level curve f(x, y) = c intersects g(x, y) = k. It appears from Figure 1 that this happens 
when these curves just touch each other, that is, when they have a common tangent line. 
(Otherwise, the value of c could be increased further.) This means that the normal lines 
at the point (xo, yo) where they touch are identical. So the gradient vectors are parallel; 
that is, Vf(xo, yo) = A Vg(xo, yo) for some scalar À. 

This kind of argument also applies to the problem of finding the extreme values of 
f(x, y, z) subject to the constraint g(x, y, z) = k. Thus the point (x, y, z) is restricted to lie 
on the level surface S with equation g(x, y, z) = k. Instead of the level curves in Figure 1, 
we consider the level surfaces f(x, y, z) = c and argue that if the maximum value of f 
is f(xo, yo, Zo) = c, then the level surface f(x, y, z) = c is tangent to the level surface 
g(x, y, z) = k and so the corresponding gradient vectors are parallel. 

This intuitive argument can be made precise as follows. Suppose that a function f has 
an extreme value at a point P(xo, yo, Zo) on the surface S and let C be a curve with vector 
equation r(t) = (x(t), y(t), z(t) that lies on S and passes through P. If to is the parameter 
value corresponding to the point P, then r(to) = (xo, yo, Zo). The composite function 
h(t) = f(x(2), y(t), z(t)) represents the values that f takes on the curve C. Since f has an 
extreme value at (xo, yo, Zo), it follows that h has an extreme value at to, so A'(to) = 0. But 
if f is differentiable, we can use the Chain Rule to write 


0= h'(to) 
= fe(Xo, Yo. 20)X'(to) + F(xo, Yo, Z0)y'(to) + f:(xo, Yo, 20)z'(to) 
= Vf (xo, yo, Zo) * r'(to) 


This shows that the gradient vector V f (xo, yo, Zo) is orthogonal to the tangent vector r'(to) 
to every such curve C. But we already know from Section 14.6 that the gradient vector 
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of g, Vg(xo, yo, Zo), is also orthogonal to r'(to) for every such curve (see Equation 14.6.18). 
This means that the gradient vectors Vf(xo, yo, zo) and Vg(xo, yo, Zo) must be parallel. 
Therefore, if Vg(xo, yo, Zo) # 0, there is a number A such that 


Li] Vf (xo, yo, Zo) = A Vg(xo, yo, Zo) 
Lagrange multipliers are named after The number A in Equation 1 is called a Lagrange multiplier. The procedure based on 
the French-Italian mathematician Equation 1 is as follows. 


Joseph-Louis Lagrange (1736-1813). 

See Section 4.2 for a biographical 

sketch of Lagrange. Method of Lagrange Multipliers To find the maximum and minimum values 
of f(x, y, z) subject to the constraint g(x, y, z) = k [assuming that these extreme 
values exist and Vg # 0 on the surface g(x, y, z) = k]: 


1. Find all values of x, y, z, and A such that 
In deriving Lagrange’s method we 


assumed that Vg # 0. In each of our Vif (x, y, z) = A Vg(x, y, z) 

examples you can check that Vg # 0 

at all points where g(x, y, z) = k. See and g(x, y, z) =k 

Exercise 35 for what can go wrong if 

Vg = 0. Exercise 34 shows what can 2. Evaluate f at all the points (x, y, z) that result from step 1. The largest of these 
happen if Vg is undefined. values is the maximum value of f; the smallest is the minimum value of f. 


If we write the vector equation Vf = A Vg in terms of components, then the equations 
in step 1 become 


fe 5 AG f= Agy f: = Àg: g(x, y, z) = k 


This is a system of four equations in the four unknowns x, y, z, and À, and we must find 
all possible solutions (although the explicit values of A are not needed for the conclusion 
of the method). If x = xo, y = yo, Z = Zo is a Solution to this system of equations and the 
corresponding value of A is not 0, then Vf(xo, yo, Zo) and Vg(xo, yo, Zo) are parallel (as we 
argued geometrically at the beginning of the section). If the value of A is 0, then 
Vf (Xo, Yo, Zo) = 0 and so (xo, yo, Zo) is a critical point of f. It follows that f (xo, yo, Zo) is a 
possible local extreme value of f on its domain, and hence also a possible extreme value 
of f subject to the given constraint (see Exercise 61). 

For functions of two variables the method of Lagrange multipliers is similar to the 
method just described. To find the extreme values of f(x, y) subject to the constraint 
g(x, y) = k, we look for values of x, y, and A such that 


Vf(x, y) =A Vg(x, y) and g(x,y) =k 
This amounts to solving three equations in three unknowns: 
Sc = AGx f = Ag g(x, y) =k 
EXAMPLE 1 Find the extreme values of the function f(x, y) = x? + 2y? on the 
circle x? + y? = 1. 


SOLUTION We are asked for the extreme values of f subject to the constraint 
g(x, y) = x? + y* = 1. Using Lagrange multipliers, we solve the equations Vf = A Vg 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


1022 


Many of the optimization problems 
that we encountered in Section 4.7 
can be viewed as optimizing a 
function of two variables subject to a 
constraint. In Exercises 17-22 you are 
asked to revisit several problems from 
Section 4.7 and solve them using the 
method of Lagrange multipliers. 


CHAPTER 14 Partial Derivatives 


and g(x, y) = 1, which can be written as 


fr = 2 gx fr = 2g gx, y) = 1 
or as 
[2] 2x = 2xA 
[3] dy = 2yA 
[4] x + y? = 1 
From (2) we have 2x(1 — A) = 0, so x = Oor à = 1. If x = 0, then (4) gives y = +1. 


If A = 1, then y = 0 from (3), so then (4) gives x = +1. Therefore f has possible 
extreme values at the points (0, 1), (0, — 1), (1, 0), and (— 1, 0). Evaluating f at these 
four points, we find that 


FO, 1) = 2 fO, -1)=2 fC, 0) =1 f(=1,0)=1 


Therefore the maximum value of f on the circle x? + y* = 1 is f(0, +1) = 2 and the 
minimum value is f(+1, 0) = 1. In geometric terms, these correspond to the highest 
and lowest points on the curve C in Figure 2, where C consists of those points on the 
paraboloid z = x? + 2y° that are directly above the constraint circle x? + y? = 1. 

Figure 3 shows a contour map of f. The extreme values of f(x, y) = x? + 2y? 
correspond to the level curves of f that just touch the circle x? + y* = 1. 


ZA g 
z=x?+2y? 


FIGURE 2 FIGURE 3 a 


Our next illustration of Lagrange’s method is to reconsider the problem given in 
Example 14.7.6. 


EXAMPLE 2 A rectangular box without a lid is to be made from 12 m? of cardboard. 
Find the maximum volume of such a box. 


SOLUTION As in Example 14.7.6, we let x, y, and z be the length, width, and height, 
respectively, of the box in meters. Then we wish to maximize 


V = xyz 
subject to the constraint 


g(x, y, zZ) = 2xz + 2yz + xy = 12 
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Another method for solving the 
system of equations (5-8) is to solve 
each of Equations 5, 6, and 7 for A 
and then to equate the resulting 
expressions. 
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Using the method of Lagrange multipliers, we look for values of x, y, z, and À such that 
VV =A Vg and g(x, y, z) = 12. This gives the equations 


Ve = Ags 
V, = Agy 
V. = dg: 


2xz + 2yz + xy = 12 


which become 


[5] yz = A(2z + y) 
[6] xz = A(2z + x) 

xy = A(2x + 2y) 
2xz + 2yz + xy = 12 


There are no general rules for solving systems of equations. Sometimes some ingenuity 
is required. In the present example you might notice that if we multiply (5) by x, (6) 

by y, and (7) by z, then the left sides of these equations will be identical. Doing this, 
we have 


[9 ] xyz = A(2xz + xy) 
xyz = A(2yz + xy) 
[11] xyz = A(2xz + 2yz) 


In general A can be 0, but here we observe that A # 0 because A = 0 would imply 
yz = xz = xy = 0 from (5), (6), and (7) and this would contradict (8). Therefore, from 
(9) and (10), we have 

2xz + xy = 2yz + xy 


which gives xz = yz. But z 0 (since z = 0 would give V = 0), so x = y. From (10) 
and (11) we have 
2yz + xy = 2xz + 2yz 


which gives 2xz = xy and so (since x 0) y = 2z. If we now put x = y = 2z in (8), 
we get 
47 + 42? + 47 = 12 


Since x, y, and z are all positive, we therefore have z = 1 and so x = 2 and y = 2. 
Thus we have only one point where f may have an extreme value; how do we know if 
this point corresponds to a maximum or minimum? As in Example 14.7.6, we argue 
that there must be a maximum volume, which must occur at the point we found. E 


EXAMPLE3 Find the points on the sphere x* + y? + z? = 4 that are closest to and 

farthest from the point (3, 1, —1). 

SOLUTION The distance from a point (x, y, z) to the point (3, 1, — 1) is 
d=/x-3}+ (y— 1)? + @ + I)? 


but the algebra is simpler if we instead maximize and minimize the square of the 
distance: 
d’ = f(x, y, z) = (x — 3 + (y - 1? + (z + 1? 
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The constraint is that the point (x, y, z) lies on the sphere, that is, 
glx, y, z) =x? +y? +2 =4 


According to the method of Lagrange multipliers, we solve Vf = A Vg, g = 4. This 


gives 
[12] 2(x — 3) = 2xÀ 
[13] 2(y — 1) = 2yA 
2(z + 1) = 2zA 


[15 | x +y +z? = 


The simplest way to solve these equations is to solve for x, y, and z in terms of A from 
(12), (13), and (14), and then substitute these values into (15). From (12) we have 


x-—3=xXxA => x(1- A) =3 => x= —— 


[Note that 1 — A # 0 because A = 1 is impossible from (12).] Similarly, (13) and (14) 


give 
1 1 

Figure 4 shows the sphere and the a ae a ss 
nearest point P in Example 3. Can 
you see how to find the coordinates Therefore, from (15), we have 
of P without using calculus? 

3? 12 (- 1)° 

ZA 7 + 2 T an 
G=} a-a} (L= ay 


which gives (1 — A)? = 44,1 — A = +,/11/2, so 


Ji 
2 


A=1+ 
These values of A then give the corresponding points (x, y, z): 
( 6 2 2 ) ( 6 2 2 ) 
f : and ; > 
VI aff yil git affl fil 


It’s easy to see that f has a smaller value at the first of these points, so the closest point 
FIGURE 4 is (6/11, 2/11, —2//11) and the farthest is (—6//11, —2/,/11, 2/,/11). m 


(3, 1, -1) 


EXAMPLE 4 Find the extreme values of f(x, y) = x? + 2y° on the disk 
D = {(x, y) | x? + y? < 1}. 


SOLUTION According to the procedure in (14.7.9), we compare the values of f at the 
critical points in D with the extreme values of f on the boundary of D. Since fs = 2x 
and f, = 4y, the only critical point is (0, 0). We compare the value of f at that point 
with the extreme values on the boundary that we found in Example 1 using Lagrange 
multipliers: 


f(0, 0) = 0 f(#1, 0) = 1 f0, +1) =2 
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Therefore the maximum value of f on D is f(0, +1) = 2 and the minimum value is 
f(0, 0) = 0. Figure 5 shows the portion of the graph of f above the disk D. You can see 
that the highest point on the surface occurs at (0, +1) and the lowest point is at the 
origin. Figure 6 shows a contour map of f superimposed on the disk D. 


FIGURE 5 FIGURE 6 E 


E Lagrange Multipliers: Two Constraints 


Suppose now that we want to find the maximum and minimum values of a function 
f(x,y,z) subject to two constraints (side conditions) of the form g(x, y, z) = k and 
h(x, y, z) = c. Geometrically, this means that we are looking for the extreme values of f 
when (x, y, z) is restricted to lie on the curve of intersection C of the level surfaces 
g(x, y, z) = k and h(x, y, z) = c. (See Figure 7.) Suppose f has such an extreme value at 
a point P(xo, yo, Zo). We know from the beginning of this section that Vf is orthogonal to 
C at P. But we also know that Vg is orthogonal to g(x, y, z) = k and Vh is orthogonal 
to h(x, y, z) = c, so Vg and Vh are both orthogonal to C. This means that the gradient 
vector Vf(xo, yo, Zo) is in the plane determined by Vg(xo, yo, zo) and Vh(xo, yo, zo). (We 
FIGURE 7 assume that these gradient vectors are not zero and not parallel.) So there are numbers A 
and u (both called Lagrange multipliers) such that 


> 


g=k 


Vf(xo, Yo, zo) = A Vg(xo, Yo, zo) + u VAX, yo, Zo) 


In this case Lagrange’s method is to look for extreme values by solving five equations in 
the five unknowns x, y, z, A, and u. These equations are obtained by writing Equation 16 
in terms of its components and using the constraint equations: 


fr = Ags + phy 

fi = Àgy + phy 

f= àg: + uh: 
g(x, y, z) =k 


h(x, y, z) = c 
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The cylinder x? + y? = 1 intersects EXAMPLE 5 Find the maximum value of the function f(x, y, z) = x + 2y + 3z on the 


the plane x — y + z = 1l inan ellipse curve of intersection of the plane x — y + z = 1 and the cylinder x? + y? = 1. 


(Figure 8). Example 5 asks for the a . i 
maximum value of f when (x,y,z) is SOLUTION We maximize the function f(x, y, z) = x + 2y + 3z subject to the con- 


restricted to lie on the ellipse. straints g(x, y, z) =x — y + z = land A(x, y, z) = x? + y? = 1. The Lagrange 
condition is Vf = A Vg + pu Vh, so we solve the equations 


1 =À + 2xp 
2 = -À + 2yp 


x—y+tz=l 
[21] x+y =l 


Putting A = 3 [from (19) ] in (17), we get 2xu. = —2, so x = —1/w. Similarly, (18) 
gives y = 5/(2). Substitution in (21) then gives 


1 25 
a taaz! 
u 4u 
FIGURE 8 —_ 
and so u? = 2, u = +29 /2. Then x = ¥2/,/29, y = +5/,/29, and, from (20), 
z=1-—x+y=1+ 7//29. The corresponding values of f are 
a8 5 ( 7 ) — 
+ —— + 2| +——] + 3| 1 + —— | =3 + 29 
29 ( 29 29 
Therefore the maximum value of f on the given curve is 3 + /29. a 
14.8 | Exercises 
1. Pictured are a contour map of f and a curve with equation just touch the circle. What is the significance of the 
g(x, y) = 8. Estimate the maximum and minimum values values of c for these two curves? 
of f subject to the constraint that g(x, y) = 8. Explain your (b) Use Lagrange multipliers to find the extreme values of 
reasoning. f(x, y) = x? + y subject to the constraint x? + y? = 1. 


Compare your answers with those in part (a). 


3-16 Each of these extreme value problems has a solution with 
both a maximum value and a minimum value. Use Lagrange 
multipliers to find the extreme values of the function subject to 
the given constraint. 


@sfayar-y, ety=l 
4. f(x,y) =x, x t+yt*=5 
f(xy) = xy, 4x7 +y =8 


5 

6. f(x,y) =x, x +y =2 

7. f(x,y) = 2x? + 6y?, x+ 3y4*=1 
8. f(x, y) = xy, 2x-y=0 
9 
0 


2. (a) Use a graphing calculator or computer to graph the 
circle x? + y? = 1. On the same screen, graph several 
curves of the form x* + y = c until you find two that 1 


. f(x,y) = 2x + 2ytz x +y +27 =9 
e f(x, y,z) =e", wr +y?+27=24 
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11. f(x, y,z) =xy*z, x ty += 


12. f(xy z) =x ty tz, Pt+yt+2+xy=12 


Œ /, y. z2) w+yte2?, xttyttz=l 
14. f(xy, z) =x + y tz, xe tytZ7=1 


15. f(iyz0=xtytzt, VP +yV4t74+P=1 
16. f (x1, X2.. -3 Xn) = X1 H X2 t+ +++ +X, 


xê +x +e asl 


17-22 Use Lagrange multipliers to give an alternate solution to 
the indicated exercise in Section 4.7. 


17. Exercise 3 
18. Exercise 8 
19. Exercise 7 
20. Exercise 18 
21. Exercise 25 
22. Exercise 24 


23-24 The method of Lagrange multipliers assumes that the 
extreme values exist, but that is not always the case. Show that the 
problem of finding the minimum value of f subject to the given 
constraint can be solved using Lagrange multipliers, but f does 
not have a maximum value with that constraint. 


23. f(xy) =x +y x=1 
24. f(x, y,z) =x + 2y? +37, x+2y+3z=10 


25-26 Use Lagrange multipliers to find the maximum value of f 
subject to the given constraint. Then show that f has no minimum 
value with that constraint. 


25. f(xy) =e”, x+y =16 
26. f(x, y, z) 


2 


4xt+2ytz, x*tyt27=1 


27-29 Find the extreme values of f on the region described by 
the inequality. 


27. f(xy) =x? ty? +4x—4y, x? t+y?<9 
28. f(x,y) = 2x? + 3y? — 4x- 5, x*+y?< 16 


29. f(x,y) =e, x + 4y°<1 


30-33 Find the extreme values of f subject to both constraints. 


30. f(x,y,z) =z xe +y =z, x+ytz=24 


31. fx yz =x+y +z x +z =2, xty=1 


32. f(x, yz) = x+y a x-y=1, yeaz 1 


33. f(x,y,z) =yz+ xy; xy=1, Wt7=1 
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34. Consider the problem of maximizing the function 

f(x, y) = 2x + 3y subject to the constraint /x + /y = 5. 

(a) Try using Lagrange multipliers to solve the problem. 

(b) Does f(25, 0) give a larger value than the one in part (a)? 

(c) Solve the problem by graphing the constraint equation 
and several level curves of f. 

(d) Explain why the method of Lagrange multipliers fails to 
solve the problem. 

(e) What is the significance of f (9, 4)? 


35. Consider the problem of minimizing the function f(x, y) = x 

on the curve y? + x* — x°? = 0 (a piriform). 

(a) Try using Lagrange multipliers to solve the problem. 

(b) Show that the minimum value is f (0, 0) = 0 but the 
Lagrange condition Vf(0, 0) = AVg(0, 0) is not satisfied 
for any value of À. 

(c) Explain why Lagrange multipliers fail to find the mini- 
mum value in this case. 


36. (a) Use software that plots implicitly defined curves to 


estimate the minimum and maximum values of 
f(x, y) = x? + y? + 3xy subject to the constraint 
(x — 3)? + (y — 3)? = 9 by graphical methods. 

(b) Solve the problem in part (a) with the aid of Lagrange 
multipliers. You will need to solve the equations numeri- 
cally. Compare your answers with those in part (a). 


37. The total production P of a certain product depends on the 
amount L of labor used and the amount K of capital invest- 
ment. In Section 14.1 and the project following Section 14.3 
we discussed how the Cobb-Douglas model P = bL*K'!* 
follows from certain economic assumptions, where b and a 
are positive constants and a < 1. If the cost of a unit of labor 
is m and the cost of a unit of capital is n, and the company 
can spend only p dollars as its total budget, then maximizing 
the production P is subject to the constraint mL + nK = p. 
Show that the maximum production occurs when 


1 = 
p= gi ga Oe 
m n 


38. Referring to Exercise 37, we now suppose that the pro- 
duction is fixed at bL*K' “ = Q, where Q is a constant. 
What values of L and K minimize the cost function 
C(L, K) = mL + nK? 


39. Use Lagrange multipliers to prove that the rectangle with 
maximum area that has a given perimeter p is a square. 


40. Use Lagrange multipliers to prove that the triangle with 
maximum area that has a given perimeter p is equilateral. 
Hint: Use Heron’s formula for the area: 


A= ¥s(s — x)(s — ys — 2) 


where s = p/2 and x, y, z are the lengths of the sides. 
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the system of equations that arises in using Lagrange multipliers. 
(If your CAS finds only one solution, you may need to use 
additional commands.) 


41-53 Use Lagrange multipliers to give an alternate solution to 
the indicated exercise in Section 14.7. 


41. Exercise 43 
GP Exercise 45 
45. Exercise 47 
47. Exercise 49 


42. 
44. 
46. 
48. 


Exercise 44 
Exercise 46 
Exercise 48 


Exercise 50 


59. 


60. 


f(x,y,z) = ye; 9x? + 4y? + 3627 = 36, xy tyz=1 


fluy2=xtytz wV-ya=2zxr+7=4 


. . 61. Use Lagrange multipliers to find the extreme values of 
49. Exercise 51 50. Exercise 52 f(x, y) = 3x? + y? subject to the constraint x? + y? = 4y. 
51. Exercise 53 52. Exercise 54 Show that the minimum value corresponds to A = 0. 
63) Exercise 57 62. (a) Maximize X;=ı x;y; subject to the constraints 


Dh x? = land hy y? = 1. 
54. A package in the shape of a rectangular box can be mailed (b) Put 

by the US Postal Service if the sum of its length and girth 

(the perimeter of a cross-section perpendicular to the length; x= 
see Exercise 4.7.23) is at most 108 inches. Use Lagrange 
multipliers to find the dimensions of the package with larg- 


est volume that can be mailed. 


to show that 
55. A grain silo is to be built by attaching a hemispherical roof © ab; < SZ al V/Z b? 
and a flat floor onto a circular cylinder. Use Lagrange multi- l 4 y 
pliers to show that for a total surface area S, the volume of 
the silo is maximized when the radius and height of the cyl- 
inder are equal. 


for any numbers a, . . . , dn, bi, ..., bn. This inequality 
is known as the Cauchy-Schwarz Inequality. 

66) Find the maximum and minimum volumes of a rectangular 63. (a) Find the maximum value of 
box whose surface area is 1500 cm? and whose total edge 


. <o Xn) = Y X1X2** Xn 
length is 200 cm. 


f(x, X2, os 


given that x1, x2, . . . , 2X, are positive numbers and 
xı +X. + +++ +x, = c, where c is a constant. 
(b) Deduce from part (a) that if x), x2, . . . , Xn are positive 


numbers, then 
58. The plane 4x — 3y + 8z = 5 intersects the cone 
z’ = x° + y’ in an ellipse. a, 2 
M (a) Graph the cone and the plane, and observe the elliptical n 
intersection. 
(b) Use Lagrange multipliers to find the highest and lowest 
points on the ellipse. 


57. The plane x + y + 2z = 2 intersects the paraboloid 
z =x? + y’ in an ellipse. Find the points on this ellipse 
that are nearest to and farthest from the origin. 


This inequality says that the geometric mean of 

n numbers is no larger than the arithmetic mean of 
the numbers. Under what circumstances are these 
59-60 Find the maximum and minimum values of f subject to two means equal? 


the given constraints. Use a computer algebra system to solve 


APPLIED PROJECT | ROCKET SCIENCE 


Many rockets — such as the Saturn V that first put men on the moon—are designed to use 
three stages in their ascent into space. A large first stage initially propels the rocket until its 
fuel is consumed, at which point the stage is jettisoned to reduce the mass of the rocket. The 
smaller second and third stages function similarly in order to place the rocket’s payload into 
orbit about the earth. (With this design, at least two stages are required in order to reach the 
necessary velocities, and using three stages has proven to be a good compromise between cost 
and performance.) Our goal here is to determine the individual masses of the three stages, 
which are to be designed to minimize the total mass of the rocket while enabling it to reach a 
desired velocity. 


NASA 
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For a single-stage rocket consuming fuel at a constant rate, the change in velocity resulting 
from the acceleration of the rocket vehicle has been modeled by 


(Ul = Se 
BEEM 


AV @ n(1 


where M, is the mass of the rocket engine including initial fuel, P is the mass of the payload, 
S is a structural factor determined by the design of the rocket (specifically, it is the ratio of the 
mass of the rocket vehicle without fuel to the total mass of the rocket with fuel), and c is the 
(constant) speed of exhaust relative to the rocket. 

Now consider a rocket with three stages and a payload of mass A. Assume that outside 
forces are negligible and that c and $ remain constant for each stage. If M; is the mass of the 
ith stage, we can initially consider the rocket engine to have mass M, and its payload to have 
mass M) + M3 + A; the second and third stages can be handled similarly. 


NASA/Lori Losey 


1. Show that the velocity attained by the rocket after all three stages have been jettisoned is 
given by 


Mi +M: +M; +A M: + M; +A M; +A 
v, = c| In + In + In 
SM, +M: + M; +A SM, + M; + A SM; + A 
2. We wish to minimize the total mass M = M, + M» + M; of the rocket engine subject 
to the constraint that the desired velocity v, from Problem | is attained. The method of 
Lagrange multipliers is appropriate here, but difficult to implement using the current 
expressions. To simplify, we define variables N; so that the constraint equation may be 


expressed as v = c(In N; + In M, + In N3). Since M is now difficult to express in terms of 
the N;’s, we wish to use a simpler function that will be minimized at the same place as M. 


Show that 
Wh te Wh sees AN (il = SG 
M.+M3+A il = Sw 
Mz 3E 3 +A (il — S)N2 
M; +A 1 — SN 
M; + A (= SN 
A 1 — SN3 
and conclude that 
M+A (1 — SPNINN; 
A (1 — SN,)(L — SNz)(1 — SNs) 


53 


Verify that In((M + A)/A) is minimized at the same location as M; use Lagrange multipli- 
ers and the results of Problem 2 to find expressions for the values of N; where the minimum 
occurs subject to the constraint v; = c(In N; + In M + In N3). [Hint: Use properties of 
logarithms to help simplify the expressions. ] 


4. Find an expression for the minimum value of M as a function of vy. 


5. If we want to put a three-stage rocket into orbit 100 miles above the earth’s surface, a final 
velocity of approximately 17,500 mi/h is required. Suppose that each stage is built with a 
structural factor § = 0.2 and an exhaust speed of c = 6000 mi/h. 

(a) Find the minimum total mass M of the rocket engines as a function of A. 
(b) Find the mass of each individual stage as a function of A. (They are not equally sized.) 


Gò 


The same rocket would require a final velocity of approximately 24,700 mi/h in order to 
escape earth’s gravity. Find the mass of each individual stage that would minimize the total 
mass of the rocket engines and allow the rocket to propel a 500-pound probe into deep 
space. 
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APPLIED PROJECT | HYDRO-TURBINE OPTIMIZATION 


At a hydroelectric generating station, water is piped from a dam to the power station. The rate 
at which the water flows through the pipe varies, depending on external conditions. 

The power station has three different hydroelectric turbines, each with a known (and 
unique) power function that gives the amount of electric power generated as a function of the 
water flow arriving at the turbine. The incoming water can be apportioned in different volumes 
to each turbine, so the goal of this project is to determine how to distribute water among the 
turbines to give the maximum total energy production for any rate of flow. 

Using experimental evidence and Bernoulli's equation, the following quadratic models 
were determined for the power output of each turbine, along with the allowable flows of 


operation: 
KW, = (—18.89 + 0.12770, — 4.08 - 10°°O7)(170 — 1.6 - 10°°Q?) 
KW, = (—24.51 + 0.13580, — 4.69 - 10°°Q?)(170 — 1.6 - 10°°Q2) 
KW; = (—27.02 + 0.13800; — 3.84 - 10°°O;)(170 — 1.6 - 10° °Q?) 
250 = Q, = 1110, 250 [< Q, < 1110, 250 < Q, < 1225 
where 


Q; = flow through turbine i in cubic feet per second 
KW; = power generated by turbine 7 in kilowatts 
Qr = total flow through the station in cubic feet per second 


1. If all three turbines are being used, we wish to determine the flow Q; to each turbine that 
will give the maximum total energy production. Our limitations are that the flows must 
sum to the total incoming flow and the given domain restrictions must be observed. Conse- 
quently, use Lagrange multipliers to find the values for the individual flows (as functions 
of Qr) that maximize the total energy production 


KW, + KW, + KW; 
subject to the constraints 

(Oh ar Qy ar Os = (Qi 
and the domain restrictions on each Qj. 


2. For which values of Q7 is your result valid? 


3. For an incoming flow of 2500 ft/s, determine the distribution to the turbines and verify 
(by trying some nearby distributions) that your result is indeed a maximum. 


4. Until now we have assumed that all three turbines are operating; is it possible in some 
situations that more power could be produced by using only one turbine? Make a graph of 
the three power functions and use it to help decide if an incoming flow of 1000 ft*/s should 
be distributed to all three turbines or routed to just one. (If you determine that only one tur- 
bine should be used, which one would it be?) What if the flow is only 600 ft/s? 


5. Perhaps for some flow levels it would be advantageous to use two turbines. If the incoming 
flow is 1500 ft/s, which two turbines would you recommend using? Use Lagrange multi- 
pliers to determine how the flow should be distributed between the two turbines to maxi- 
mize the energy produced. For this flow, is using two turbines more efficient than using all 
three? 


6. If the incoming flow is 3400 ft*/s, what distribution would you recommend to the station 
management? 
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CONCEPT CHECK 


CHAPTER 14 Review 1031 


Answers to the Concept Check are available at StewartCalculus.com. 


1. (a) What is a function of two variables? 
(b) Describe three methods for visualizing a function of two 
variables. 


2. What is a function of three variables? How can you visualize 
such a function? 


3. What does 
li W=HL 
(x, y) A b) Fe y) 


mean? How can you show that such a limit does not exist? 


4. (a) What does it mean to say that f is continuous at (a, b)? 
(b) If f is continuous on R’, what can you say about its 
graph? 


5. (a) Write expressions for the partial derivatives f,(a, b) and 
f(a, b) as limits. 
(b) How do you interpret f(a, b) and f,(a, b) geometrically? 
How do you interpret them as rates of change? 
(c) If f(x, y) is given by a formula, how do you calculate f, 
and f,? 


6. What does Clairaut’s Theorem say? 


7. How do you find a tangent plane to each of the following 
types of surfaces? 
(a) A graph of a function of two variables, z = f(x, y) 
(b) A level surface of a function of three variables, 
F(x, y,z) =k 


8. Define the linearization of f at (a, b). What is the correspond- 
ing linear approximation? What is the geometric interpreta- 
tion of the linear approximation? 


9. (a) What does it mean to say that f is differentiable at (a, b)? 
(b) How do you usually verify that f is differentiable? 


10. If z = f(x, y), what are the differentials dx, dy, and dz? 


11. State the Chain Rule for the case where z = f(x, y) and x and 
y are functions of one variable. What if x and y are functions 
of two variables? 


TRUE-FALSE QUIZ 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


If z is defined implicitly as a function of x and y by an equa- 
tion of the form F(x, y, z) = 0, how do you find dz/dx and 
dz/dy? 


(a) Write an expression as a limit for the directional deriva- 
tive of f at (xo, yo) in the direction of a unit vector 
u = (a, b). How do you interpret it as a rate? How do 
you interpret it geometrically? 

(b) If f is differentiable, write an expression for Da f (xo, yo) 
in terms of fy and fy. 


(a) Define the gradient vector Vf for a function f of two or 
three variables. 

(b) Express Du f in terms of Vf. 

(c) Explain the geometric significance of the gradient. 


What do the following statements mean? 
(a) f has a local maximum at (a, b). 

(b) f has an absolute maximum at (a, b). 
(c) f has a local minimum at (a, b). 

(d) f has an absolute minimum at (a, b). 
(e) f has a saddle point at (a, b). 


(a) If f has a local maximum at (a, b), what can you say 
about its partial derivatives at (a, b)? 
(b) What is a critical point of f? 


State the Second Derivatives Test. 


(a) What is a closed set in R*? What is a bounded set? 

(b) State the Extreme Value Theorem for functions of two 
variables. 

(c) How do you find the values that the Extreme Value 
Theorem guarantees? 


Explain how the method of Lagrange multipliers works 

in finding the extreme values of f(x, y, z) subject to the con- 
straint g(x, y, z) = k. What if there is a second constraint 
h(x, y, z) = c? 


Determine whether the statement is true or false. If it is true, 
explain why. If it is false, explain why or give an example that 
disproves the statement. 


f(a, y) = f(a, b) 
y—b 


1. f(a, b) lim 


2. There exists a function f with continuous second-order 
partial derivatives such that f(x, y) = x + y? and 
HQ, y) =x y?. 


If 
3. fo = Ox Oy 
4. Dy f(x, y, z) = f(x, y, Z) 


. If f(x, y) — Las (x, y) > (a, b) along every straight line 


through (a, b), then limi, y)— (a, 5) f(x, y) = L. 


. If f(a, b) and f(a, b) both exist, then f is differentiable 


at (a, b). 
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7. If f has a local minimum at (a, b) and f is differentiable at 
(a, b), then Vf (a, b) = 0. 


8. If f is a function, then 


lim _ f(x,y) = f(, 5) 


(x, y) > (2,5) 


9. If f(x, y) = ln y, then V(x, y) = 1/y. 


EXERCISES 


10. If (2, 1) is a critical point of f and 
F, DA D < fol, DT? 
then f has a saddle point at (2, 1). 
11. If f(x, y) = sin x + sin y, then —/2 < Da f(x, y) < V2. 


12. If f(x, y) has two local maxima, then f must have a local 
minimum. 


1-2 Find and sketch the domain of the function. 
1. f(x,y) = ln(x + y + 1) 
2. f(xy) = V4 —-2? —y? + J/1 — x? 


3-4 Sketch the graph of the function. 
3. f(x,y) =1- y’ 4. f(x,y) =x? + (y — 2) 


5-6 Sketch several level curves of the function. 


5. f(x, y) = V4x? + y? 6. f(xy) =e +y 


7. Make a rough sketch of a contour map for the function whose 
graph is shown. 


8. The contour map of a function f is shown. 
(a) Estimate the value of (3, 2). 
(b) Is f.(3, 2) positive or negative? Explain. 
(c) Which is greater, f, (2, 1) or f, (2, 2)? Explain. 


YA 
54+ 

= ie 
44 

80 
34 70 
60 
50 
2] 40 
30 
20 

1 SS 

Aa + t nail —> 
0 1 2 3 4 x 


9-10 Evaluate the limit or show that it does not exist. 


: 2xy . 2xy 
. lim -za 10. lim -na 
(wy), x + 2y @ y)> 0,0) x° + 2y* 


11. A metal plate is situated in the xy-plane and occupies the 
rectangle 0 < x < 10,0 < y < 8, where x and y are mea- 
sured in meters. The temperature at the point (x, y) in the 
plate is T(x, y), where T is measured in degrees Celsius. 
Temperatures at equally spaced points were measured and 
recorded in the table. 

(a) Estimate the values of the partial derivatives T,(6, 4) 
and 7,(6, 4). What are the units? 

(b) Estimate the value of Du 7T(6, 4), where u = (i + j) WZ: 
Interpret your result. 

(c) Estimate the value of 7,,(6, 4). 


10 92 92 91 87 78 


12. Find a linear approximation to the temperature function 
T(x, y) in Exercise 11 near the point (6, 4). Then use it to 
estimate the temperature at the point (5, 3.8). 


13-17 Find the first partial derivatives. 


u + 2v 


13. f(x, y) = (Sy? + 2x7y)8 a 
We ae or 


14. glu, v) = 


15. F(a, B) = a* In(a? + B?) 
16. G(x, y, z) = e” sin(y/z) 
17. S(u, v, w) = warctan(v/w ) 
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18. The speed of sound traveling through ocean water is a func- 


tion of temperature, salinity, and pressure. It has been mod- 
eled by the function 


C = 1449.2 + 4.6T — 0.055T* + 0.00029T° 
+ (1.34 — 0.01T)(S — 35) + 0.016D 


where C is the speed of sound (in meters per second), T is 
the temperature (in degrees Celsius), S is the salinity (the 
concentration of salts in parts per thousand, which means 
the number of grams of dissolved solids per 1000 g of 
water), and D is the depth below the ocean surface (in 
meters). Compute 0C/dT, dC/dS, and dC/dD when 

T = 10°C, S = 35 parts per thousand, and D = 100 m. 
Explain the physical significance of these partial 
derivatives. 


19-22 Find all second partial derivatives of f. 
19. f(x,y) = 4x° — xy’ 20. z = xe” 
21. f(x, y,z) = x*y'z™ 22. v =rcos(s + 22) 
de Oz Oz 
23. If z = xy + xe, show that x ty xy +z. 
ðx ` Oy 
24. If z = sin(x + sin f), show that 


25- 


dz ð?’z 
ðt ax? 


dz az 
Ox Ox dt 


29 Find equations of (a) the tangent plane and (b) the 


normal line to the given surface at the specified point. 


25. 
26. 
27. 
28. 
29. 


z=3x?—y?4+2x, (1,-2,1) 
z=e* cosy, (0,0, 1) 

x? + 2y? — 322=3, (2,-1,1) 
xy t+yzt+zx=3, (1,1,1) 


sin(xyz) =x + 2y + 3z, (2, -1,0) 


31. 


32. 
33. 


FY 30. 


Use a computer to graph the surface z = x? + y* and its 
tangent plane and normal line at (1, 1, 2) on the same 
screen. Choose the domain and viewpoint so that you get a 
good view of all three objects. 


Find the points on the hyperboloid 
xt 4y?- 7 =4 
where the tangent plane is parallel to the plane 
2x +2y+z=5 
Find du if u = In(1 + se”). 
Find the linear approximation of the function 


f(x,y, z) = x3/y? + z? at the point (2, 3, 4) and use it 


to estimate the number (1.98) (3.01)? + (3.97)?. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


44. 
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The two legs of a right triangle are measured as 5 m and 
12 m with a possible error in measurement of at most 

0.2 cm in each. Use differentials to estimate the maximum 
error in the calculated value of (a) the area of the triangle 
and (b) the length of the hypotenuse. 


If u = x°y? + z*, where x = p + 3p’, y = pe”, and 
z = p sin p, use the Chain Rule to find du/dp. 


Ifv = x°sin y + ye”, where x = s + 2t and y = st, 
use the Chain Rule to find dv/ds and dv/dt when s = 0 
andt = 1. 


Suppose z = f(x, y), where x = g(s, t), y = h(s, t), 

gl, 2) = 3, gs(1, 2) = —1, g:(1, 2) = 4, h(1, 2) = 6, 
h,(1,2) = —5, h,(1, 2) = 10, f.(3, 6) = 7, and f,(3, 6) = 8. 
Find dz/ds and dz/dt when s = 1 andt = 2. 


Use a tree diagram to write out the Chain Rule for the case 
where w = f(t, u, v), t = t(p, q,r, s), u = u(p, q, r, s), and 
v = v(p, q, r, s) are all differentiable functions. 


Ifz = y + f(x? — y’), where f is differentiable, show that 


The length x of a side of a triangle is increasing at a rate of 
3 in/s, the length y of another side is decreasing at a rate of 
2 in/s, and the contained angle 0 is increasing at a rate of 
0.05 radian/s. How fast is the area of the triangle changing 
when x = 40 inches, y = 50 inches, and 0 = 77/6? 


If z = f(u, v), where u = xy, v = y/x, and f has continuous 
second partial derivatives, show that 


, OZ 3 az az Oz 
tae z 4uv + 2v 
Ox” oy ðu ðv ðv 
5 ð ð 
If cos(xyz) = 1 + x°y? + z?, find = and —. 
Ox oy 


Find the gradient of the function f(x, y, z) = xe”. 


(a) When is the directional derivative of f a maximum? 
(b) When is it a minimum? 

(c) When is it 0? 

(d) When is it half of its maximum value? 


45-46 Find the directional derivative of f at the given point in 
the indicated direction. 


45. 


46. 


f(xy) =x7e, (—2,0), 
in the direction toward the point (2, —3) 


f(x,y,z) = xy +xy1 +z, (1,2,3), 


in the direction of v = 2i + j — 2k 


47. 


Find the maximum rate of change of f(x, y) = x2y + yy 
at the point (2, 1). In which direction does it occur? 
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48. Find the direction in which f(x, y, z) = ze*” increases most 
rapidly at the point (0, 1, 2). What is the maximum rate of 
increase? 


49. The contour map shows wind speed in knots during Hurri- 
cane Andrew on August 24, 1992. Use it to estimate the 
value of the directional derivative of the wind speed at 
Homestead, Florida, in the direction of the eye of the 
hurricane. 


å 


tead 


Homes 
e 


“Key West 


—— EE | 
0 10 20 30 40 
(Distance in miles) 


50. Find parametric equations of the tangent line at the point 
(—2, 2, 4) to the curve of intersection of the surface 
z = 2x° — y’ and the plane z = 4. 


51-54 Find the local maximum and minimum values and saddle 
points of the function. You are encouraged to graph the function 
with a domain and viewpoint that reveals all the important 
aspects of the function. 


51. f(x,y) =x? — xy + y? + 9x — 6y + 10 
52. f(x,y) =x? — 6xy + 8y? 


53. f(x,y) = 3xy — x’y — xy? 
54. f(x,y) = (x? + yje”? 


55-56 Find the absolute maximum and minimum values of f on 
the set D. 


55. f(x, y) = 4xy? — x*y? — xy*; Dis the closed triangular 
region in the xy-plane with vertices (0, 0), (0, 6), and (6, 0) 


56. f(x,y) =e* (x? + 2y’); Dis the disk x? + y? <4 


[Ñ 57. Usea graph or level curves or both to estimate the local 


maximum and minimum values and saddle points of 
f(x, y) = x? — 3x + yt — 2y*. Then use calculus to find 
these values precisely. 


[Ñ 58. Use a graphing calculator or computer (or Newton’s 
method) to find the critical points of 


f(x,y) = 12 4 


correct to three decimal places. Then classify the critical 
points and find the highest point on the graph. 


4 


10y — 2x? — 8xy — y 


59-62 Use Lagrange multipliers to find the maximum and 
minimum values of f subject to the given constraint(s). 


59. f(x,y) =x°y, x +y’ =1 
1 1 1 1 

60. f(x, y) + —, ytazHl 
x y xX y 


61. f(x,y,z) = xyz xX +y +7 =3 


62. f(x, y, z) = x? + 2y? + 327; 
x+ty+z=1, x-yt2z=2 


63. Find the points on the surface xyz? = 2 that are closest to 
the origin. 


FX 64. In this problem we identify a point (a, b) on the line 

16x + 15y = 100 such that the sum of the distances from 

(—3, 0) to (a, b) and from (a, b) to (3, 0) is a minimum. 

(a) Write a function f that gives the sum of the distances 
from (—3, 0) to a point (x, y) and from (x, y) to (3, 0). 
Let g(x, y) = 16x + 15y. Following the method of 
Lagrange multipliers, we wish to find the minimum 
value of f subject to the constraint g(x, y) = 100. 
Graph the constraint curve along with several level 
curves of f, and then use the graph to estimate the 
minimum value of f. What point (a, b) on the line 
minimizes f? 

(b) Verify that the gradient vectors Vf(a, b) and Vg(a, b) 
are parallel. 


65. A pentagon is formed by placing an isosceles triangle on a 
rectangle, as shown in the figure. If the pentagon has fixed 
perimeter P, find the lengths of the sides of the pentagon 
that maximize the area of the pentagon. 
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Problems Plus 


1. 


4. 


i 


6. 


A rectangle with length L and width W is cut into four smaller rectangles by two lines paral- 
lel to the sides. Find the maximum and minimum values of the sum of the squares of the 
areas of the smaller rectangles. 


Marine biologists have determined that when a shark detects the presence of blood in the 
water, it will swim in the direction in which the concentration of the blood increases most 
rapidly. Based on certain tests, the concentration of blood (in parts per million) at a point 
P(x, y) on the surface of seawater is approximated by 


C(x, y) = e7 +29?) /104 


where x and y are measured in meters in a rectangular coordinate system with the blood 

source at the origin. 

(a) Identify the level curves of the concentration function and sketch several members of 
this family together with a path that a shark will follow to the source. 

(b) Suppose a shark is at the point (xo, yo) when it first detects the presence of blood in 
the water. Find an equation of the shark’s path by setting up and solving a differential 
equation. 


A long piece of galvanized sheet metal with width w is to be bent into a symmetric form 

with three straight sides to make a rain gutter. A cross-section is shown in the figure. 

(a) Determine the dimensions that allow the maximum possible flow; that is, find the 
dimensions that give the maximum possible cross-sectional area. 

(b) Would it be better to bend the metal into a gutter with a semicircular cross-section? 


For what values of the number r is the function 


Q@tytz) . 
fa y 2) _ ety tz if ‘ea y, z) A (0, 0, 0) 
0 if (x, y, z) = (0, 0, 0) 


continuous on R°? 


Suppose f is a differentiable function of one variable. Show that all tangent planes to the 
surface z = xf(y/x) intersect in a common point. 


(a) Newton’s method for approximating a solution of an equation f(x) = 0 (see Section 4.8) 
can be adapted to approximating a solution of a system of equations f(x, y) = 0 and 
g(x, y) = 0. The surfaces z = f(x, y) and z = g(x, y) intersect in a curve that intersects 
the xy-plane at the point (r, s), which is the solution of the system. If an initial approxi- 
mation (xı, yı) is close to this point, then the tangent planes to the surfaces at (x1, yı) 
intersect in a straight line that intersects the xy-plane in a point (x2, y2), which should be 
closer to (r, s). (Compare with Figure 4.8.2.) Show that 


Sy = hg 


Xo = Xi eS and ya= a 


= $I- fo 
Fd — fg 


igs = fs gx 


where f, g, and their partial derivatives are evaluated at (x1, yı). If we continue this pro- 
cedure, we obtain successive approximations (Xn, Yn). 

(b) It was Thomas Simpson (1710-1761) who formulated Newton’s method as we know 
it today and who extended it to functions of two variables as in part (a). (See the 
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biography of Simpson in Section 7.7.) The example that he gave to illustrate the method 
was to solve the system of equations 


x* + y” = 1000 x’ + y* = 100 


In other words, he found the points of intersection of the curves in the figure. Use the 
method of part (a) to find the coordinates of the points of intersection correct to six deci- 


mal places. 
yA 
x*+y’= 1000 
44 
x’ +y*= 100 

2+ 

+ t > 
0 2 4 x 


7. If the ellipse x°/a? + y’/b? = 1 is to enclose the circle x? + y? = 2y, what values of a and b 
minimize the area of the ellipse? 


8. Show that the maximum value of the function 


_ (ax + by + cy 

f(x,y) = x+y +1 

isa?’ +b? +c. 

Hint: One method for attacking this problem is to use the Cauchy-Schwarz Inequality: 
[a-b| = |a||b]| 


(See Exercise 12.3.61.) 
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Tumors, such as the one illustrated here, have been modeled as “bumpy spheres.’ In Exercise 15.8.49 you are asked to compute the 
volume enclosed by such a surface. 


peterschreiber.media / Shutterstock.com 


1 Multiple Integrals 


IN THIS CHAPTER WE EXTEND the idea of a definite integral to double and triple integrals of 
functions of two or three variables. These ideas are then used to compute volumes, masses, and 
centroids of more general regions than we were able to consider in Chapters 6 and 8. We also use 
double integrals to calculate probabilities when two random variables are involved. 

We will see that polar coordinates are useful in computing double integrals over some types 
of regions. In a similar way, we will introduce two new coordinate systems in three-dimensional 
space— cylindrical coordinates and spherical coordinates— that greatly simplify the computation 
of triple integrals over certain commonly occurring solid regions. 


1037 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


1038 CHAPTER 15 Multiple Integrals 


15.1 | Double Integrals over Rectangles 


In much the same way that our attempt to solve the area problem led to the definition of 
a definite integral, we now seek to find the volume of a solid and in the process we arrive 
at the definition of a double integral. 


E Review of the Definite Integral 


First let’s recall the basic facts concerning definite integrals of functions of a single vari- 
able. If f(x) is defined for a S x < b, we start by dividing the interval [a, b] into n sub- 
intervals [x;-, x;] of equal width Ax = (b — a)/n and we choose sample points x* in 
these subintervals. Then we form the Riemann sum 


m] MC Ax 


and take the limit of such sums as n — © to obtain the definite integral of f from a to b: 
[2] FF de = lim > fG” Ax 
a n>”! i=] 


In the special case where f(x) = 0, the Riemann sum can be interpreted as the sum of 
the areas of the approximating rectangles in Figure 1, and Pf (x) dx represents the area 
under the curve y = f(x) from a to b. 


YA 


FIGURE 1 


E Volumes and Double Integrals 


In a similar manner we consider a function f of two variables defined on a closed 
rectangle 


R = [a,b] X [c,d] = {(x, y) € R? | a<x<b,c<y<d} 


and we first suppose that f(x, y) = 0. The graph of f is a surface with equation z = f(x, y). 
Let S be the solid that lies above R and under the graph of f, that is, 


5 = {(x, y, 2) E R? | 0< z< fix, y), (x,y) E R} 


(See Figure 2.) Our goal is to find the volume of S. 

FIGURE 2 The first step is to divide the rectangle R into subrectangles. We accomplish this by 
dividing the interval [a, b] into m subintervals |x;-1, x;] of equal width Ax = (b — a)/m 
and dividing |c, d] into n subintervals [y;-ı, y;] of equal width Ay = (d — c)/n. By 
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SECTION 15.1 Double Integrals over Rectangles 1039 
drawing lines parallel to the coordinate axes through the endpoints of these subintervals, 
as in Figure 3, we form the subrectangles 

Ry = [xia] X [yy] = {(x, y) | xi SxS xir yj SyS vif 
each with area AA = Ax Ay. 


YA 


FIGURE 3 


Dividing R into subrectangles 


If we choose a sample point (x, y;*) in each R;;, then we can approximate the part of 
S that lies above each R; by a thin rectangular box (or “column”) with base R;; and height 
f (xi7, yi*) as shown in Figure 4. (Compare with Figure 1.) The volume of this box is the 
height of the box times the area of the base rectangle: 


f(xif, yi) AA 


If we follow this procedure for all the rectangles and add the volumes of the correspond- 
ing boxes, we get an approximation to the total volume of S: 


[3] V= > > fri, yi) AA 
bh j= 


(See Figure 5.) This double sum means that for each subrectangle we evaluate f at the 
chosen point and multiply by the area of the subrectangle, and then we add the results. 


ZA ZA 


FIGURE 4 FIGURE 5 
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1040 


The meaning of the double limit in 
Equation 4 is that we can make the 
double sum as close as we like to the 
number V [for any choice of (x;*, yi) 
in Ri] by taking m and n sufficiently 
large. 


Notice the similarity between 
Definition 5 and the definition of a 
single integral in Equation 2. 


Although we have defined the double 
integral by dividing R into equal-sized 
subrectangles, we could have used 
subrectangles Ri; of unequal size. But 
then we would have to ensure that all 
of their dimensions approach 0 in the 
limiting process. 


CHAPTER 15 Multiple Integrals 


Our intuition tells us that the approximation given in (3) becomes better as m and n 
become larger and so we would expect that 


m n 


lim X > fi, yt) AA 


[4] y= 
m, n>% i=] j=1 

We use the expression in Equation 4 to define the volume of the solid S that lies under 
the graph of f and above the rectangle R. (It can be shown that this definition is consis- 
tent with our formula for volume in Section 6.2.) 

Limits of the type that appear in Equation 4 occur frequently, not just in finding vol- 
umes but in a variety of other situations as well—as we will see in Section 15.4—even 
when f is not a positive function. So we make the following definition. 


[5] Definition The double integral of f over the rectangle R is 


m n 


[|7@.y) 44 = lim > > f(xi, yt) AA 


m,n 


A i=1 j=l 


if this limit exists. 


The precise meaning of the limit in Definition 5 is that for every number £ > 0 there 
is an integer N such that 


m n 


UEG y) dA — © © fağ,yř) AA | <e 


ni i=1 j=1 


for all integers m and n greater than N and for any choice of sample points (x, y) in Rj. 

A function f is called integrable if the limit in Definition 5 exists. It is shown in 
courses on advanced calculus that all continuous functions are integrable. In fact, the 
double integral of f exists provided that f is “not too discontinuous.” In particular, if f 
is bounded on R [that is, there is a constant M such that | f(x, y) | < M for all (x, y) in R], 
and f is continuous there, except possibly on a finite number of smooth curves, then f is 
integrable over R. 

The sample point (x, yj) can be chosen to be any point in the subrectangle R;;, but if 
we choose it to be the upper right-hand corner of R;; [namely (x;, y;), see Figure 3], then 
the expression for the double integral looks simpler: 


m n 


[6] [|œ 9) da = lim $ È fy) AA 


A , i=1 j=l 


By comparing Definitions 4 and 5, we see that a volume can be written as a double 
integral: 


If f(x, y) = 0, then the volume V of the solid that lies above the rectangle R and 
below the surface z = f(x, y) is 


V= ff f(x,y) dA 
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SECTION 15.1 Double Integrals over Rectangles 1041 


The sum in Definition 5, 


n 


F(x, yit) AA 


i=1 j=1 


is called a double Riemann sum and is used as an approximation to the value of the 
double integral. [Notice how similar it is to the Riemann sum in (1) for a function of a 
single variable.] If f happens to be a positive function, then the double Riemann sum 
represents the sum of volumes of columns, as in Figure 5, and is an approximation to the 
volume under the graph of f. 


EXAMPLE 1 Estimate the volume of the solid that lies above the square 

R = [0, 2] x [0, 2] and below the elliptic paraboloid z = 16 — x? — 2y’. Divide R into 
four equal squares and choose the sample point to be the upper right corner of each 
square R;;. Sketch the solid and the approximating rectangular boxes. 


SOLUTION The squares are shown in Figure 6. The paraboloid is the graph of 
f(x,y) = 16 — x’ — 2y° and the area of each square is AA = 1. Approximating the 
volume by the Riemann sum with m = n = 2, we have 


2 


Mer 


FIGURE 6 or 2 fey) An 
= f(1, 1) AA + f(1, 2) AA + f(2, 1) AA + f(2, 2) AA 
= 13(1) + 7(1) + 10(1) + 4(1) = 34 
This is the volume of the approximating rectangular boxes shown in Figure 7. E 


We get better approximations to the volume in Example 1 if we increase the num- 
ber of squares. Figure 8 shows how the columns start to look more like the actual solid 
and the corresponding approximations become more accurate when we use 16, 64, and 
256 squares. In Example 7 we will be able to show that the exact volume is 48. 


x 


FIGURE 7 


FIGURE 8 

The Riemann sum approximations to 
the volume under z = 16 — x° — 2y? 
become more accurate as 

m and n increase. (a)m=n=4,V~ 41.5 (b) m=n= 8, V = 44.875 (c)m=n=16, V = 46.46875 


EXAMPLE 2 If R = {(x,y) | -1 <x <1, —2 < y < 2}, evaluate the integral 
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1042 CHAPTER 15 Multiple Integrals 


SOLUTION It would be very difficult to evaluate this integral directly from Defini- 
tion 5 but, because y1 — x? = 0, we can compute the integral by interpreting it as a 
volume. If z = y1 — x?, then x? + z? = 1 and z = 0, so the given double integral 
represents the volume of the solid S that lies below the circular cylinder x? + z* = 1 
and above the rectangle R. (See Figure 9.) The volume of S is the area of a semicircle 
with radius 1 times the length of the cylinder. Thus 


FIGURE 9 {| VIZ x? dA =4n(1? x 4 = 2r i 
R 


E The Midpoint Rule 


The methods that we used for approximating single integrals (the Midpoint Rule, the 
Trapezoidal Rule, Simpson’s Rule) all have counterparts for double integrals. Here we 
consider only the Midpoint Rule for double integrals. This means that we use a double 
Riemann sum to approximate the double integral, where the sample point (xj, y) in Ry 
is chosen to be the center (x;, y;) of R;;. In other words, x; is the midpoint of [x;-1, x;] and 
y; is the midpoint of [ y;-1, y;]. 


Midpoint Rule for Double Integrals 


m n 


[J oy) da ~= X & 7.5) aa 


i=] j=1 


where x; is the midpoint of [x;-1, x;] and y; is the midpoint of [ y;-1, y;]. 


EXAMPLE3 Use the Midpoint Rule with m = n = 2 to estimate the value of the 
integral ||, (x — 3y°) dA, where R = {(x, y) | 0S x <2,1<y <2}. 


y SOLUTION In using the Midpoint Rule with m = n = 2, we evaluate 
f(x,y =x - 7 3y? at the centers e the four subrectangles shown in Figure 1. So 
Xx = 5% X = 3, y= 3, and y: = 7, The area of each subrectangle is AA = 5 +. Thus 


[e -3a = DD fy) AA 


i=1 j=l 


= f, yı) AA + fi, y2) AA + f, yi) AA + f, y2) AA 
=f, 3) AA + SGF) AA + fG, FAA +G, 5) AA 
FIGURE 10 = (23) + CRE (ae (ae 


= —2 = -11.875 


ay 


Thus we have {| (x — 3y?) dA ~ —11.875 E 
F 


NOTE In Example 5 we will see that the exact value of the double integral given in 
Example 3 is — 12. (Remember that the interpretation of a double integral as a volume is 
valid only when the integrand f is a positive function. The integrand in Example 3 is not 
a positive function, so its integral is not a volume. In Examples 5 and 6 we will discuss 
how to interpret integrals of functions that are not always positive in terms of volumes.) 
If we keep dividing each subrectangle in Figure 10 into four smaller ones with similar 
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Number of Midpoint Rule 
subrectangles approximation 
1 —11.5000 
4 — 11.8750 
16 — 11.9687 
64 —11.9922 
256 —11.9980 
1024 —11.9995 


SECTION 15.1 Double Integrals over Rectangles 1043 


shape, we get the Midpoint Rule approximations displayed in the table in the margin. 
Notice how these approximations approach the exact value of the double integral, — 12. 


E Iterated Integrals 


Recall that it is usually difficult to evaluate single integrals directly from the definition of 
an integral, but the Fundamental Theorem of Calculus provides a much easier method. 
The evaluation of double integrals from first principles is even more difficult, but here we 
see how to express a double integral as an iterated integral, which can then be evaluated 
by calculating two single integrals. 

Suppose that f is a function of two variables that is integrable on the rectangle 
R = [a, b] X [c, d]. We use the notation |“ f(x, y) dy to mean that x is held fixed and 
f(x, y) is integrated with respect to y from y = c to y = d. This procedure is called par- 
tial integration with respect to y. (Notice its similarity to partial differentiation.) Now 
j f(x, y) dy is a number that depends on the value of x, so it defines a function of x: 


A(x) = | fæ) dy 


If we now integrate the function A with respect to x from x = a to x = b, we get 


EO dx = P [re y) a| dx 


The integral on the right side of Equation 7 is called an iterated integral. Usually the 
brackets are omitted. Thus 


A Eo y) dy dx = P [ve y) a| dx 


means that we first integrate with respect to y (holding x fixed) from y = c to y = d, and 
then we integrate the resulting function of x with respect to x from x = a to x = b. 
Similarly, the iterated integral 


ao pmnan- [|iea]a 


means that we first integrate with respect to x (holding y fixed) from x = a to x = b and 
then we integrate the resulting function of y with respect to y from y = c to y = d. 
Notice that in both Equations 8 and 9 we work from the inside out. 


EXAMPLE 4 Evaluate the iterated integrals. 
P32 2 2.3 2 
(a) f [Py dy ax (b) f F xy dxdy 


SOLUTION 
(a) Regarding x as a constant, we obtain 


2 p7 2 2 
29 =, |i, _ »f 2 of 1 \ _ 3.» 
fever [oz] el) -o(8) 


Thus the function A in the preceding discussion is given by A(x) = 3x? in this 
example. We now integrate this function of x from 0 to 3: 


[feroa f[fere]an (ura 5] 2 
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Theorem 10 is named after the 


CHAPTER 15 Multiple Integrals 


(b) Here we first integrate with respect to x, regarding y as a constant: 


[Pevace=f'[Peve]o=( [Fs] 0 


a ying |= E 
yana 


Notice that in Example 4 we obtained the same answer whether we integrated with 
respect to y or x first. In general, it turns out (see Theorem 10) that the two iterated 
integrals in Equations 8 and 9 are always equal; that is, the order of integration does 
not matter. (This is similar to Clairaut’s Theorem on the equality of the mixed partial 
derivatives.) 

The following theorem gives a practical method for evaluating a double integral by 
expressing it as an iterated integral (in either order). 


Fubini’s Theorem If f is continuous on the rectangle 


Italian mathematician Guido Fubini R={(x,y) | a<x<b,c<y<d} 
(1879-1943), who proved a very then 


general version of this theorem in 


1907. But the version for continuous {| f(x, y) dA = f ES y) dy dx = K [re y) dx dy 
functions was known to the French R iad owe 
mathematician Augustin-Louis 
Cauchy almost a century earlier. 


FIGURE 12 


More generally, this is true if we assume that f is bounded on R, f is discontin- 
uous only on a finite number of smooth curves, and the iterated integrals exist. 


The proof of Fubini’s Theorem is too difficult to include in this book, but we can at 
least give an intuitive indication of why it is true for the case where f(x, y) = 0. Recall 
that if f is positive, then we can interpret the double integral ie f(x, y) dA as the volume 
V of the solid S that lies above R and under the surface z = f(x, y). But we have another 
formula that we used for volume in Section 6.2, namely, 


v= f ” A(x) dx 
where A(x) is the area of a cross-section of S in the plane through x perpendicular to the 


x-axis. From Figure 11 you can see that A(x) is the area under the curve C whose equa- 
tion is z = f(x, y), where x is held constant and c S y < d. Therefore 


A(x) = J" Fœ) dy 


and we have 


i | f(x,y) dA=V= EO dx = f N f(x, y) dy dx 


A similar argument, using cross-sections perpendicular to the y-axis as in Figure 12, 
shows that 


[fræ y) aa = f" |’ Fœ y) dx dy 
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Notice the negative answer in 
Example 5; nothing is wrong with 
that. The function f is not a positive 
function, so its integral doesn't 
represent a volume. From Figure 13 
we see that f is always negative on R, 
so the value of the integral is the 
negative of the volume that lies above 
the graph of f and below R. 


FIGURE 13 


For a function f that takes on both 
positive and negative values, 

Wp f(x, y) dA is a difference of 
volumes: V; — V2, where V; is the 
volume above R and below the graph 
of f, and V2 is the volume below R 
and above the graph. The fact that the 
integral in Example 6 is 0 means that 
these two volumes V; and V; are 
equal. (See Figure 14.) 


FIGURE 14 
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EXAMPLE 5 Evaluate the double integral ir (x — 3y*)dA, where 
R = {(x,y) | 0S x< 2,1 < y < 2}. (Compare with Example 3.) 


SOLUTION 1 Fubini’s Theorem gives 


SOLUTION 2 Again applying Fubini’s Theorem, but this time integrating with respect 
to x first, we have 


j MEAE I, k (x — 3y°) dx dy = { È = sl dy 


x=0 


2 2 
= |" 2 - 6y*)dy = 2y ay} = -12 a 


EXAMPLE 6 Evaluate ||, y sin(xy) dA, where R = [1, 2] X [0, 7]. 


SOLUTION If we first integrate with respect to x, we get 


{| y sin(xy) dA = F p y sin(xy) dx dy 


= F y |-+ cost) dy 
0 y 


x=1 


= F (—cos 2y + cos y) dy 
sal TN em 
= —! sin 2y + sin y| = 0 E 


NOTE In Example 6, if we reverse the order of integration and first integrate with respect 
to y, we get 


; 27, 
l y sin(xy) dA = f i y sin(xy) dy dx 
but this order of integration is much more difficult than the method given in the example 


because it involves integration by parts twice. Therefore, when we evaluate double inte- 
grals it is wise to choose the order of integration that gives simpler integrals. 
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EXAMPLE 7 Find the volume of the solid S that is bounded by the elliptic paraboloid 
x? + 2y? + z = 16, the planes x = 2 and y = 2, and the three coordinate planes. 


ZA SOLUTION We first observe that S is the solid that lies under the surface 

PLHP ző z = 16 — x* — 2y° and above the square R = [0, 2] Xx [0, 2]. (See Figure 15.) This 
solid was considered in Example 1, but we are now in a position to evaluate the double 
integral using Fubini’s Theorem. Therefore 


V= {| (16 — x? — 2y2)dA = E i (16 — x? — 2y?) dx dy 
R 


a 5 y = k [16x J ix? = 2y%x]._, dy 


*( 2 
FIGURE 15 = [P(S - a?) dy = [$y - °], = 48 M 
In the special case where f(x, y) can be factored as the product of a function of x only 
and a function of y only, the double integral of f can be written in a particularly simple 


form. To be specific, suppose that f(x, y) = g(x)h(y) and R = [a, b] X [c, d]. Then 
Fubini’s Theorem gives 


d fb d b 
[rey aa = f E gh) axdy = | | [ AG) ax dy 
R 
In the inner integral, y is a constant, so A(y) is a constant and we can write 


{' hi g(x) h(y) a dy = i hoft g(x) ax) | dy = e g(x) dx i h(y) dy 


since i g(x) dx is a constant. Therefore, in this case the double integral of f can be writ- 
ten as the product of two single integrals: 


[11] I) g(x) h(y) dA = I's (x) dx |"h (y)dy where R = [a,b] x [c,d] 


EXAMPLE 8 If R = [0, 7/2] X [0, 27/2], then, by Equation 11, 
ofm., 7/2 
i sin x cos y dA = f sin x dx i cos y dy 


= | -cos x| [sin y= 1-1=1 E 


The function f(x, y) = sin x cos yin 
Example 8 is positive on R, so the 
integral represents the volume of 
the solid that lies above R and below 
the graph of f shown in Figure 16. 


FIGURE 16 
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E Average Value 
Recall from Section 6.5 that the average value of a function f of one variable defined on 
an interval [a, b] is 


1 b 
foe = 5, |, £2) ax 


In a similar fashion we define the average value of a function f of two variables defined 
on a rectangle R to be 


fins = gg [| Pl 9) aA 


where A(R) is the area of R. 
If f(x, y) = 0, the equation 


A(R) X fas = || flay) dA 


says that the box with base R and height five has the same volume as the solid that lies 
under the graph of f. [If z = f(x, y) describes a mountainous region and you chop off the 
tops of the mountains at height favg, then you can use them to fill in the valleys so that the 
FIGURE 17 region becomes completely flat. See Figure 17.] 


EXAMPLE 9 The contour map in Figure 18 shows the snowfall, in inches, that fell on 
the state of Colorado on December 20 and 21, 2006. (The state is in the shape of a 
rectangle that measures 388 mi west to east and 276 mi south to north.) Use the contour 
map to estimate the average snowfall for the entire state of Colorado on those days. 


FIGURE 18 


SOLUTION Let’s place the origin at the southwest corner of the state. Then 

0 <x < 388,0 < y < 276, and f(x, y) is the snowfall, in inches, at a location x miles 
to the east and y miles to the north of the origin. If R is the rectangle that represents 
Colorado, then the average snowfall for the state on December 20-21 was 


1 
fo = Fa f(x, y) dA 
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where A(R) = 388 - 276. To estimate the value of this double integral, let’s use the 
Midpoint Rule with m = n = 4. In other words, we divide R into 16 subrectangles of 
equal size, as in Figure 19. The area of each subrectangle is 


AA = ;(388)(276) = 6693 mi? 


FIGURE 19 


Using the contour map to estimate the value of f at the center of each subrectangle, 


we get 
4 4 
[Jr da = X È fy) AA 
E i=1 j=l 
= AA[O0 + 15+8+74+2+ 25+ 185+ 11 
+45 4+ 28+ 174+ 135+ 12 + 15+ 17.5 + 13] 
= (6693)(207) 
6693)(207 
Therefore Save © Mice Gu) = 12.9 


(388)(276) 


On December 20-21, 2006, Colorado received an average of approximately 13 inches 
of snow. E 
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15.1 | Exercises 


1. (a) Estimate the volume of the solid that lies below the sur- 
face z = xy and above the rectangle 


R={(xy) | 0<x<60<y<4} 


Use a Riemann sum with m = 3, n = 2, and take the 
sample point to be the upper right corner of each square. 

(b) Use the Midpoint Rule to estimate the volume of the solid 
in part (a). 


2. If R = [0, 4] x [—1, 2], use a Riemann sum with m = 2, 
n = 3 to estimate the value of ff (1 — xy?) dA. Take the 
sample points to be (a) the lower right corners and (b) the 
upper left corners of the rectangles. 


3. (a) Use a Riemann sum with m = n = 2 to estimate the 
value of |f xe™ dA, where R = [0, 2] X [0, 1]. Take the 
sample points to be upper right corners. 

(b) Use the Midpoint Rule to estimate the integral in part (a). 


4. (a) Estimate the volume of the solid that lies below the 
surface z = 1 + x? + 3y and above the rectangle 
R = [1,2] x [0, 3]. Use a Riemann sum with m = n = 2 
and choose the sample points to be lower left corners. 
(b) Use the Midpoint Rule to estimate the volume in part (a). 


5. Let V be the volume of the solid that lies under the graph 
of f(x, y) = 52 — x? — y* and above the rectangle given 
by 2 <x <4,2 <y <6. Use the lines x = 3 and y = 4 to 
divide R into subrectangles. Let L and U be the Riemann sums 
computed using lower left corners and upper right corners, 
respectively. Without calculating the numbers V, L, and U, 
arrange them in increasing order and explain your reasoning. 


6. A 20-ft by 30-ft swimming pool is filled with water. The 
depth is measured at 5-ft intervals, starting at one corner of 
the pool, and the values are recorded in the table. Estimate the 
volume of water in the pool. 


0 5 10 15 20 25 30 
0 2 3 4 6 T 8 8 
5 2 3 4 7 8 10 8 
10 2 4 6 8 10 12 10 
15 2 3 4 2 6 8 7 
20 2 2 2 2 3 4 4 | 


7. A contour map is shown for a function f on the square 
R = [0,4] x [0, 4]. 
(a) Use the Midpoint Rule with m = n = 2 to estimate the 
value of ||, f(x, y) dA. 


(b) Estimate the average value of f. 


8. The contour map shows the temperature, in degrees Fahren- 
heit, at 4:00 PM on a day in February in Colorado. (The state 
measures 388 mi west to east and 276 mi south to north.) Use 
the Midpoint Rule with m = n = 4 to estimate the average 
temperature in Colorado at that time. 


9-11 Evaluate the double integral by first identifying it as the 
volume of a solid. 


9. [fe v2 dA, R={(x,y)|2<x<6,-1<y<5} 
10. [f (2x + dA, R={(x,y)|0<x<2,0<y <4} 


G j (4 — 2y) dA, R= [0, 1] x [0, 1] 


12. The integral fẹ V9 — y? dA, where R = [0, 4] X [0, 2], 
represents the volume of a solid. Sketch the solid. 


13-14 Find f f(x, y) dx and fò f(x, y) dy 
13. f(x,y) =x + 3x*y? 14. f(x,y) =yVx +2 
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15-26 Calculate the iterated integral. 36. i b (2 — x — y?)dydx 


@ | l (6x°y — 2x) dydx 16. i, {' (x + y)? dx dy I" u (4 — x?) dy dx 


17. { f (x + e”)dxdy 
38. Consider the solid region S that lies under the surface 
18. f | (x? + y~?) dy dx z = x’,/y and above the rectangle R = [0, 2] X [1, 4]. 
3/1 g (a) Find a formula for the area of a cross-section of S in the 
a Hae plane perpendicular to the x-axis at x for 0 < x < 2. 
19. L ip (y + y? cos x) dx dy Then use the formula to compute the areas of the 
cross-sections illustrated. 


20. f [ 5 dy dx 


a ppoe appeoa 
Dip emoa a f ETEA 


25. H | v(u + v)* du dv 
Jo Jo 


1pm — (b) Find a formula for the area of a cross-section of S in the 
20: \ \ oe was plane perpendicular to the y-axis at y for 1 S y S 4. 
Then use the formula to compute the areas of the 
cross-sections illustrated. 


27-34 Calculate the double integral. 


ZZ [| x sec?y dA, R= {(x,y) | 0<x<2,0<y< 7/4} 
28. || (y+ xy?) dA, R={(x,y) | 0<x<2,1<y< 2} 
y ) y 


29. (25 7A, R= (x,y) | 0S x<1,-3<y <3} 


tan 0 
30. {| an = dA, R={(6,1) | 0<0<7/3,0<1<}} 
: ae (c) Find the volume of S. 


31. {| xsin(x + y) dA, R= [0, 7/6] X [0, 7/3] 39-42 The figure shows a surface and a rectangle R in the 
R xy-plane. 
x (a) Set up an iterated integral for the volume of the solid that lies 
32. {| i 4x dA, R= [0,1] x [0,1] under the surface and above R. 
R k (b) Evaluate the iterated integral to find the volume of the solid. 
3. || ye™ dA, R= [0, 2] x [0,3] 39. 40. 
R 


aa i 
34. dA, R= [1,3] x [1,2 
fir R503 X02 


‘| Z = COS x cosy 
| 
| 
| 
Ta 


35-37 Sketch the solid whose volume is given by the iterated 
integral. 


35. { (4 — x — 2y) dx dy 
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41. 42. 


43. Find the volume of the solid that lies under the plane 
4x + 6y — 2z + 15 = 0 and above the rectangle 
R= {(x,y) | -l1<x<2,-1<y< 1}. 


44. Find the volume of the solid that lies under the hyperbolic 
paraboloid z = 3y* — x? + 2 and above the rectangle 
R=([-1,1] x [1,2]. 


45. Find the volume of the solid lying under the elliptic 


paraboloid x7/4 + y?/9 + z = 1 and above the rectangle 
R = [-1, 1] x [-2, 2]. 


46. Find the volume of the solid enclosed by the surface 
z = x° + xy? and the planes z = 0, x = 0, x = 5, 
and y = +2. 


47. Find the volume of the solid enclosed by the surface 
z = 1 + x°ye’ and the planes z = 0, x = +1, y = 0, 
and y = 1. 


48. Find the volume of the solid in the first octant bounded by 
the cylinder z = 16 — x’ and the plane y = 5. 


49. Find the volume of the solid enclosed by the paraboloid 
z=2 + x° + (y — 2) and the planes z = 1, x = 1, 
x= —1, y = 0, and y = 4. 


. Graph the solid that lies between the surface 
z = 2xy/(x? + 1) and the plane z = x + 2y and is bounded 
by the planes x = 0, x = 2, y = 0, and y = 4. Then find its 
volume. 


15.2 


SECTION 15.2 Double Integrals over General Regions 1051 


51. Use a computer algebra system to find the exact value of the 
integral |/,x°y*e* dA, where R = [0, 1] X [0, 1]. Then use 
the CAS to draw the solid whose volume is given by the 
integral. 


(T) 


52. Graph the solid that lies between the surfaces 
z = e™ cos(x? + y°) and z = 2 — x? — y’ for|x| <1 
|y| < 1. Use a computer algebra system to approximate the 
volume of this solid correct to four decimal places. 


53-54 Find the average value of f over the given rectangle. 


53. f(x,y) = x°}; 
R has vertices (—1, 0), (—1, 5), (1, 5), (1, 0) 


54. f(x,y) =evx + e, R= [0,4] x [0,1] 


55-56 Use symmetry to evaluate the double integral. 
sj 


56. i (1 + x*siny + y*sinx) dA, R=[-a, m] X [-7, 7] 
R 


7dA, R={(x,y)| -l1<xs 


57. Use a computer algebra system to compute the iterated 
integrals 


ie foe Gs ca dy dx and { i aay dy 


Do the answers contradict Fubini’s Theorem? Explain what 
is happening. 


58. (a) In what way are the theorems of Fubini and Clairaut 


similar? 
(b) If f(x, y) is continuous on [a, b] X [c, d] and 


g(x,y) = [" |? fls,0) dtas 
fora < x < b,c < y < d, show that 


Jas = Gx = f(x, y) 


Double Integrals over General Regions 


For single integrals, the region over which we integrate is always an interval. But for 
double integrals, we want to be able to integrate a function not just over rectangles but 


also over regions of more general shape. 
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E General Regions 


Consider a general region D like the one illustrated in Figure 1. We suppose that D is a 
bounded region, which means that D can be enclosed in a rectangular region R as in 
Figure 2. In order to integrate a function f over D we define a new function F with 
domain R by 


[1] F(x, y) = f(x,y) if (x, y) isin D 
y 0 if (x, y) is in R but not in D 


YA yA 
R 
0 x 0 x 
FIGURE 1 FIGURE 2 


If F is integrable over R, then we define the double integral of f over D by 


[2] {| f(x, y) dA = {| F(x, y) dA where F is given by Equation 1 
D R 


Definition 2 makes sense because R is a rectangle and so ||, F(x, y) dA has been previ- 
ously defined in Section 15.1. The procedure that we have used is reasonable because the 
values of F(x, y) are 0 when (x, y) lies outside D and so they contribute nothing to 
the integral. This means that it doesn’t matter what rectangle R we use as long as it con- 
tains D. 

In the case where f(x, y) = 0, we can still interpret ||, f(x, y) dA as the volume of the 
solid that lies above D and under the surface z = f(x, y) (the graph of f). You can see that 
this is reasonable by comparing the graphs of f and F in Figures 3 and 4 and remember- 
ing that ||, F(x, y) dA is the volume under the graph of F. 


graph of f 


© 


ey 


FIGURE 3 FIGURE 4 


Figure 4 also shows that F is likely to have discontinuities at the boundary points 
of D. Nonetheless, if f is continuous on D and the boundary curve of D is “well behaved” 
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(in a sense outside the scope of this book), then it can be shown that lhe F(x, y) dA exists 
and therefore ff, f(x, y) dA exists. In particular, this is the case for the following two 
types of regions. 

A plane region D is said to be of type I if it lies between the graphs of two continuous 
functions of x, that is, 


D = {(x, y) |a<x<b, g(x) <y <g,(x)} 


where gı and g> are continuous on [a, b]. Some examples of type I regions are shown in 


Figure 5. 
si Y= 9Ga(x) vA y=g(x) j Y = 92(X) 
| | | | | 
| | | | | 
| y= g(x) | | y=qi(x) | | y=g(x) 
> l > > 
0 a b x 0 a b x Of a b x 
FIGURE 5 


NOTE For a type I region, the functions gı and g2 must be continuous but they do not 
need to be defined by a single formula. For instance, in the third region of Figure 5, g2 is 
a continuous piecewise defined function. 


Some type I regions 


YA y=go(x) In order to evaluate {lp f(x, y) dA when D is a region of type I, we choose a rect- 
dlma angle R = [a, b] X |c, d] that contains D, as in Figure 6, and we let F be the function 
pay given by Equation 1; that is, F agrees with f on D and F is 0 outside D. Then, by Fubini’s 
Theorem, 
bey d [F y) aa = ff Fé y) da = f’ [FG y) dy ax 
eL- A D R = 
l l y= glx)! N Observe that F(x, y) = 0 if y < gi(x) or y > g(x) because (x, y) then lies outside D. 
0 a x b x Therefore 
d g(x) g(x) 
FIGURE 6 f F(x, y) dy = a F(x, y) dy = a F(x, y) dy 


because F(x, y) = f(x, y) when gi(x) S y S g(x). Thus we have the following formula 
that enables us to evaluate the double integral as an iterated integral. 


[3] If f is continuous on a type I region D described by 


D=({(xy) | a£ x= b, g) = y < gov} 


JJ fen aa =f) [Py Pes 9) ay ax 


The integral on the right side of (3) is an iterated integral that is similar to the ones we 
considered in Section 15.1, except that in the inner integral we regard x as being constant 
not only in f(x, y) but also in the limits of integration, g;(x) and go(x). 
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We also consider plane regions of type II, which can be expressed as 
D={(x,y) |e<y <a, MO) <x = hO) 


where h; and h are continuous. Three such regions are illustrated in Figure 7. 


yA yA yA 
d an asa a 
d==—— jl 
x= h (y) x= h,(y) x=h (y) x=h,(y) x=h (y) x= h,(y) 
GH= > 
0 x cL 
0 x Pee 0 rt 
FIGURE 7 


Using the same methods that were used in establishing (3), we can show that the fol- 
lowing result holds. 


Some type II regions 


[4] If f is continuous on a type II region D described by 
D={(x,y) | c <y <d, MO) <x < hO) 


[fræ aa = fi Ge Fa ») dx dy 


h 
D i( 


EXAMPLE 1 Evaluate ||, (x + 2y) dA, where D is the region bounded by the 
parabolas y = 2x? and y = 1 + x’. 


SOLUTION The parabolas intersect when 2x? = 1 + x’, that is, x? = 1, so x = +1. 
We note that the region D, sketched in Figure 8, is a type I region but not a type H 
region and we can write 


D=% | -l<x<1, 2’ <y<14+2 


Since the lower boundary is y = 2x? and the upper boundary is y = 1 + x, Equa- 
tion 3 gives 


[| œ+ 2») aa = f leg (x + 2y) dy dx 


E -3 peme 
! = f! by + yf- dx 
FIGURE 8 1 3 
= f [x(1 + x2) + (1 + x2)? — x(2x2) — (2x2)?] dx 
=f (—3x* — x? + 2x7 + x + 1) dx 


x x xe x? 32 
= -3 +2 + +x = — E 
4 3 2 i 15 


NOTE When we set up a double integral as in Example 1, it is essential to draw a dia- 
gram. Often it is helpful to draw a vertical arrow as in Figure 8. Then the limits of integra- 
tion for the inner integral can be read from the diagram as follows: The arrow starts at the 
lower boundary y = gı(x), which gives the lower limit in the integral, and the arrow ends 
at the upper boundary y = g2(x), which gives the upper limit of integration. For a type II 
region the arrow is drawn horizontally from the left boundary to the right boundary. 
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EXAMPLE 2 Find the volume of the solid that lies under the paraboloid z = x? + y? 


and above the region D in the xy-plane bounded by the line y = 2x and the parabola 
2 
y=x. 


SOLUTION 1 From Figure 9 we see that D is a type I region and 
D = {(x, y) | Osx 2, x2 <y<2z} 


Therefore the volume under z = x” + y? and above D is 


V= {| (x? + y?)dA = f ie (x? + y*) dy dx 
D 


2 y? y=2x 
FIGURE 9 =| xy + — dx 


RY 


D as a type I region 0 3 y=x? 
2 2x) 243 
=| (2x) + (2x) 2.2 (x*) a 
0 3 3 


SOLUTION 2 From Figure 10 we see that D can also be written as a type II region: 
D={(x,y) | 0<y<45y<x< Vy} 


Therefore another expression for V is 


V= {| (x? + y*)dA = F Pe + y?) dx dy 
D ay 


x= yy 
4 x? 4 y” y? y? 

= =+ y d -Í +y” — jd 
i š | x ee m aj” 


> 
xX 
= 2y5? 4 2y72 — 3 ya)’ — 216 ‘a 
FIGURE 10 15 7 96% Jo 35 
D as a type II region ZA 
z=x +y? 
FIGURE 11 


Figure 11 shows the solid whose volume is calculated in Example 2. It lies above the 


xy-plane, below the paraboloid z = x* + y?, and between the plane y = 2x and the para- 
bolic cylinder y = x’. 
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EXAMPLE 3 Evaluate ||, xy dA, where D is the region bounded by the line y = x — 1 
and the parabola y* = 2x + 6. 


SOLUTION The region D is shown in Figure 12. Again D is both type I and type II, but 
the description of D as a type I region is more complicated because the lower boundary 
consists of two parts. Therefore we prefer to express D as a type II region: 


D = {(x,y) | -2< y< 4, 4y -3<x<y+ 1} 


-3 x A 
y=-y\/2x+6 
FIGURE 12 (a) D as a type I region 
Then (4) gives M 
y+1 4 2 ake 
janti ea P|. a 
D ? -2 x=5y'-3 
=Í [ 2 (1.2 2] 
if alo + P- Gy’ — 3)P ay 
4 y? 
->Í ——— + 4y? + 2y* — 8y | dy 
zg 4 
1| >‘ y? f 
2 | 4 3 P], 


In Example 3, if we had expressed D as a type I region using Figure 12(a), then the 
lower boundary curve would be 


—/2x+6 if -3 5 
g(x) = í 


-1 if —1 < 
and we would have obtained 


ff xy dA = A a xy dy dx + N a dy dx 
D 


—J2x+6 


x=2y xt2y+z=2 which would have involved more work than the other method. 


EXAMPLE 4 Find the volume of the tetrahedron bounded by the planes 


T 
eat x+2y+z=2,x = 2y, x = 0, and z = 0. 


J SOLUTION In a question such as this, it’s wise to draw two diagrams: one of the 
(1, 2 0) three-dimensional solid and another of the plane region D over which it lies. Figure 13 
shows the tetrahedron T bounded by the coordinate planes x = 0, z = 0, the vertical 
plane x = 2y, and the plane x + 2y + z = 2. Since the plane x + 2y + z = 2 inter- 
FIGURE 13 sects the xy-plane (whose equation is z = 0) in the line x + 2y = 2, we see that T lies 
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above the triangular region D in the xy-plane bounded by the lines x = 2y, x + 2y = 2, 
and x = 0. (See Figure 14.) 

The plane x + 2y + z = 2 can be written as z = 2 — x — 2y, so the required 
volume lies under the graph of the function z = 2 — x — 2y and above 


D = {(x, y) | O<x<1,x/2<y<1 — x/2} 
Therefore 


z v= || 2- x- 2y) dA 


FIGURE 14 = | [P Q- x- 2y) dy dx 
0 Jx/2 7 


y=1—-x/2 


T if [y Ay ae dx 


3 1 
r Š 1 
=| (8 -2x+ I)dr= 5-a ta =— E 
0 3 3 


E Changing the Order of Integration 


Fubini’s Theorem tells us that we can express a double integral as an iterated integral in 
two different orders. Sometimes one order is much more difficult to evaluate than the 
other—or even impossible. The next example shows how we can change the order of 
integration when presented with an iterated integral that is difficult to evaluate. 


EXAMPLE 5 Evaluate the iterated integral |} |! sin(y?) dy dx. 


SOLUTION If we try to evaluate the integral as it stands, we are faced with the task 

of first evaluating | sin(y*) dy. But it’s impossible to do so in finite terms since 

| sin(y) dy is not an elementary function. (See the end of Section 7.5.) So we must 

change the order of integration. This is accomplished by first expressing the given 
> iterated integral as a double integral. Using (3) backward, we have 


[, [i sin(y?) ay dx = f| sin(y?) da 


FIGURE 15 
D as a type I region where D = {(x, y) |}O<x<l,x<y< 1} 


We sketch this region D in Figure 15. Then from Figure 16 we see that an alternative 
description of D is 
D = {x y) |O<y<l, 0<x<yl 


This enables us to use (4) to express the double integral as an iterated integral in the 
reverse order: 


J, J, sino) dy dx = f| sin(y?) aA 


x=y 
=0 


m i ig sin(y2) dx dy = i aree 


FIGURE 16 


si roe eee atiq 
D as a type H region i y sin(y”) dy z cos(y i x(1 = cos 1) | 
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YA 
> 

0 x 

FIGURE 17 
FIGURE 18 
0 

x 
FIGURE 19 


Cylinder with base D and height 1 


E Properties of Double Integrals 


We assume that all of the following integrals exist. For rectangular regions D the first 
three properties can be proved in the same manner as in Section 5.2. And then for general 
regions the properties follow from Definition 2. 


[5] [J Lec) + g 9] da = ff fly) da + f| g(x, y) aA 
[6] {| cf(x,y)dA =c {| f(x, y) dA where c is a constant 


If f(x, y) = g(x, y) for all (x, y) in D, then 
[f7 y) dA = {| g(x, y) dA 


The next property of double integrals is similar to the property of single integrals 
given by the equation f? f(x) dx = | f(x) dx + |? f(x) dx (Property 5 in Section 5.2). 

If D = D, U Dz, where D, and D: don’t overlap except perhaps on their boundaries 
(see Figure 17), then 


[| Fæ aa = f] Fey) aa + fÈ flex.) a 


D D 


Property 8 can be used to evaluate double integrals over regions D that are neither 
type I nor type II but can be expressed as a union of regions of type I or type II. Figure 18 
illustrates this procedure. (See Exercises 67 and 68.) 


YA YA 

> > 
0 x 0 x 
(a) D is neither type I nor type IL. (b) D =D, U D,, D, is type I, D, is type II. 


The next property of integrals says that if we integrate the constant function f(x, y) = 1 
over a region D, we get the area of D: 


[9] [| 144 = AD) 


D 


Figure 19 illustrates why Equation 9 is true: A solid cylinder whose base is D and whose 
height is 1 has volume A(D) + 1 = A(D), but we know that we can also write its volume 
as [fp 1 dA. 

Finally, we can combine Properties 6, 7, and 9 to prove the following property. (See 
Exercise 73.) 
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If m < f(x, y) < M for all (x, y) in D, then 


m+ A(D) = f f(x,y) dA = M+ A(D) 


D 


z Figure 20 illustrates Property 10 for the case m > 0. The volume of the solid below 
z=M the graph of z = f(x, y) and above D is between the volumes of the cylinders with 
= f(x,y) base D and heights m and M. (Compare to Figure 5.2.17, which illustrates the analogous 
=m property for single integrals.) 


= hy EXAMPLE 6 Use Property 10 to estimate the integral ||, e“"*°°* dA, where D is the 
C disk with center the origin and radius 2. 
a SOLUTION Since —1 S sin x S 1 and —1 < cos y < 1, we have 
FIGURE 20 —1 < sin x cos y S 1 and, because the natural exponential function is increasing, 
we have 
e`! < e@ Sin x 00s y < e! =e 
Thus, using m = e™' = 1/e, M = e, and A(D) = 7(2)’ in Property 10, we obtain 
4r PORREN 
“s e™* sY dA <= Ate a 
e D 
15.2 | Exercises 
1-6 Evaluate the iterated integral. 9. f(x,y) = xy 10. f(x,y) =x 
1. F i (8x — 2y) dy dx 2. r E dx dy “ i 
Taa ov yovx 
3. k i xe” dx dy 4. i i Í x sin y dy dx 
@ | i cos(s*) dt ds 6. { K V1 + e” dw dv 2 7 


11-14 Evaluate the double integral. 
7-10 


y = 
(a) Express the double integral fp f(x, y) dA as an iterated 11. f Z+] då, D= {(x, y) |O<x<40<y< vx} 
integral for the given function f and region D. . 
(b) Evaluate the iterated integral. 12. f (2x + y)dA, D={x,y) | 15y£2,y-15sx<1} 
7. f(x, y) = 2y 8. f(x,y) =x+y R 
@ || aa, D={(x,y) | 05y <3,0<x<y} 
YA D 
(1,1) 14. [| yv —y? dA, D={(x,y) | 0<x<2,0<y <x} 
D 
15. Draw an example of a region that is 
> (a) type I but not type II 
x 0 2% 


(b) type II but not type I 
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16. Draw an example of a region that is 
(a) both type I and type II 
(b) neither type I nor type H 


17-18 Express D as a region of type I and also as a region of 
type II. Then evaluate the double integral in two ways. 


17. (| xdA, D is enclosed by the lines y = x, y = 0,x = 1 


D 


18. {I xy dA, D is enclosed by the curves y = x’, y = 3x 
D 


19-22 Set up iterated integrals for both orders of integration. 
Then evaluate the double integral using the easier order and 
explain why it’s easier. 


19. f ydA, D is bounded by y = x — 2, x = y° 


D 


20. (| y’e* dA, Dis bounded by y = x,y = 4,x = 0 
D 


21. f sin’x dA, 
D 


D is bounded by y = cos x, 0 <x S 7/2, y=0,x =0 


22. (| 6x° dA, Dis bounded by y = x°, y = 2x + 4,x = 0 
D 


23-28 Evaluate the double integral. 
BD || x cos y aa, D is bounded by y = 0, y= x°, x= 1 
D 


4. ii XF È is bounde: =x, y =x’ x> 
2 (x? + 2y)dA, D is bounded by y y=x? 0 


D 
25. {| y?dA, 
D 
D is the triangular region with vertices (0, 1), (1, 2), (4, 1) 


26. (| xy dA, Dis enclosed by the quarter-circle 


D 


y= J/1 — x*, x = 0, and the axes 
@ | -a 
D 


D is bounded by the circle with center the origin and radius 2 


28. { | ydA, Dis the triangular region with vertices (0, 0), 
D 


(1, 1), and (4, 0) 


29-30 The figure shows a surface and a region D in the xy-plane. 


(a) 


Set up an iterated double integral for the volume of the solid 
that lies under the surface and above D. 


(b) Evaluate the iterated integral to find the volume of the solid. 


29. 


z 30. 


z=l+xy 


(1, 1, 0) 


31-40 Find the volume of the given solid. 


31. 


32. 


Under the plane 3x + 2y — z = 0 and above the region 
enclosed by the parabolas y = x” and x = y? 


Under the surface z = 1 + x*y? and above the region 
enclosed by x = y* and x = 4 


@3) Under the surface z = xy and above the triangle with 


34. 


35. 


38. 


. Bounded by the planes z = x, y =x,x + y 


vertices (1, 1), (4, 1), and (1, 2) 


Enclosed by the paraboloid z = x? + y? + 1 and the planes 
x=0,y=0,z=0,andx+y=2 


The tetrahedron enclosed by the coordinate planes and the 
plane 2x +y +z=4 


2,andz = 0 


. Enclosed by the cylinders z = x°, y = x? and the planes 


z=0,y=4 


Bounded by the cylinder y? + z* = 4 and the planes x = 2y, 
x = 0,z = O in the first octant 


EF) Bounded by the cylinder x? + y? = 1 and the planes y = z, 


40. 


x = 0, z = 0 in the first octant 


Bounded by the cylinders x? + y? = r? and y? + 27 =r? 


FY 41. 


42. 


Use a graph to estimate the x-coordinates of the points of 
intersection of the curves y = x* and y = 3x — x°. If Dis the 
region bounded by these curves, estimate ||) x dA. 


Find the approximate volume of the solid in the first octant 
that is bounded by the planes y = x, z = 0, and z = x and the 
cylinder y = cos x. (Use a graph to estimate the points of 
intersection.) 


43-46 Find the volume of the solid by subtracting two volumes. 


43. 


44. 


The solid enclosed by the parabolic cylinders y = 1 — x?, 
y = x° — Land the planes x + y + z = 2, 
2x+2y—z+10=0 


The solid enclosed by the parabolic cylinder y = x? and the 
planes z = 3y,z =2+y 
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45. The solid under the plane z = 3, above the plane z = y, and 
between the parabolic cylinders y = x? and y = 1 — x? 


46. The solid in the first octant under the plane z = x + y, 
above the surface z = xy, and enclosed by the surfaces 
x=0,y =0,andx? + y?=4 


47-50 Sketch the solid whose volume is given by the iterated 
integral. 


a7. [Gd —x-y)dydx 48. |i [7  ~ x) dyad 


49. i i V9 — x° dx dy 


50. ie o e” dy dx 


51-54 Use a computer algebra system to find the exact volume 
of the solid. 


51. Under the surface z = x*y* + xy? and above the region 
bounded by the curves y = x? — x and y = x? + x 


forx >= 0 


52. Between the paraboloids z = 2x? + y? and 
z = 8 — x? — 2y? and inside the cylinder x° + y? = 1 


53. Enclosed by z = 1 — x? — y’ and z = 
54. Enclosed by z = x? + y? and z = 2y 


55-60 Sketch the region of integration and change the order of 
integration. 


55. [" |" f(x,y) dedy 56. |? [É f(x,y) dy dx 


57. (VS fædda 58. f ng f(x, y) dx dy 


59. i ("ys (x, y) dy dx 60. { w E f(x, y) dy dx 


61-66 Evaluate the integral by reversing the order of 
integration. 


D, ero ea, fi [ivy siny dy ds 
63. | P JF I dydx 

64. i pa cos(x? — 1) dx dy 

G6 f i, cos x VIF cost dx dy 


arcsin y 


66. { l e“ dx dy 
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67-68 Express D as a union of regions of type I or type II and 
evaluate the integral. 


67. f x?dA 


D 


68. fi ydA 
D 


69-70 Use Property 10 to estimate the value of the integral. 
69. f | J4— xy? dA, 
$= {(ey) |x +y?<1,x 20} 
70. { | sin(x + y) dA, T is the triangle enclosed by the lines 
T 


y = 0, y = 2x, andx = 1 


71-72 Find the average value of f over the region D. 


71. f(x,y) = xy, 
D is the triangle with vertices (0, 0), (1, 0), and (1, 3) 


72. f(x,y) = xsin y, 
D is enclosed by the curves y = 0, y = x’, and x = 1 


73. Prove Property 10. 


74. In evaluating a double integral over a region D, a sum of 
iterated integrals was obtained as follows: 


frana = f [Pry dxdy + f? f? F y) dx dy 


Sketch the region D and express the double integral as an 
iterated integral with reversed order of integration. 


75-79 Use geometry or symmetry, or both, to evaluate the 
double integral. 


75. i (x + 2) dA, 
D = {(x, y) |O<ys 9 — x} 
76. l R? — x2 — y? dA, 


D is the disk with center the origin and radius R 
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77. (| Qx + 3y) dA, 80. Use the Extreme Value Theorem (14.7.8) and Property 15.2.10 

sy of integrals to prove the Mean Value Theorem for double 
integrals. (Use the proof of the single-variable version in 
Section 6.5 as a guide.) 


D 
D is the rectangle 0 Sx Sa, 0 Syb 


78. {| (2 + xy? — y?sin.x) dA, 
\ ( ed arama) 81. Suppose that f is continuous on a disk that contains the 


D 
point (a, b). Let D, be the closed disk with center (a, b) and 
= < 
{e ») | lx] + |y| 1} radius r. Use the Mean Value Theorem for double integrals 
79. (| (ax? + by? + Ja?— x?) dA, to show that 
D 4 
D = [-a, a] X [-6, b] lim — || f(x, y) dA = f(a, b) 
r>0 Tr D 
A 


80-81 Mean Value Theorem for Double Integrals The Mean 
Value Theorem for double integrals says that if f is a continuous 82. 
function on a plane region D that is of type I or type II, then there 

exists a point (xo, yo) in D such that 


Graph the solid bounded by the plane x + y + z = 1 and the 
paraboloid z = 4 — x° — y’ and find its exact volume. (Use a 
computer algebra system to find the equations of the bound- 
ary curves of the region of integration and to evaluate the 


{| f(x, y) dA = f (xo, Yo) AW) double integral.) 


D 


15.3 | Double Integrals in Polar Coordinates 


Suppose that we want to evaluate a double integral ff, f(x, y) dA, where the region R is 
a circular disk centered at the origin. In this case the description of R in terms of rectan- 
gular coordinates is rather complicated, but R is readily described using polar coor- 
dinates. In general, if R is a region that is more easily described using polar coordinates, 
it is often advantageous to evaluate the double integral by first converting it to polar 
coordinates. 


E Review of Polar Coordinates 
YA Polar coordinates were introduced in Section 10.3. Recall from Figure 1 that the polar 
coordinates (r, 0) of a point are related to the rectangular coordinates (x, y) of that point 
by the equations 


2 


r=x +y x = rcos 0 y =rsin@ 


oO x x Equations of circles centered at the origin are particularly simple in polar coordinates. 

The unit circle has equation r = 1; the region enclosed by this circle is shown in 
FIGURE 1 Figure 2(a). Figure 2(b) illustrates another region that is conveniently described in polar 
coordinates. 


YA YA 


x +y’ =l x+y =4 


FIGURE 2 (a) R={(r, 0) |O<r<1,0<0<27} (b) R={(r, 0) |1<r<2,0<0<7} 
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You may wish to review Table 10.3.1 for other common curves suitably described in 
polar coordinates. 


E Double Integrals in Polar Coordinates 


The regions in Figure 2 are special cases of a polar rectangle 
R={(r,0)|a<r<b,a<0 <p} 


which is shown in Figure 3. In order to compute the double integral ffp f(x, y) dA, where 
R is a polar rectangle, we divide the interval [a, b] into m subintervals [7;-1, 7; ] of equal 
width Ar = (b — a)/m and we divide the interval [a, B] into n subintervals [6;-1, 0;| 
of equal width A@ = (B — a)/n. Then the circles r = r; and the rays 6 = 0; divide the 
polar rectangle R into the small polar rectangles R;; shown in Figure 4. 


Compare Figure 4 with Figure 15.1.3. 


O O 


FIGURE 3 Polar rectangle FIGURE 4 Dividing R into polar subrectangles 


The “center” of the polar subrectangle 
R; = {(r, 0) | r Sr S r, 0j- 50S o} 
has polar coordinates 
rž =}(r + 7) ož = 5(6)-1 + 0;) 


We compute the area of R;; using the fact that the area of a sector of a circle with radius 
r and central angle 0 is $770. Subtracting the areas of two such sectors, each of which 
has central angle A0 = 6; — 6-1, we find that the area of R; is 


AA; = $r? A0 — rÈ, A0 = 5 (r? — rÈ) AO 
=4(r, + ra) — r1) AO = r* Ar A0 


Although we have defined the double integral the f(x, y) dA in terms of ordinary rect- 
angles, it can be shown that, for continuous functions f, we always obtain the same 
answer using polar rectangles. The rectangular coordinates of the center of Rj are 
(r¥ cos 6;*, r;* sin 6;*), so a typical Riemann sum is 


[1] > DS FCF cos 0ž, r* sin 0*) AA; = >) © f(rř cos 0, r* sin 0*) r* Ar A0 

i=1 j=1 i=1 j=1 
If we write g(r, 0) = rf(rcos 0, r sin 0), then the Riemann sum in Equation 1 can be 
written as 


m n 


g(ri*, 0¥) Ar A0 


i=1 j=l 
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which is a Riemann sum for the double integral 


f í i g(r, 0) dr d0 


Therefore we have 


m n 


i | fix, y) dA = lim X > f(rž cos 6%, r* sin 6%) AA; 
R 


m,n i=] j=] 


m n 


lim > X, g(r*, 0*) Ar A0 = ae g(r, 0) dr d0 


m,n i=] j=] 


II 


II 


J” |’ FC cos 0, r sin 0) r dr dð 


[2] Change to Polar Coodinates in a Double Integral If f is continuous on a 
polar rectangle R given by 0 Sa Sr <b,a <69 <B, where0 <B — a S 27, 
then 


[| fe») dA = f’ FC cos 0, r sin 0) r dr d 


The formula in (2) says that we convert from rectangular to polar coordinates in a 
double integral by writing x = rcos@ and y = rsin@, using the appropriate limits of 
@ integration for r and 6, and replacing dA by r dr d0. Be careful not to forget the addi- 


tional factor r on the right side of Formula 2. A classical method for remembering this is 
dA shown in Figure 5, where the “infinitesimal” polar rectangle can be thought of as an 
d xf J ordinary rectangle with dimensions r d0 and dr and therefore has “area” dA = r dr dé. 
> a” r 
47 7 
Pe rdo EXAMPLE 1 Evaluate ||, (3x + 4y?) dA, where R is the region in the upper half-plane 
oom 2 2 
we bounded by the circles x? + y? = 1 and x? + y? = 4. 
g SOLUTION The region R can be described as 
FIGURE 5 


R = {(x, y) | y = 0, l<x+y?<4} 


It is the half-ring shown in Figure 2(b), and in polar coordinates it is given by 
1<r<2,0 <0 < r. Therefore, by Formula 2, 


{| (3x + 4y?)dA = y p [3(r cos @) + 4(r sin 0)°] r dr dé 
R 
= F f (3r? cosð + 4r° sin?0) dr dO 


= iN [r cos@ + rf sino] do = k (7 cos@ + 15 sin’0) d0 


Here we use the trigonometric = is 
identity = f [7 cos@ + =(1 — cos 20)| do 


sin? = 3(1 — cos 26) 


See Section 7.2 for advice on = 7sin@ + — _ = sin | = — E 
0 


integrating trigonometric functions. 
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EXAMPLE 2 Evaluate the double integral 


ie aoe (x? + y?) dy dx 


YA SOLUTION This iterated integral is a double integral over the region R shown in 
1 y=VJ1-x? Figure 6 and described by 
R={(x,y) |-1<x<1,0<y< 1-2} 
$ The region is a half-disk, so it is more simply described in polar coordinates: 
- o> R=((r,6) |0<60<7,0<r<i} 
Therefore we have 
FIGURE 6 


ie hea (x? + y’) dy dx = N f (r?)r dr d 


a) a prot l pr T 
=| |7| æ= "=7 a 

0 4 |-=0 4 Jo 4 
EXAMPLE 3 Find the volume of the solid bounded by the plane z = 0 and the 
paraboloid z = 1 — x° — y’. 
SOLUTION If we put z = 0 in the equation of the paraboloid, we get x? + y? = 1. This 
means that the plane intersects the paraboloid in the circle x? + y* = 1, so the solid 
lies under the paraboloid and above the circular disk D given by x? + y? < 1 [see Fig- 


ures 7 and 2(a)]. In polar coordinates D is given by 0 S r < 1,0 S 0 < 2r. Since 
1 — x? — y? = 1 — r°, the volume is 


v=ff (1 — x? — y?)dA =p (ra — r?)r dr d0 


7 1 
FIGURE 7 = | afe ryar= zal a =* m 


In Example 3, if we had used rectangular coordinates instead of polar coordinates, we 
would have obtained 


v=ffa — x? — y?) dA =f a — x? — y?)dy dx 
D 


which is not easy to evaluate because it involves finding | (1 — x?)* dx. 


What we have done so far can be extended to the more complicated type of region 
shown in Figure 8. It’s similar to the type II rectangular regions we considered in Sec- 
tion 15.2. In fact, by combining Formula 2 in this section with Formula 15.2.4, we obtain 
the following formula. 


[3] If f is continuous on a polar region of the form 


D={(r,6) |a <0 =B, h(6)<r<ho)} 


(0) 


f f f(x,y) dA = { f i f(r cos 0, rsin 0) r dr d 
4 3 


FIGURE 8 
D={(r, 0) |œ < 0< B, h(8) <r<h,(9)} 
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In particular, taking f(x, y) = 1, 4(@) = 0, and h2(@) = h(0) in this formula, we see 
that the area of the region D bounded by 6 = a, 6 = B, and r = h(0) is 


A(D) = ff iaa = ff |" rarao 
D 


B| r? S B 
-Í B do = f 1[a(0)] d0 


and this agrees with Formula 10.4.3. 


EXAMPLE 4 Use a double integral to find the area enclosed by one loop of the 
four-leaved rose r = cos 20. 


SOLUTION From the sketch of the curve in Figure 9, we see that a loop is given by the 
region 
D = {(r, 0) | -7/4 < 0 < 7/4,0 =< r < cos 26} 


So the area is 


A(D) = {| dA = ee e" rar do 
D 


E 7/4 12 cos 20 4 7/4 
=f [be do = 4 f7“ cos20 do 
FIGURE 9 sif silg lendo] =T 
= Ha + cos 40) dd = lg + qsin ao) = 7 a 
ae et ee | EXAMPLE 5 Find the volume of the solid that lies under the paraboloid z = x? + y?, 
(or r= 2 cos 6) above the xy-plane, and inside the cylinder x? + y? = 2x. 


x? + y? = 2x or, after completing the square, 


SOLUTION The solid lies above the disk D whose boundary circle has equation 


0 5 x (x-1P +y=1 
(See Figures 10 and 11.) 

In polar coordinates we have x? + y? = r? and x = r cos 0, so the boundary circle 
x? + y? = 2x becomes r° = 2rcos 9, or r = 2 cos 6. Thus the disk D is given by 


FIGURE 10 D={(r,6) | -7/2 <0 < 7/2,0 <r = 2 cos0} 


and, by Formula 3, we have 


4 2 cos 0 
ya a2 2 24 = 2 2 _ a/2 2 cos 0 2 _ T/2 r 
z=x°+y i V 1 (x? + y*)dA Da í r'r dr d0 ala d 


T m/2 a/2 1+ 20 2 
=4 cos*ð dð = 8 f° costo do = 8 | ST Toe ae 
-7/2 0 0 2 


= 2 (7° [L + 2cos 26 + (1 + cos 40)] dé 


: f a/2 3\({7 30 
= 2[30 + sin 20 + $sin 40| -2(3)(2)- 5 a 
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15.3 | Exercises 


1-6 A region R is shown. Decide whether to use polar coordinates 
or rectangular coordinates and write ||, f(x, y) dA as an iterated 
integral, where f is an arbitrary continuous function on R. 


Als YA 2, YA 
> 
x 
3. YA 4. YA 
R 
= 10) 4% 3 ¢ x 
5. YA 6. YA 
10 
R 
1 8 
= 0 ee 0 8) fio x 


7-8 Sketch the region whose area is given by the integral and 
evaluate the integral. 


7. a i rdr d0 8. 
1 


Ja/4 


r dr d0 


T N sin@ 


1/2 J0 


9-16 Evaluate the given integral by changing to polar coordinates. 


9. |[,,x°y dA, where D is the top half of the disk with center the 
origin and radius 5 


10. Ne (2x — y) dA, where R is the region in the first quadrant 


enclosed by the circle x? + y? = 4 and the lines x = 0 
and y = x 


1 Ih sin(x? + y?) dA, where R is the region in the first quadrant 


between the circles with center the origin and radii 1 and 3 
> 2 

12. {| —— dA, where R is the region that lies between the 
aX ey” 


circles x? + y? = a° and x? + y? = b’ withO<a<b 


@ i 5 e* —”’ dA, where D is the region bounded by the 
semicircle x = J4 — y? and the y-axis 

14. I, cos./x? + y? dA, where D is the disk with center the 
origin and radius 2 

15. I, arctan(y/x) dA, 
where R = {(x,y) | 1 Sx? + y?<4, 0<y <x} 


16. Pe: dA, where D is the region in the first quadrant that lies 


between the circles x? + y? = 4 and x? + y? = 2x 


17-22 Use a double integral to find the area of the region D. 


a ee 18. 


() D 


r=1+cos0é 


19. saing 20 


r= cos 0 
r?° = cos 20 


21. D is the loop of the rose r = sin 36 in the first quadrant. 


@® D is the region inside the circle (x — 1)? + y? = 1 and 
outside the circle x? + y? = 1. 


23-24 

(a) Set up an iterated integral in polar coordinates for the volume 
of the solid under the surface and above the region D. 

(b) Evaluate the iterated integral to find the volume of the 
solid. 


23. Z 


z=l+xy 
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24. ZA 


25-28 

(a) Set up an iterated integral in polar coordinates for the volume 
of the solid under the graph of the given function and above 
the region D. 

(b) Evaluate the iterated integral to find the volume of the solid. 


25. f(x,y) =y 26. f(x,y) = xy? 
YA yA 
P+y=9 
D 
0 x 
27. f(x,y) =x 28. f(x,y) = 1 
yA YA 
r=sin@ 
r=1+cosé 
D 
0 : 0 x 


29-37 Use polar coordinates to find the volume of the given 
solid. 


29. Under the paraboloid z = x? + y* and above the disk 
x? ty? <25 


30. Below the cone z = yx? + y? and above the ring 
11sx? +y s4 


GiB Below the plane 2x + y + z = 4 and above the disk 
rtysl 


32. Inside the sphere x? + y? + z* = 16 and outside the 
cylinder x? + y? = 4 


33. A sphere of radius a 


T) 


34. Bounded by the paraboloid z = 1 + 2x* + 2y* and the 
plane z = 7 in the first octant 


@5) Above the cone z = yx? + y? and below the sphere 
x+y +z =l 


36. Bounded by the paraboloids z = 6 — x? — y? and 
z= 2x? + 2y? 


@ Inside both the cylinder x? + y? = 4 and the ellipsoid 
4x? + 4y? + 2? = 64 


38. (a) A cylindrical drill with radius r; is used to bore a hole 
through the center of a sphere of radius r2. Find the vol- 
ume of the ring-shaped solid that remains. 

(b) Express the volume in part (a) in terms of the height h of 
the ring. Notice that the volume depends only on h, not 
on ři OF Tra. 


39-42 Evaluate the iterated integral by converting to polar 
coordinates. 


39. f? [Ft ay ae 


ao. ||“ Ox + y) dxdy 


4 xy? dx dy 


42. i I Je + y? dy dx 


43-44 Express the double integral in terms of a single integral 
with respect to r. Then use a calculator (or computer) to evaluate 
the integral correct to four decimal places. 


43. ie e+") JA, where D is the disk with center the origin 
and radius 1 


44. ||, xy 1 + x? + y? dA, where D is the portion of the disk 


x? + y? < | that lies in the first quadrant 


45. A swimming pool is circular with a 40-ft diameter. The depth 
is constant along east-west lines and increases linearly from 
2 ft at the south end to 7 ft at the north end. Find the volume 
of water in the pool. 


46. An agricultural sprinkler distributes water in a circular pattern 
of radius 100 ft. It supplies water to a depth of e” feet per 
hour at a distance of r feet from the sprinkler. 

(a) If0 < R < 100, what is the total amount of water sup- 
plied per hour to the region inside the circle of radius R 
centered at the sprinkler? 

(b) Determine an expression for the average amount of water 
per hour per square foot supplied to the region inside the 
circle of radius R. 


47. Find the average value of the function f(x, y) = 1//x? + y? 


on the annular region a? < x? + y? < b’, where 0 <a < b. 
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48. Let D be the disk with center the origin and radius a. What is (b) An equivalent definition of the improper integral in 

the average distance from points in D to the origin? part (a) is 

~(x2+y2 L as (gly? 
49. Use polar coordinates to combine the sum {| ety) dA = jim {I ety) dA 
R2 Sa 
1 x Jofa 2 (V4-x2 
ae = xy dy dx + Í f xy dy dx + i I) xy dy dx where S, is the square with vertices (+a, +a). Use this to 
show that 


into one double integral. Then evaluate the double integral. 5 i Š i 
f e™ dx f e°” dy= m 


50. (a) We define the improper integral (over the entire plane R°) 
(c) Deduce that 


f= {I ety) dA E oY dx = de 
Rw =o 


(d) By making the change of variable t = Jf 2 x, show that 


[i ehar = Vir 


=% 


i ie ee ty) dy dx 


lim (| ety) dA 
Da (This is a fundamental result for probability and 


statistics.) 
where D, is the disk with radius a and center the origin. 


Show that 51. Use the result of Exercise 50(c) to evaluate the following 


integrals. 


[fee da =a (a) [eax (b) |, ve "ax 


=% 


15.4 | Applications of Double Integrals 


yA We have already seen one application of double integrals: computing volumes. Another 
(x, y) geometric application is finding areas of surfaces and this will be done in the next sec- 
tion. In this section we explore physical applications such as computing mass, electric 
charge, center of mass, and moment of inertia. We will see that these physical ideas are 
also important when applied to probability density functions of two random variables. 


E Density and Mass 


In Section 8.3 we were able to use single integrals to compute moments and the center of 
mass of a thin plate or lamina with constant density. But now, equipped with the double 
integral, we can consider a lamina with variable density. Suppose the lamina occupies a 
region D of the xy-plane and its density (in units of mass per unit area) at a point (x, y) 


(xh 4) HR in D is given by p(x, y), where p is a continuous function on D. This means that 
s 
YA 5 Am 


FIGURE 1 


where Am and AA are the mass and area of a small rectangle that contains (x, y) and 
the limit is taken as the dimensions of the rectangle approach 0. (See Figure 1.) 

To find the total mass m of the lamina we divide a rectangle R containing D into sub- 
rectangles Rj; of the same size (as in Figure 2) and consider p(x, y) to be 0 outside D. If 
we choose a point (x¥, yi?) in Ry, then the mass of the part of the lamina that occupies Rj 


0 x is approximately p(x}, yi;) AA, where AA is the area of Rj;. If we add all such masses, we 
get an approximation to the total mass: 


FIGURE 2 The mass of each 
subrectangle Rj; is approximated by nme 


(xi, ys) AA 
p(xij, yi) AA. i a 


k 
=i j=1 
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YA 


FIGURE 3 


CHAPTER 15 Multiple Integrals 


If we now increase the number of subrectangles, we obtain the total mass m of the lamina 
as the limiting value of the approximations: 


k,l i=] jel 


m] m= lim > > plxf, yf) AA = [f eG») aa 


Physicists also consider other types of density that can be treated in the same manner. 
For example, if an electric charge is distributed over a region D and the charge density 
(in units of charge per unit area) is given by ø (x, y) at a point (x, y) in D, then the total 
electric charge Q is given by 


[2] Q= | olx, y) aA 


D 


EXAMPLE 1 Charge is distributed over the triangular region D in Figure 3 so that the 
charge density at (x, y) is ø (x, y) = xy, measured in coulombs per square meter (C/m°). 
Find the total charge. 


SOLUTION From Equation 2 and Figure 3 we have 


y=1 
irl 1 y 1x, 5 
Q= \) a(x, y) dA = f E dy dx = | E | dx = | pall — (1 — x)’ ldx 
1 
aif! 3 il 2? x4 _ 5 
Z|, 2x? = x) dx al 3 4h 24 
Thus the total charge is P C. Oo 


E Moments and Centers of Mass 


In Section 8.3 we found the center of mass of a lamina with constant density; here we 
consider a lamina with variable density. Suppose the lamina occupies a region D and has 
density function p(x, y). Recall from Chapter 8 that we defined the moment of a particle 
about an axis as the product of its mass and its directed distance from the axis. We divide 
D into small rectangles as in Figure 2. Then the mass of R; is approximately p(x}, yi;) AA, 
so we can approximate the moment of Rj; with respect to the x-axis by 


Lo(xi;, yj) AA] yi 


If we now add these quantities and take the limit as the number of subrectangles becomes 
large, we obtain the moment of the entire lamina about the x-axis: 


m n 


B] M,= lim È © yý pQ, yý) AA = j yp(x, y) dA 
D 


i=1 j=1 


m, n=% 


Similarly, the moment about the y-axis is 


m n 


[4] M, = lim $ > xi p}, yh) AA = [| xp, y) dA 


m n>% L] = 
i=1 j=1 D 
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z ra) As before, we define the center of mass (x, y) so that mx = M, and my = M,. The physi- 
J D cal significance is that the lamina behaves as if its entire mass is concentrated at its center 
of mass. Thus the lamina balances horizontally when supported at its center of mass (see 

Figure 4). 


[5] The coordinates (x, y) of the center of mass of a lamina occupying the 
region D and having density function p(x, y) are 


j= = = ff xels, y) dA joe ~ ff yet y) dA 
D D 


FIGURE 4 


m m m 


where the mass m is given by 


EXAMPLE 2 Find the mass and center of mass of a triangular lamina with vertices 
(0, 0), (1, 0), and (0, 2) if the density function is p(x, y) = 1 + 3x + y. 


SOLUTION The triangle is shown in Figure 5. (Note that the equation of the upper 
boundary is y = 2 — 2x.) The mass of the lamina is 


m= {| p(x, y) dA = i} E (1 + 3x + y) dy dx 


0 
D 
y=2-2x 
1 y? ý 
=| [yea + | dx 
0 2 J= 
=4['(1-2x)dx=4 ey 3 
FIGURE 5 54| (= x)de=4) x al 3 


Then the formulas in (5) give 


x= = xp(x, y) dA = an p> (x + 3x? + xy) dy dx 


3 Í 2 y=2—2x 
= al E + 3x7y + 2 | dx 


0 y=0 
1 
3 Sa. ee 3 
= 3 d = 
2 OER 2 | 2 4h 8 
_ 1 _ 3 fl 2-2 j 
y= geai, i (y + 3xy + y*)dy dx 
1 P 3 y=2-2x 
a2 Ply yy _if! bee 
al E ore | dx=3 f 0 Ox — 3x? + 5x3) dx 
1 
1 x 3 x 11 
= Ix —9 RD S| Sa 
4 2 4 |, 16 
The center of mass is at the point B, 1), E 
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FIGURE 6 


Compare the location of the center of 


CHAPTER 15 Multiple Integrals 


EXAMPLE3 The density at any point on a semicircular lamina is proportional to the 
distance from the center of the circle. Find the center of mass of the lamina. 


yA SOLUTION Let’s place the lamina as the upper half of the circle x? + y? = a’. (See 
Figure 6.) Then the distance from a point (x, y) to the center of the circle (the origin) is 


Vx? + y?. Therefore the density function is 


p(x, y) = Kyx? + y? 


where K is some constant. Both the density function and the shape of the lamina 
suggest that we convert to polar coordinates. Then yx? + y? = rand the region D is 
given by 0 Sr <a,0 <0 < m. Thus the mass of the lamina is 


m= {| p(x, y) dA = |] Kv? +9? aa 


= K f (Kr) r dr d0 = KẸ dé K r°dr = Kr 


r? É Kra? 
3 


0 


Both the lamina and the density function are symmetric with respect to the y-axis, so 
the center of mass must lie on the y-axis, that is, x = 0. The y-coordinate is given by 


3 
Kra’ 


y= z [ee y) dA = pp r sin 0 (Kr) r dr d 


mass in Example 3 with Example 8.3.4, 
where we found that the center of 
mass of a lamina with the same shape 
but uniform density is located at the 
point (0, 4a/(37)). 


I 


Ta 


2 z i sin 0 dé K rdr= 


3 3 | -cos [4] 


Ta 


__ 3 2af 3a 
ma? 4 2T 
Therefore the center of mass is located at the point (0, 3a/(27r)). E 


E Moment of Inertia 


The moment of inertia (also called the second moment) of a particle of mass m about 
an axis is defined to be mr’, where r is the distance from the particle to the axis. We 
extend this concept to a lamina with density function p(x, y) and occupying a region D 
by proceeding as we did for ordinary moments. We divide D into small rectangles, 
approximate the moment of inertia of each subrectangle about the x-axis, and take the 
limit of the sum as the number of subrectangles becomes large. The result is the moment 
of inertia of the lamina about the x-axis: 


im > > Opaž, vi) AA = ffy pl, y) aA 
T D 


Similarly, the moment of inertia about the y-axis is 


m n 


lim > X (xf) p(xř, yž) AA = ffx o0; y) dA 


m, n>% i=] j=] 


L= 
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We also consider the moment of inertia about the origin, also called the polar moment 
of inertia: 


m n 


h= lim, $ > [0 + O] yi) AA = ff O + y3) p y) aa 


i=1 j=1 


Note that Jo = J, + J). 


EXAMPLE 4 Find the moments of inertia /,, Z,, and Io of a homogeneous disk D with 
density p(x, y) = p, center the origin, and radius a. 


SOLUTION The boundary of D is the circle x* + y* = a’ and in polar coordinates D is 
described by 0 S 0 < 27,0 < r < a. By Formula 6, 


L= {| yp dA = p|” K (r sin 0} r dr dO 
D 


II 


p (" sin’ d0 K dr=p ("3a — cos 26) d0 K dr 


a 4 


4 
P {08 2a} r mpa 
-[o —4sin20],"| —| =—— 
a 2 Sin jj B 4 


0 


Similarly, Formula 7 gives 
= 2 = on 2 
A i xpdA=p i f (r cos 0)*r dr d8 


4 
— dry a 3 — mpa 
=p. 3(1 + cos 26) dð |" r dr Sas 


(From the symmetry of the problem, it is expected that J, = [,.) We could use 
Formula 8 to compute Jp directly, or use 


bhb=kt h= 
4 4 2 


In Example 4 notice that the mass of the disk is 
m = density X area = p(7a’) 


so the moment of inertia of the disk about the origin (like a wheel about its axle) can be 
written as 


4 
mpa 
h = 7 


= 5(pma’)a’ = sma? 


Thus if we increase the mass or the radius of the disk, we thereby increase the moment 
of inertia. In general, the moment of inertia plays much the same role in rotational motion 
that mass plays in linear motion. The moment of inertia of a wheel is what makes it 
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difficult to start or stop the rotation of the wheel, just as the mass of a car is what makes 
it difficult to start or stop the motion of the car. 
The radius of gyration of a lamina about an axis is the number R such that 


[9] mR? = I 


where m is the mass of the lamina and / is the moment of inertia about the given axis. 
Equation 9 says that if the mass of the lamina were concentrated at a distance R from the 
axis, then the moment of inertia of this “point mass” would be the same as the moment 
of inertia of the lamina. 

In particular, the radius of gyration y with respect to the x-axis and the radius of gyra- 
tion x with respect to the y-axis are given by the equations 


my? =], mx? = I, 


Thus (x, y) is the point at which the mass of the lamina can be concentrated without 
changing the moments of inertia with respect to the coordinate axes. (Note the analogy 
with the center of mass.) 


EXAMPLE 5 Find the radius of gyration about the x-axis of the disk in Example 4. 


SOLUTION As noted, the mass of the disk is m = pra’, so from Equations 10 we have 


= L trpa’ a 


m pra’ 4 


Therefore the radius of gyration about the x-axis is y = Sa, which is half the radius of 
the disk. a 


E Probability 


In Section 8.5 we considered the probability density function f of a continuous random 
variable X. This means that f(x) = 0 for all x, |”, f(x) dx = 1, and the probability that 
X lies between a and b is found by integrating f from a to b: 


b 
a 


Pla < X < b) = | fU) dx 


Now we consider a pair of continuous random variables X and Y, such as the lifetimes 
of two components of a machine or the height and weight of an adult female chosen 
at random. The joint density function of X and Y is a function f of two variables such 
that the probability that (X, Y) lies in a region D is 


P(X, Y) € D) = Í | f(x,y) dA 


In particular, if the region is a rectangle, then the probability that X lies between a and b 
and Y lies between c and d is 


Pla =X =b, c < Y< d) = [ ice y) dy dx 


(See Figure 7.) 
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FIGURE 7 

The probability that X lies between a and b 
and Y lies between c and d is the volume that 
lies above the rectangle D = [a, b] X [c, d] and 
below the graph of the joint density function. 


Because probabilities aren’t negative and are measured on a scale from 0 to 1, the 
joint density function has the following properties: 


f(x, y) 20 |] fo aa = 1 


As in Exercise 15.3.50, the double integral over R? is an improper integral defined as the 
limit of double integrals over expanding circles or squares, and we can write 


[| fe. y) dA = K Ffa, y) dx dy = 1 


EXAMPLE 6 If the joint density function for X and Y is given by 


C(x + 2y) if O<x<10,0<y<10 
0 otherwise 


f(x y) -{ 


find the value of the constant C. Then find P(X < 7, Y = 2). 


SOLUTION We find the value of C by ensuring that the double integral of f over R? is 
equal to 1. Because f(x, y) = 0 outside the rectangle [0, 10]  [0, 10], we have 


y=10 


È e, f(x, y) dy dx = e f” C(x + 2y) dy dx = C {° [xy + Fha dx 
=C [e (10x + 100) dx = 1500C 


Therefore 1500C = 1 and so C = jagp. 
Now we can compute the probability that X is at most 7 and Y is at least 2: 


7 oo 7 (10 
P(X <7, Y22)= 1 f f(x, y) dy dx = {, f i300 (* + 2y) dy dx 


y=10 


= 30 | [xy + yf dx = 00 k (8x + 96) dx 


= $ ~ 0.5787 a 
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Suppose X is a random variable with probability density function fi(x) and Y is a 
random variable with density function f(y). Then X and Y are called independent ran- 
dom variables if their joint density function is the product of their individual density 
functions: 


f(x,y) = fil) ly) 


In Section 8.5 we modeled waiting times by using exponential density functions 


0 if r<0 
j= 
fO ene if r=0 


where u is the mean waiting time. In the next example we consider a situation with two 
independent waiting times. 


EXAMPLE7 The manager of a movie theater determines that the average time 
moviegoers wait in line to buy a ticket for a film is 10 minutes and the average time 
they wait to buy popcorn is 5 minutes. Assuming that the waiting times are indepen- 
dent, find the probability that a moviegoer waits a total of less than 20 minutes before 
taking his or her seat. 


SOLUTION Assuming that both the waiting time X for the ticket purchase and the 
waiting time Y in the refreshment line are modeled by exponential probability density 
functions, we can write the individual density functions as 


0 if x<0 0 if y <0 
A) = P if x=0 fy) = is if y=0 


Since X and Y are independent, the joint density function is the product: 


1 3/10 ,-y/5 ; 
e e if x2=0,y 20 
fey) = p00) = f 
otherwise 
We are asked for the probability that X + Y < 20: 
P(X + Y < 20) = P(X, Y) E€ D) 


where D is the triangular region shown in Figure 8. Thus 


P(X + Y < 20) = f | f(xy) dA = [P gene dy dx 
D 
2 y=20—-x 2 m 
= 3 E [er-se] dx = $ 4 ey — @& 20/5) dx 
=i i (e — ete”) gy = 1 + e™% — Qe? = 0.7476 
FIGURE 8 This means that about 75% of the moviegoers wait less than 20 minutes before taking 
their seats. E 


E Expected Values 


Recall from Section 8.5 that if X is a random variable with probability density function 
f, then its mean is 


p= f" xfla) dx 
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Now if X and Y are random variables with joint density function f, we define the X-mean 
and Y-mean, also called the expected values of X and Y, to be 


[11] Mi = i) xf (x, y) dA po = i) yf(x, y) dA 


Notice how closely the expressions for m and u2 in (11) resemble the moments M, and 
M, of a lamina with density function p in Equations 3 and 4. In fact, we can think of 
probability as being like continuously distributed mass. We calculate probability the way 
we calculate mass—by integrating a density function. And because the total “probability 
mass” is 1, the expressions for x and y in (5) show that we can think of the expected 
values of X and Y, u, and u», as the coordinates of the “center of mass” of the probability 
distribution. 
In the next example we deal with normal distributions. As in Section 8.5, a single 
random variable is normally distributed if its probability density function is of the form 
=— l .-0-w?/202) 
f(x) cea 
where p is the mean and ø is the standard deviation. 


EXAMPLE 8 A factory produces (cylindrically shaped) roller bearings that are sold as 
having diameter 4.0 cm and length 6.0 cm. In fact, the diameters X are normally 
distributed with mean 4.0 cm and standard deviation 0.01 cm while the lengths Y are 
normally distributed with mean 6.0 cm and standard deviation 0.01 cm. Assuming that 
X and Y are independent, write the joint density function and graph it. Find the proba- 
bility that a bearing randomly chosen from the production line has either length or 
diameter that differs from the mean by more than 0.02 cm. 


SOLUTION We are given that X and Y are normally distributed with uw, = 4.0, 
2 = 6.0, and o; = a2 = 0.01. So the individual density functions for X and Y are 


1 
0.01/27 


filx) = e &-4)?/0.0002 fly) = ~(y—6)2/0.0002 


1 
0.01.27 ° 


Since X and Y are independent, the joint density function is the product: 


1 
= Tene —(x-4)2/0.0002 „—(y—6)2/0.0002 
f(x y) = fil fly) 0.00020 ° e 


= 5000 7 5000[(x=4)?-+ (y-6)?] 
Ti 


6.05 4-05 A graph of this function is shown in Figure 9. 
Let’s first calculate the probability that both X and Y differ from their means by less 
than 0.02 cm. Using a calculator or computer to estimate the integral, we have 


4.02 (6.02 
i f(x, y) dy dx 


3.98 J5.98 


FIGURE 9 


Graph of the bivariate normal joint 
density function in Example 8 P(3.98 < X < 4.02, 5.98 < Y < 6.02) 


II 


5000 p402 f6. P At 
i. 6.02 27 3000[(-4)?+(y-6)?] dy dx 
T 


3.98 J5.98 


= 0.91 


Then the probability that either X or Y differs from its mean by more than 0.02 cm is 
approximately 
1 — 0.91 = 0.09 E 
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15.4 | Exercises 


1. Electric charge is distributed over the rectangle 0 < x <5, 14. Find the center of mass of the lamina in Exercise 13 if the 
2 < y <5 so that the charge density at (x, y) is density at any point is proportional to the square of its 
a(x, y) = 2x + 4y (measured in coulombs per square meter). distance from the origin. 


Find the toral charge 9i te regtangle, 15. The boundary of a lamina consists of the semicircles 


2. Electric charge is distributed over the disk x? + y? < 1 so y= yl — x? andy = y4 — x? together with the portions 
that the charge density at (x, y) is ø (x, y) = Vx? + y? of the x-axis that join them. Find the center of mass of 


(measured in coulombs per square meter). Find the total the lamina if the density at any point is proportional to its 


charge on the disk. distance from the origin. 


16. Find the center of mass of the lamina in Exercise 15 if the 
density at any point is inversely proportional to its distance 
from the origin. 


3-4 The figure shows a lamina that is shaded according to the 
given density function: darker shading indicates higher density. 
Estimate the location of the center of mass of the lamina, and then 
calculate its exact location. 17. Find the center of mass of a lamina in the shape of an isos- 
celes right triangle with equal sides of length a if the density 


aplay =R 4 py) =y at any point is proportional to the square of the distance from 
YA YA the vertex opposite the hypotenuse. 
14 14 


18. A lamina occupies the region inside the circle x? + y? = 2y 
but outside the circle x? + y” = 1. Find the center of mass if 
the density at any point is inversely proportional to its dis- 
tance from the origin. 


19. Find the moments of inertia Zy, Iy, Jo for the lamina of 


Exercise 5. 
> > 
0 1x 0 1x i ug : 

20. Find the moments of inertia /,, Iy, Jo for the lamina of 

Exercise 8. 
5-12 Find the mass and center of mass of the lamina that z Find the moments of inertia /,, /,, Io for the lamina of 

occupies the region D and has the given density function p. Exercise 17. 

5. D={(x,y) | 1<x<3,1<y <4} plx, y) = ky’ 22. Consider a square fan blade with sides of length 2 and 


the lower left corner placed at the origin. If the density of the 
blade is p(x, y) = 1 + 0.1x, is it more difficult to rotate 
the blade about the x-axis or the y-axis? 


6. D = {(x,y) | 0S xa, 0< y< by 
p(x, y) =1+ Py 


@ D is the triangular region with vertices (0, 0), (2, 1), (0, 3); 23-26 A lamina with constant density p(x, y) = p occupies the 
px, y) =x+y given region. Find the moments of inertia Z, and /, and the radii of 
gyration x and y. 


8. D is the triangular region enclosed by the lines y = 0, 


y = 2x, and x + 2y = 1; p(x, y) =x 23. The rectangle 0 Sx Sb, 0Sy<h 


24. The triangle with verti 0, 0), (b, 0), and (0, h 
9. D is bounded by y = 1 — x? and y = 0; p(x, y) = ky eae le wat vertices A, O), (P D, sand, 0) 


@) The part of the disk x? + y? < a’ in the first quadrant 


10. D is bounded by y = x + 2 and y = x*; p(x, y) = kx? , . 
26. The region under the curve y = sin x from x = 0 to x = 7 


x 


11. D is bounded by the curves y = e™, y = 0, x = 0, x = 1; 


p(x, y) = xy 27-28 Use a computer algebra system to find the mass, center 
of mass, and moments of inertia of the lamina that occupies the 
region D and has the given density function. 


12. D is enclosed by the curves y = 0 and y = cos x, 
—m/2<x< 7/2; p(x, y) =y 

27. D is enclosed by the right loop of the four-leaved rose 
r = cos 20; p(x,y) =x? + y? 


13. A lamina occupies the part of the disk x? + y? < 1 in the first 
quadrant. Find its center of mass if the density at any point is 28. D = {(x,y) | OS y S xe™, OS x <2}; p(x, y) = x°? 
proportional to its distance from the x-axis. 
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29. The joint density function for a pair of random variables X 
and Y is 


30. 


31. 


32. 


33. 


fx y) = { 


(a) 
(b) 
(c) 


(a) 


(b) 


(c) 


Cxi+y) if0<x<1,0<y<2 
(0) otherwise 


Find the value of the constant C. 
Find P(X < 1, Y < 1). 
Find P(X + Y < 1). 


Verify that 


4xy if O<x<1,0Sy<1 


0 otherwise 


f(x,y) -Í 


is a joint density function. 

If X and Y are random variables whose joint density 
function is the function f in part (a), find 

© P(X = 3) (i) P(X =4,Y<}4) 

Find the expected values of X and Y. 


Suppose X and Y are random variables with joint density 
function 


(a) 
(b) 


(c) 
(a) 


(b) 


0.1e O°” if x20, yz=0 


(0) otherwise 


fy) = { 


Verify that f is indeed a joint density function. 
Find the following probabilities. 


(i) P(Y = 1) (ii) P(X <2, Y <4) 
Find the expected values of X and Y. 


A lamp has two bulbs, each of a type with average life- 
time 1000 hours. Assuming that we can model the prob- 
ability of failure of a bulb by an exponential density 
function with mean u = 1000, find the probability that 
both of the lamp’s bulbs fail within 1000 hours. 
Another lamp has just one bulb of the same type as in 
part (a). If one bulb burns out and is replaced by a bulb 
of the same type, find the probability that the two bulbs 
fail within a total of 1000 hours. 


Suppose that X and Y are independent random variables, 
where X is normally distributed with mean 45 and standard 


15.5 | Surface Area 


In Section 16.6 we will deal with areas 
of more general surfaces, called para- 
metric surfaces, and so this section 
may be omitted if that later section 
will be covered. 


34. 


35. 
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deviation 0.5 and Y is normally distributed with mean 20 
and standard deviation 0.1. Evaluate a double integral 
numerically to find the given probability correct to three 
decimal places. 


(a) 
(b) 


P(40 < X < 50, 20 < Y < 25) 
P(4(X — 45)? + 100(Y — 20? < 2) 


Xavier and Yolanda both have classes that end at noon and 
they agree to meet every day after class. They arrive at the 
coffee shop independently. Xavier’s arrival time is X and 
Yolanda’s arrival time is Y, where X and Y are measured in 
minutes after noon. The individual density functions are 


AGy= 4 


ifx>0 


A0) = by if O<y<10 
0 ifx<0 á 


(0) otherwise 


(Xavier arrives sometime after noon and is more likely 

to arrive promptly than late. Yolanda always arrives by 
12:10 PM and is more likely to arrive late than promptly.) 
After Yolanda arrives, she’ll wait for up to half an hour for 
Xavier, but he won’t wait for her. Find the probability that 
they meet. 


When studying the spread of an epidemic, we assume that 
the probability that an infected individual will spread the 
disease to an uninfected individual is a function of the dis- 
tance between them. Consider a circular city of radius 

10 miles in which the population is uniformly distributed. 
For an uninfected individual at a fixed point A(xo, yo), 
assume that the probability function is given by 


f(P) = 39[20 — d(P, A)] 


where d(P, A) denotes the distance between points P and A. 


(a) 


(b) 


Suppose the exposure of a person to the disease is the 
sum of the probabilities of catching the disease from all 
members of the population. Assume that the infected 
people are uniformly distributed throughout the city, 
with k infected individuals per square mile. Find a 
double integral that represents the exposure of a person 
residing at A. 

Evaluate the integral for the case in which A is the 
center of the city and for the case in which A is located 
on the edge of the city. Where would you prefer to live? 


In this section we apply double integrals to the problem of computing the area of a sur- 
face. In Section 8.2 we found the area of a very special type of surface—a surface of 
revolution—by the methods of single-variable calculus. Here we compute the area of a 
surface with equation z = f(x, y), the graph of a function of two variables. 

Let S be a surface with equation z = f(x, y), where f has continuous partial deriva- 


tives. For simplicity in deriving the surface area formula, we assume that f(x, y) = 0 and 
the domain D of f is a rectangle. We divide D into small rectangles Rj; with area 
AA = Ax Ay. If (x; y;) is the corner of R; closest to the origin, let Pi(x;, yj, f(x, yj)) be 
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ZA the point on S directly above it (see Figure 1). The tangent plane to S at P;j is an approxi- 
A mation to S near P;j. So the area AT; of the part of this tangent plane (a parallelogram) 

that lies directly above R;j is an approximation to the area AS;; of the part of S that lies 
die directly above Rjj. Thus the sum 2 AT; is an approximation to the total area of S, and 
my this approximation appears to improve as the number of rectangles increases. Therefore 
we define the surface area of S to be 


AS 


ij 


m n 


[1] A(S) = lim © È AT; 


m, n>% i=] j=] 


To find a formula that is more convenient than Equation 1 for computational purposes, 
we let a and b be the vectors that start at P;; and lie along the sides of the parallelogram 
with area AT;;. (See Figure 2.) Then AT; = |a X b|. Recall from Section 14.3 that 
Sf(xi, y;) and f,(x;, y;) are the slopes of the tangent lines through P;; in the directions of 
a and b. Therefore 


a = Axi + fxn y) Axk 


b = Ayj + f(x, y;) Ayk 
and 
ij k 
aXb=]|Ax 0 f(x, y;) Ax 

QO Ay f(x, y) Ay 

= —f.(xi, y) Ax Ayi — f(x y) Ax Ayj + Ax Ayk 

= [Ala yi — fx, y)j + kl] AA 

i Thus AT; = |a X b| = VI Aan y) P + L6G, y) + 1AA 


FIGURE 2 
From Definition 1 we then have 


m n 


lim > > AT; 


MN i=] j=] 


A(S) 


II 


m n 


lim > > VAG. yP + TKO: y)P + 1AA 


MN j=] j=] 


Il 


and by the definition of a double integral we get the following formula. 


[2] The area of the surface with equation z = f(x, y), (x, y) E D, where f; 
and f, are continuous, is 


A(s) = || VAG PF HED dA 


D 


We will verify in Section 16.6 that this formula is consistent with our previous for- 
mula for the area of a surface of revolution. If we use the alternative notation for partial 


Notice the similarity between the derivatives, we can rewrite Formula 2 as follows: 


surface area formula in Equation 3 
and the arc length formula from 


Section T - E N B] A(S) = {| v + E ie a) dA 


D 
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YA EXAMPLE 1 Find the surface area of the part of the surface z = x? + 2y + 2 that lies 
above the triangular region T in the xy-plane with vertices (0, 0), (1, 0), and (1, 1). 


SOLUTION The region T is shown in Figure 3 and is described by 


T={(x,y)|0<x<1,0<y<x} 


Using Formula 2 with f(x, y) = x? + 2y + 2, we get 


(0, 0) (1, 0) x 


RCE NRE @ _ fi pe 
FIGURE 3 A= {| V(x? + 2? + 1dA= f f V4x? + 5 dy dx 
T 


= [VES dx = $3402 + 5°], = B27 - 5V5) 


Figure 4 shows the portion of the surface whose area we have just computed. E 


EXAMPLE 2 Find the area of the part of the paraboloid z = x? + y? that lies under the 
0 T plane z = 9. 


X SOLUTION The plane intersects the paraboloid in the circle x? + y? = 9, z = 9. 
Therefore the given surface lies above the disk D with center the origin and radius 3. 
(See Figure 5.) Using Formula 3, we have 


4 sa Vir (=) +(%) aa = [VI Oar + BP dA 


= || JT + mF y aA 


FIGURE 4 


Converting to polar coordinates, we obtain 


ED A = (7 [VTF AF rdr do = [do f? YTF AF (8r) dr 


3 y 

x 
= 27l} zaf = Z = 
= 1+ 4r = 37/37 1 a 

SEEN 2m(3)3(1 + 4r eh =  (37V37 = 1) 

15.5 | Exercises 
1-2 Find the area of the indicated part of the surface (above the 3-14 Find the area of the surface. 
region D): os 3. The part of the plane 5x + 3y — z + 6 = 0 that lies above 
1. =) ayo 2s the rectangle [1, 4] x [2, 6] 


4. The part of the plane 6x + 4y + 2z = 1 that lies inside the 
cylinder x? + y? = 25 


® The part of the plane 3x + 2y + z = 6 that lies in the 
first octant 


6. The part of the surface 2y + 4z — x? = 5 that lies above the 
triangle with vertices (0, 0), (2, 0), and (2, 4) 


ey 


@ The part of the paraboloid z = 1 — x? — y? that lies above 
the plane z = —2 
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8. The part of the cylinder x? + z? = 4 that lies above the (T) 19. Use a computer algebra system to find the exact area of the 
square with vertices (0, 0), (1, 0), (0, 1), and (1, 1) surface z = 1 + 2x + 3y + 4y,1<x<4,0<yX<1. 
(T] 20. Use a computer algebra system to find the exact area of the 


9. The part of the hyperbolic paraboloid z = y? — x’ that lies f 
between the cylinders x? + y? = 1 and x? + y? = 4 SHEARS 
i z=l+x+y+x -2<sx<1 -1<y<1 
10. The surface z = § (x°? + y*?), OS x<1,0<y<1 

Illustrate by graphing the surface. 
11. The part of the surface z = xy that lies within the cylinder (T) 21 


. Use a computer algebra system to find, correct to four deci- 
x+y =i 


mal places, the area of the part of the surface z = 1 + x*y? 
that lies above the disk x? + y? < 1. 


@® The part of the sphere x? + y? + z? = 4 that lies above the 


plane z = 1 (T) 22. Use a computer algebra system to find, correct to four 
decimal places, the area of the part of the surface 
13. The part of the sphere x? + y? + z* = a’ that lies within z = (1 + x?)/(1 + y?) that lies above the square 
the cylinder x* + y* = ax and above the xy-plane |x| + |y| < 1. Illustrate by graphing this part of the 
Bes surface. 
14. The part of the sphere x? + y? + z? = 4z that lies inside 
the paraboloid z = x? + y? 23. Show that the area of the part of the plane z = ax + by + c 
that projects onto a region D in the xy-plane with area A(D) 
15-16 Find the area of the surface correct to four decimal is ya? + b? + 1A(D). 
places by first simplifying an expression for area to one in terms 24. If you attempt to use Formula 2 to find the area of the top 
of a single integral, and then evaluating the integral numerically. half of the sphere x? + y? + z? = a’, you have a slight 


problem because the double integral is improper. In fact, the 
integrand has an infinite discontinuity at every point of the 
boundary circle x? + y? = a’. However, the integral can 
16. The part of the surface z = cos(x? + y’) that lies inside the be computed as the limit of the integral over the disk 

cylinder x? + y? = x^ + y< f ast— a . Use this method to show that the 
area of a sphere of radius a is 4ra^. 


15. The part of the surface z = 1/(1 + x? + y’) that lies above 
the disk x? + y? <1 


: . a re š 
17. (a) Use the Midpoint Rule for double integrals (see Sec- 25. Find the area of the finite part of the paraboloid Lee +z 
tion 15.1) with four squares to estimate the surface area cut off by the plane y = 25. [Hint: Project the surface onto 


of the portion of the paraboloid z = x” + y? that lies the xz-plane. ] 


above the square [0, 1] x [0, 1]. 26. The figure shows the surface created when the cylinder 
(T) (b) Use a computer algebra system to approximate the y? + z* = | intersects the cylinder x? + z* = 1. Find the 
surface area in part (a) to four decimal places. Compare area of this surface. 


with the answer to part (a). 


18. (a) Use the Midpoint Rule for double integrals with 
m = n = 2 to estimate the area of the surface 
z=xytx?+y*,0<x<2,0<y<2. 
(b) Use a computer algebra system to approximate the 
surface area in part (a) to four decimal places. Compare 
with the answer to part (a). 


15.6 | Triple Integrals 


Just as we defined single integrals for functions of one variable and double integrals 
for functions of two variables, so we can define triple integrals for functions of three 
variables. 


E Triple Integrals over Rectangular Boxes 


Let’s first deal with the simplest case where f is defined on a rectangular box: 


[1] B= { (x,y,z) | a<x<b,c<y<d,r<z<s} 
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FIGURE 1 
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The first step is to divide B into sub-boxes. We do this by dividing the interval [a, b] 
into J subintervals [x;-1, x;] of equal width Ax, dividing [c, d] into m subintervals of 
width Ay, and dividing [r, s] into n subintervals of width Az. The planes through the 
endpoints of these subintervals parallel to the coordinate planes divide the box B into Imn 
sub-boxes 


Bij = [eae] X [yyy | X [Z1 z] 


which are shown in Figure 1. Each sub-box has volume AV = Ax Ay Az. 
Then we form the triple Riemann sum 


[2] 


m 


M- 


> f (xi, Vite zik) AV 


1 j=1 k=1 


I 


Å 


where the sample point (xi, yi, Zk) is in Bij. By analogy with the definition of a 
double integral (15.1.5), we define the triple integral as the limit of the triple Riemann 
sums in (2). 


[3] Definition The triple integral of f over the box B is 


m n 


[f æy av = tim E $ $ fe yh at AV 
B 


nS i=] j=1 k=1 


if this limit exists. 


Again, the triple integral always exists if f is continuous. We can choose the sample 
point to be any point in the sub-box, but if we choose it to be the point (xi, Yj, Zx) we get 
a simpler-looking expression for the triple integral: 


m n 


[æy av = tim S $ $ fyz) av 
B 


lm, n>% j=] j=] k=l 


Just as for double integrals, the practical method for evaluating triple integrals is to 
express them as iterated integrals as follows. 


[4] Fubini’s Theorem for Triple Integrals If f is continuous on the rectangular 
box B = [a, b] X [c,d] X [r, s], then 


{| f(x, y, z) dV = F K [rl y, z) dx dy dz 
B 


The iterated integral on the right side of Fubini’s Theorem means that we integrate 
first with respect to x (keeping y and z fixed), then we integrate with respect to y (keeping 
z fixed), and finally we integrate with respect to z. There are five other possible orders in 
which we can integrate, all of which give the same value. For instance, if we integrate 
with respect to y, then z, and then x, we have 


[| ty. av= f’ F f FG y, 2 dy de de 
B 
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1084 


FIGURE 2 
A type 1 solid region 


0 


a | 
x a T : 


FIGURE 3 
A type 1 solid region where the 


projection D is a type I plane region 


CHAPTER 15 Multiple Integrals 


EXAMPLE 1 Evaluate the triple integral | ff p xyz’ dV, where B is the rectangular box 
given by 
B= { (x, y, 2) | O<x<1, -lsy2, 0<z=<3} 


SOLUTION We could use any of the six possible orders of integration. If we choose to 
integrate with respect to x, then y, and then z, we obtain 


fow- Ef parave- PP [SE] ow 


ahr! geet yz 7” J 
RU para = | 4 á 


y=-1 


3 32? 2 | 27 


=i, 4a 1 4 


E Triple Integrals over General Regions 


Now we define the triple integral over a general bounded region EF in three- 
dimensional space (a solid) by much the same procedure that we used for double inte- 
grals (15.2.2). We enclose E in a box B of the type given by Equation 1. Then we define 
F so that it agrees with f on E but is 0 for points in B that are outside E. By definition, 


MECE dV = {i F(x, y, z) dV 
E B 


This integral exists if f is continuous and the boundary of E is “reasonably smooth.” The 
triple integral has essentially the same properties as the double integral (Properties 5-8 
in Section 15.2). 

We restrict our attention to continuous functions f and to certain simple types of 
regions. A solid region E is said to be of type 1 if it lies between the graphs of two con- 
tinuous functions of x and y, that is, 


[5] E= { (x, y, 2) | (x,y) E D, u(x, y) S z S u(x, y) } 


where D is the projection of E onto the xy-plane as shown in Figure 2. Notice that the 
upper boundary of the solid E is the surface with equation z = u(x, y), while the lower 
boundary is the surface z = u(x, y). 

By the same sort of argument that led to (15.2.3), it can be shown that if E is a type 1 
region given by Equation 5, then 


[6] Jj res y,z)dV= i pe y, Z) | dA 


The meaning of the inner integral on the right side of Equation 6 is that x and y are held 
fixed, and therefore u(x, y) and u(x, y) are regarded as constants, while f(x, y, z) is 
integrated with respect to z. 

In particular, if the projection D of E onto the xy-plane is a type I plane region (as in 
Figure 3), then 


E= {(x,y,2) |a<x<b, glx) <y < g(x), w(x, y) <z < u(x, y) } 
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FIGURE 4 
A type 1 solid region with a type II 
projection 
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and Equation 6 becomes 


MM f(x, y, z) dV = f A i f(x, y, z) dz dy dx 


m(x, y. 


If, on the other hand, D is a type II plane region (as in Figure 4), then 
E= {(xy,2) | c<y<d, M(y) <x 5 h(y), m(x, y) = z < ux, y) } 


and Equation 6 becomes 


{| f(x,y,z) dV = {' lee "F (x, y, z) dz dx dy 
E 


ni(y) x, y) 


EXAMPLE 2 Evaluate [ff z dV where E is the solid in the first octant bounded by the 
surface z = 12xy and the planes y = x, x = 1. 


SOLUTION When we set up a triple integral it’s wise to draw two diagrams: one of 

the solid region E (Figure 5) and, for a type 1 region, one of its projection D onto the 
xy-plane (Figure 6). The lower boundary of the solid E is the plane z = 0 and the upper 
boundary is the surface z = 12xy, so we use u(x, y) = 0 and u(x, y) = 12xy in 
Formula 7. Notice that the projection of E onto the xy-plane is the triangular region 
shown in Figure 6, and we have 


[9] E={(x,y,2)|0<x<1,0<y<x,0<z< 12xy} 


FIGURE 5 FIGURE 6 


This description of E as a type | region enables us to evaluate the integral as follows: 


(psa (fp ens LE] ae 
| | 


z=0 


= an i (12xy)* dy dx = 72 { \ xy? dy dx 


x=1 


1 3 =S 6 
zy = a x = 
e E | dx 24 f x dx a| 4 E 


y=0 x=0 


II 
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Figure 7 shows how the solid E of Example 2 is swept out by the iterated triple 
integral if we integrate first with respect to z, then y, then x. 


x 


z varies from 0 to xy y varies from 0 to x x varies from 0 to 1. 


while x and y are constant. while x is constant. 


FIGURE 7 
A solid region E is of type 2 if it is of the form 
E= { (x, y, 2) | (y,z) E D, u(y, z) < x < u(y, z) } 


where, this time, D is the projection of E onto the yz-plane (see Figure 8). The back 
surface is x = u(y, z), the front surface is x = u2(y, z), and we have 


u(y, z) 


f f f f(x,y,z) dV = | | | i WO?) ee yz) ax dA 
E D 


X= u(y, 2) 


Finally, a type 3 region is of the form 


FIGURE 8 
A type 2 regi 
ie E = {(xy,2|(%2 E€ D, u(x, z) <y < u(x, z) } 
ZA where D is the projection of E onto the xz-plane, y = u(x, z) is the left surface, and 


y = u(x, z) is the right surface (see Figure 9). For this type of region we have 


TENE 2) 
TrA Hf resnnnar (ff fpetsesn nan] a 


u 


In each of Equations 10 and 11 there may be two possible expressions for the integral 
depending on whether D is a type I or type II plane region (and corresponding to Equa- 
tions 7 and 8). 


“| 
Il 
Ase 
=y 


FIGURE 9 
A type 3 region EXAMPLE3 Evaluate fff; vx? + z? dV, where E is the region bounded by the 
paraboloid y = x? + z* and the plane y = 4. 


SOLUTION The solid E is shown in Figure 10. If we regard it as a type 1 region, then 
we need to consider its projection D, onto the xy-plane, which is the parabolic region 
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shown in Figures 10 and 11. (The trace of y = x” + z’ in the plane z = 0 is the 
parabola y = x°.) 


YA 


BY 


h 


FIGURE 10 FIGURE 11 


Region of integration Projection onto the xy-plane 


From y = x° + z? we obtain z = +,/y — x?, so the lower boundary surface of E is 


z = —4/y — x° and the upper surface is z = yy — x°. Therefore the description of E 
as a type 1 region is 


E = { (x, y, z) | -2s x2, x’ Sys 4, -Jy—x? <z<Vy— x} 


and so we obtain 


[f verre av = f? fi [VZ Var Fe az dy ax 
E 


Vy—x2 


Although this expression is correct, it is extremely difficult to evaluate. So let’s 
instead consider E as a region of a different type. If we regard E as a type 3 region, then 
we need to consider its projection D3 onto the xz-plane, which is the disk x? + z? < 4 
shown in Figures 12 and 13. (The trace of y = x° + z’ in the plane y = 4 is the circle 


x +77=4) 
ZA 
xX+z?=4 
via > 
l =2 2 X 
Te N 
/ 4 y 
FIGURE 12 FIGURE 13 
Region of integration Projection onto the xz-plane 


Then the left boundary of E is the paraboloid y = x? + z’ and the right boundary is 
the plane y = 4, so taking u,(x, z) = x? + z? and u(x, z) = 4 in Equation 11, we have 


[|| ve + 2 av = {| i= Ver 2 J dA = {| (44-1 -2)/x +2 dA 


Ds 
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@ The most difficult step in 
evaluating a triple integral is setting 
up an expression for the region of 
integration (such as Equation 9 in 
Example 2). Remember that the limits 
of integration in the inner integral 
contain at most two variables, the 
limits of integration in the middle 
integral contain at most one variable, 
and the limits of integration in the 
outer integral must be constants. 


x=1 


FIGURE 14 The solid E 


Although this integral could be written as 


2 V4—-x2 = 42 2. 22 7 7 
P, L na (4= x" — 27) Vx? + 2? dz dx 


it’s easier to convert to polar coordinates in the xz-plane: x = r cos 0, z = r sin 0. This 


gives 


{ll ve +2 av= || a -x -EA aA 
E D: 
7 4 i (4 — r°)rr dr dð = a dé F (4r? — r*) dr 


4 | 1280 
=o, = E 
3 5h 15 


E Changing the Order of Integration 

Fubini’s Theorem for Triple Integrals allows us to express a triple integral as an iterated 
integral, and there are six different orders of integration in which we can do this. Given 
an iterated integral, it may be advantageous to change the order of integration because 
evaluating an iterated integral in one order may be simpler than in another. In the 
next example we investigate equivalent iterated integrals using different orders of 
integration. 


EXAMPLE 4 Express the iterated integral fo i {3 f(x, y, z) dz dy dx as a triple integral 
and then rewrite it as an iterated integral in the following orders. 

(a) Integrate first with respect to x, then z, and then y. 

(b) Integrate first with respect to y, then x, and then z. 


SOLUTION We can write 


[ EEE) ae ay dx = fff fya 


where E = {(x, y, z) |O<x<1,0<y<x’,0 < z < y}. From this description of E 
as a type | region we see that E lies between the lower surface z = 0 and the upper 
surface z = y, and its projection onto the xy-plane is {(x, y) |0<x<1,0<y<x’}, 
as shown in Figures 14 and 15. So E is the solid enclosed by the planes z = 0, x = 1, 
y = z and the parabolic cylinder y = x” (or r= Vy ). 

Using Figure 14 as a guide, we can write projections onto the three coordinate 
planes as follows (see Figure 15): 


onto the xy-plane: Dı = {(x,y)|0<x<1,0<y<x’} 


= {(x,y) | 05y 1, yy sxs 1} 


onto the yz-plane: D2 = {(y,z)|0<y<1,0<zsy} 


={(y,z)|O<z<lz<y<t 


onto the xz-plane: D; = {(x,z) |O0<x<1,0<z<x’} 


= {(x,2) |0<z<1yz<x<]} 
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FIGURE 15 


Projections of E 


(a) In order to integrate first with respect to x, then z, and then y, we need to consider E 
as a type 2 region where the back boundary is the surface x = af y and the front 
boundary is the plane x = 1; the projection onto the yz-plane is D2. We describe E by 


E= {(x,y,2)|0<y<10<z<y, yy <x<1} 


and then i} f(x, y, z) dV = i { > f(x, y, z) dx dz dy 
Fr 


(b) In order to integrate first with respect to y, then x, and then z, we need to consider E 
as a type 3 region where the left boundary is the plane y = z and the right boundary is 
the surface y = x’. The projection onto the xz-plane is D; and 


E= {(x,y,2)|0<z<1, yz <x<1,z<y<x’} 


Thus {| f(x, y, z) dV = f P [ ra, y, z) dy dx dz ] 
E 


E Applications of Triple Integrals 


Recall that if f(x) = 0, then the single integral |’ f(x) dx represents the area under the 
curve y = f(x) from a to b, and if f(x, y) = 0, then the double integral ff, f(x, y) dA 
represents the volume under the surface z = f(x, y) and above D. The corresponding 
interpretation of a triple integral fff, f(x, y, z) dV, where f(x, y, z) = 0, is not very use- 
ful because it would be the “hypervolume” of a four-dimensional object and, of course, 
that is very difficult to visualize. (Remember that E is just the domain of the function f; 
the graph of f lies in four-dimensional space.) Nonetheless, the triple integral 
Jif- f(x, y, z) dV can be interpreted in different ways in different physical situations, 
depending on the physical interpretations of x, y, z, and f(x, y, Z). 

Let’s begin with the special case where f(x, y, z) = 1 for all points in E. Then the 
triple integral does represent the volume of E: 


A V(E) = {| dV 


For example, you can see this in the case of a type | region by putting f(x, y, z) = 1 in 


Formula 6: 
fff .av= ff fa J dA = |Í [ua(x, y) = u(x, y)] dA 
A u(x, y) A 


and from Section 15.2 we know this represents the volume that lies between the surfaces 
z = m(x, y) and z = u(x, y). 
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EXAMPLE5 Usea triple integral to find the volume of the tetrahedron T bounded by 
the planes x + 2y + z = 2, x = 2y, x = 0, and z = 0. 


SOLUTION The tetrahedron T and its projection D onto the xy-plane are shown in 
Figures 16 and 17. The lower boundary of T is the plane z = 0 and the upper boundary 
is the plane x + 2y + z = 2, that is, z = 2 — x — 2y. 


4(0, 0, 2) 
| 
==» x+2y+z=2 
J kg 
y 
oa 0, 1, 0) 
> 
e x 
(1, 3,0) 
i 
FIGURE 16 FIGURE 17 


Therefore we have 


un jja- [f° Fea 
T 


pl pi ay O i 
=í f, (2 —x — 2y) dydx = 3 


by the same calculation as in Example 15.2.4. 
(Notice that it is not necessary to use triple integrals to compute volumes. They 
simply give an alternative method for setting up the calculation.) E 


All the applications of double integrals in Section 15.4 can be extended to triple inte- 
grals using analogous reasoning. For example, suppose that a solid object occupying a 
(jio Yije Zij) ° region E has density p(x, y, z), in units of mass per unit volume, at each point (x, y, z) in 

E. To find the total mass m of E we divide a rectangular box B containing E into sub- 

z boxes B;;, of the same size (as in Figure 18), and consider p(x, y, z) to be 0 outside E. If 

we choose a point (xi, vii, zix) in Bijz, then the mass of the part of E that occupies B; jx 

is approximately p(xiix, yijx, Zik) AV, where AV is the volume of B;;,. We get an approxi- 

E Í mation to the total mass by adding the (approximate) masses of all the sub-boxes, and if 

NL] M p we increase the number of sub-boxes, we obtain the total mass m of E as the limiting 
5 ge SS j value of the approximations: 


ijk 


JEE) 
JEBI 
| 


l,m, n—>® ; 


1 m n 
— y; t y * = 
FIGURE 18 [13] m= lim > 2 > oxi, Yo zix) AV MM p(x, y, z) dV 


The mass of each sub-box B;;x is 
approximated by p(xřr vite, zijn) AV Similarly, the moments of E about the three coordinate planes are 


My. = fif x p(x, y, z) dV M,: = {lj y p(x, y, z) dV 
E E 


My = fif z p(x, y, z) dV 
E 
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The center of mass is located at the point (x, y, z), where 


M, yz M; z M, y 


m5] TEET z= 


m m m 


If the density is constant, the center of mass of the solid is called the centroid of £. The 
moments of inertia about the three coordinate axes are 


I= {ly (y? + 27) p(x, y, z) dV L= Mi (x? + z*) p(x, y, z) dV 
E E 


L= fifo + y) p(x, y, z) dV 
E 


As in Section 15.4, the total electric charge on a solid object occupying a region E 
and having charge density ø (x, y, z) is 


Q= fif a(x, y, z) dV 
E 


If we have three continuous random variables X, Y, and Z, their joint density func- 
tion is a function of three variables such that the probability that (X, Y, Z) lies in E is 


P(X, Y, Z) € E) = ||] fC y, av 
E 
In particular, 


Pla SX<b,csY<d, rsZ<s)= |’ | F FŒ y2 dz dy dx 


r 


The joint density function satisfies 


f(x,y,z > 0 K K E f(x, y, z) dz dy dx = 1 


EXAMPLE 6 Find the center of mass of a solid of constant density that is bounded by 
the parabolic cylinder x = y° and the planes x = z, z = 0, and x = 1. 


SOLUTION The solid E and its projection onto the xy-plane are shown in Figure 19. 
The lower and upper surfaces of E are the planes z = 0 and z = x, so we describe E as 
a type 1 region: 


E = { (x, y, z) | =p = 1, y<x<1,0<z<x} 


Then, if the density is p(x, y, z) = p, the mass is 


a m= MN pdV= i f Fo dz dx dy 
l vof peost E] 


= ; i (1 = y*)dy = pf (1 — y*)dy 


5 1 4 
=p pate | ae 
FIGURE 19 Slo 5 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


1092 CHAPTER 15 Multiple Integrals 


Because of the symmetry of E and p about the xz-plane, we can immediately say that 


M,- = 0 and therefore y = 0. The other moments are 


M,, = I) xp dV = t, f f xp dz dx dy 


1 3 x=1 
= a ee = x 
pl (ix dx dy o| | 3 |. dy 


1 
_ 2p fi é _ 2p y! _ 4p 
3 f G -y)dy =- b 7 7 


My = I) zpdV = G f k zp dz dx dy 


P fae _ 2p 
Ja y°)dy 


ı afe Ppt ity 
o| p Bp dx dy = an K dx dy 


y 


7 


Therefore the center of mass is 


(x,y,z) = ( 


M,- M,- My = (3 
m , m á m 


15.6 | Exercises 


1. Evaluate the integral in Example 1, integrating first with 
respect to y, then z, and then x. 


2. Evaluate the integral fff „(xy + z°) dV, where 
E= {(x, y, 2) |O<x<2,0<ys< 10<z<3} 
using three different orders of integration. 


3-8 Evaluate the iterated integral. 


3. { Ta (2x — y) dx dy dz 
4. { A ta 6xy dz dx dy 


TTET 


6. i (a cos(x — 2y + z) dy dz dx 


w [ye dz dy ee aa 


9-12 

(a) Express the triple integral fff; f(x, y, z) dV as an iterated 
integral for the given function f and solid region E. 

(b) Evaluate the iterated integral. 


10. f(x, y, z) = xy 


9. f(x,y,z) =x 


z=1-x? i y+z=2 
~A - 
< B 
"O S 
x a 
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11. f(x, y,z)=xt+y 12. f(x,y,z) =2 


13-22 Evaluate the triple integral. 
13. We y dV, where 


E={(x,y,2) | 0<x<3,0<y<x,x-y<z<x+ty} 


14. SNe e7” dV, where 


E={(xy,2 |O0<y<ly<x<1,0<z<xy} 


15. [ff; (1/@)dV, where 


E= {yz | 0<y<10<z<y*j1<x<z+1} 


16. |||,,siny dV, where E lies below the plane z = x and above 
the triangular region with vertices (0, 0, 0), (7, 0, 0), and 
(0, 77, 0) 


A [|| 6xy dV, where E lies under the plane z = 1 + x + y 
and above the region in the xy-plane bounded by the curves 
y = Vx, y =0,andx=1 


18. |{{,,(x — y) dV, where E is enclosed by the surfaces 


z=x?-1,z=1-—x?,y=0,andy=2 


19. [ff y°dV, where T is the solid tetrahedron with vertices 
(0, 0, 0), (2, 0, 0), (0, 2, 0), and (0, 0, 2) 


20. [ff xzdV, where T is the solid tetrahedron with vertices 
(0, 0, 0), (1, 0, 1), (0, 1, 1), and (0, 0, 1) 


21. {{|,,x dV, where E is bounded by the paraboloid 
x = 4y? + 42’ and the plane x = 4 


22. |{|,,zdV. where E is bounded by the cylinder y* + z? = 9 
and the planes x = 0, y = 3x, and z = 0 in the first octant 


23-26 Use a triple integral to find the volume of the given solid. 
@) The tetrahedron enclosed by the coordinate planes and the 
plane 2x + y + z = 


24. The solid enclosed by the paraboloids y = x* + z? and 
y=8-x- 2? 


SECTION 15.6 Triple Integrals 1093 
125. The solid enclosed by the cylinder y = x? and the planes 
z=Oandy+z=1 


26. The solid enclosed by the cylinder x* + z* = 4 and the 
planes y = —landy+z=4 


27. (a) Express the volume of the wedge in the first octant that is 
cut from the cylinder y? + z* = 1 by the planes y = x 
and x = 1 as a triple integral. 

(b) Use either the Table of Integrals (on Reference Pages 
6-10) or a computer algebra system to find the exact 
value of the triple integral in part (a). 


28-30 Midpoint Rule for Triple Integrals In the Midpoint Rule 
for triple integrals we use a triple Riemann sum to approximate 
a triple integral over a box B, where f(x, y, z) is evaluated at 
the center (X;, Yj, Z4) of the box Bj. Use the Midpoint Rule to 
estimate the value of the integral. Divide B into eight sub-boxes 
of equal size. 


28. Mp V+ ytz dV, where 


B={(x,y,z)|0<x<4,0<y<4,0<7z<4} 


29. {Ne cos(xyz) dV, where 


B={(x,y,z)|0<x<1,0<ys<1,0sz<1} 


30. fff; xe” dV, where 


B = {x,y,z | 05254, 0S y= 1,052 = 2} 


31-32 Sketch the solid whose volume is given by the iterated 
integral. 


31. À i f Fay dz dx 


a [vax dz dy 


33-36 Express the integral |||, f(x, y, z) dV as an iterated integral 
in six different ways, where E is the solid bounded by the given 
surfaces. 


33. y=4-— x — 47, y=0 


34. y +7 =9, x 2. =) 
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37. The figure shows the region of integration for the integral 


J0 


\ i, kie y, z) dz dy dx 


Rewrite this integral as an equivalent iterated integral in the 
five other orders. 


38. The figure shows the region of integration for the integral 


( ag [Te M 2 a ae 


J0 J0 


Rewrite this integral as an equivalent iterated integral in the 
five other orders. 


39-40 Write five other iterated integrals that are equal to the 
given iterated integral. 


39. f Į j f(x,y, 2) dzdxdy 40. { T { f(x, y, z) dx dz dy 


41-42 Evaluate the triple integral using only geometric interpre- 
tation and symmetry. 


41. We (4 + 5x*yz*) dV, where C is the cylindrical region 
ety<4,-2<z<2 
42. i ie (z? + siny + 3) dV, where B is the unit ball 


xX +y +z sl 


43-46 Find the mass and center of mass of the solid E with the 
given density function p. 


43. E lies above the xy-plane and below the paraboloid 
z=1-x -y p(x,y,z) =3 


44. E is bounded by the parabolic cylinder z = 1 — y? and the 
planes x + z = 1, x = 0, and z = 0; p(x, y,z) = 4 


45. Eis the cube given by 0 S<x<a,O0SySa,057 8a; 
p(x, yz =x ty +z 


46. E is the tetrahedron bounded by the planes x = 0, y = 0, 
z=0,x+y+z=l1l; plx, y,z7) =y 


47-50 Assume that the solid has constant density k. 


GP Find the moments of inertia for a cube with side length L if 
one vertex is located at the origin and three edges lie along 
the coordinate axes. 


48. Find the moments of inertia for a rectangular brick with 
dimensions a, b, and c and mass M if the center of the brick is 
situated at the origin and the edges are parallel to the coordi- 
nate axes. 


49. Find the moment of inertia about the z-axis of the solid 
cylinder x? + y Sa’, 0Sz <h. 


50. Find the moment of inertia about the z-axis of the solid 


cone yx? + y? SZS h. 


51-52 Set up, but do not evaluate, integral expressions for 
(a) the mass, (b) the center of mass, and (c) the moment of 
inertia about the z-axis. 


GTD The solid of Exercise 25; p(x, y, z) = Vx? + y? 
52. The hemisphere x? + y? + 77 <1, z > 0; 


p(x, y, z) = Vx? + y? +2? 


53. Let E be the solid in the first octant bounded by the cylinder 


x? + y? = 1 and the planes y = z, x = 0, and z = 0 with the 
density function p(x, y, z) = 1 + x + y + z. Use a computer 
algebra system to find the exact values of the following quan- 
tities for E. 

(a) The mass 

(b) The center of mass 

(c) The moment of inertia about the z-axis 


54. If E is the solid of Exercise 22 with density function 


p(x, y, zZ) = x? + y’, find the following quantities, correct 
to three decimal places. 

(a) The mass 

(b) The center of mass 

(c) The moment of inertia about the z-axis 


55. The joint density function for random variables X, Y, and Z is 
f(xy, z) = CxyzifO<x<2,0<y<2, 0<zS2,and 
f(x, y, z) = 0 otherwise. 

(a) Find the value of the constant C. 
(b) Find P(X <1,Y<1,Z< 1). 
(c) Find P(X + Y+ Z <1). 
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56. Suppose X, Y, and Z are random variables with joint density 57. Find the average value of the function f(x, y, z) = xyz over 
function f(x, y, z) = Ce O70!) if x = 0, y = 0,2 = 0, the cube with side length L that lies in the first octant with one 


and f(x, y, z) = 0 otherwise. 


(a) Find the value of the constant C. 


(b) Find P(X < 1, Y < 1). 


(c) Find P(X < 1,Y < 1,Z =< 1). 


vertex at the origin and edges parallel to the coordinate axes. 


58. Find the average height of the points in the solid hemisphere 
vr+y+27<1,720. 


57-58 Average Value The average value of a function f(x, y, z) 59. (a) Find the region E for which the triple integral 


over a solid region £ is defined to be 


1 i¢ 
avg = ve l 


| f(x, y, z) dV 


{ya — x? — 2y? — 3z?) dV 
E 


is a maximum. 


where V(E) is the volume of £. For instance, if p is a density (b) Use a computer algebra system to calculate the exact 
function, then pavg is the average density of E. maximum value of the triple integral in part (a). 


15.7 


YA 


O x x 


FIGURE 1 


DISCOVERY PROJECT | VOLUMES OF HYPERSPHERES 


In this project we find formulas for the volume enclosed by a hypersphere in n-dimensional 
space. The hypersphere in IR” of radius r centered at the origin has equation 


PA aE ee a 2)" at 1 


OG UP Ay IR dba) fee + x2 pe 


Let V,(r) denote the volume enclosed by this hypersphere. A hypersphere in R? is a circle and 
in R’, a sphere. 


1. Use a double integral and trigonometric substitution, together with Formula 64 in the Table 
of Integrals, to find the area enclosed by a circle of radius r in R°. 


2. Use a triple integral and trigonometric substitution to find the volume V3(r) enclosed by a 
sphere with radius r in R°. 


3. Use a quadruple integral to find the (4-dimensional) volume V4(r) enclosed by the hyper- 
sphere of radius r in R*. (Use only trigonometric substitution and the reduction formulas 
for | sin"x dx or | cos"x dx.) 


4. Use an n-tuple integral to find the volume V,(r) enclosed by a hypersphere of radius r 
in R”. [Hint: The formulas are different for n even and n odd.] 


5. Show that the volume V,,(1) enclosed by the unit hypersphere in R” approaches zero as n 
increases. 


Triple Integrals in Cylindrical Coordinates 


In plane geometry the polar coordinate system is used to give a convenient description of 
certain curves and regions. (See Section 10.3.) Figure | enables us to recall the connec- 
tion between polar and Cartesian coordinates. If the point P has Cartesian coordinates 
(x, y) and polar coordinates (r, 0), then, from the figure, 


x =rcosé y=rsind 
y 
r=x +y tang = — 
x 


In three dimensions there is a coordinate system, called cylindrical coordinates, that 
is similar to polar coordinates and gives convenient descriptions of some commonly 
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occurring surfaces and solids. As we will see, some triple integrals are much easier to 
evaluate in cylindrical coordinates. 


E Cylindrical Coordinates 


In the cylindrical coordinate system, a point P in three-dimensional space is represented 

by the ordered triple (r, 0, z), where r and 0 are polar coordinates of the projection of P 

onto the xy-plane and z is the directed distance from the xy-plane to P. (See Figure 2.) 
To convert from cylindrical to rectangular coordinates, we use the equations 


[1] x =rcos@ y=rsind a 


whereas to convert from rectangular to cylindrical coordinates, we use 


FIGURE 2 
The cylindrical coordinates of a point [2] r=xt+y? tan 0 = 2 E 
EXAMPLE 1 
(a) Plot the point with cylindrical coordinates (2, 27/3, 1) and find its rectangular 
coordinates. 
(b) Find cylindrical coordinates of the point with rectangular coordinates (3, —3, —7). 
ZA SOLUTION 


(a) The point with cylindrical coordinates (2, 27/3, 1) is plotted in Figure 3. From 
Equations 1, its rectangular coordinates are 


z=] 


FIGURE 3 


So the point is (- af Se 1) in rectangular coordinates. 


(b) From Equations 2 and noting that 0 is in quadrant IV of the xy-plane, we have 


V3? + (-32 = 3/2 


p= 

I p= ae 

an 3 NiO) 4 nT 
z= -7 


Therefore one set of cylindrical coordinates is (3 V2, 17/4, ~7). Another is 
(3 V2, —7/4, —7). As with polar coordinates, there are infinitely many choices. E 


Cylindrical coordinates are useful in problems that involve symmetry about an axis, 
and the z-axis is chosen to coincide with this axis of symmetry. For instance, the axis of 
the circular cylinder with Cartesian equation x? + y* = c? is the z-axis. In cylindrical 
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coordinates this cylinder has the very simple equation r = c. (See Figure 4.) This is the 
reason for the name “cylindrical” coordinates. The graph of the equation 0 = c is a verti- 
cal plane through the origin (see Figure 5), and the graph of the equation z = c is a hori- 
zontal plane (see Figure 6). 


FIGURE 4 FIGURE 5 FIGURE 6 
r = c, a cylinder 0 = c, a vertical plane z = c, a horizontal plane 
ZA EXAMPLE 2 Describe the surface whose equation in cylindrical coordinates is z = r. 
( ) SOLUTION The equation says that the z-value, or height, of each point on the surface is 


the same as r, the distance from the point to the z-axis. Because @ doesn’t appear, it can 
vary. So any horizontal trace in the plane z = k (k > 0) is a circle of radius k. These 
traces suggest that the surface is a cone. This prediction can be confirmed by converting 
the equation into rectangular coordinates. From the first equation in (2) we have 


2 


2 
Pap=x? ty? 


We recognize the equation z* = x? + y? (by comparison with Table 1 in Section 12.6) 
FIGURE 7 as being a circular cone whose axis is the z-axis (see Figure 7). a 


z = r, a cone 
E Triple Integrals in Cylindrical Coordinates 


ZA Suppose that E is a type | region whose projection D onto the xy-plane is conveniently 
a aed described in polar coordinates (see Figure 8). In particular, suppose that f is continuous 


a and 


E= {(x, y, Z) | x,y) E D, u(x, y) Sz S u(x, y)} 


i D > where D is given in polar coordinates by 
j \ | 
Iz= m(x, 9) D= {(r,0) |a<0 <8, (0) = r < h-(0)} 
l | 
| 


We know from Equation 15.6.6 that 


OSB 
x Sa [3] jire y, z) dV = i Dies j Ta y, Zz) | dA 


FIGURE 8 


But we also know how to evaluate double integrals in polar coordinates. In fact, combin- 
ing Equation 3 with Equation 15.3.3, we obtain 


1\(0) u(r cos 9, r sin 0) 


NT f(x, y, z) dV = i f a ere f(r cos 6, r sin 6, z) r dz dr d0 
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FIGURE 9 


Volume element in cylindrical 
coordinates: dV = r dz dr d0 


FIGURE 10 


z varies from 0 to 4 — r° 


while r and @ are constant. 


FIGURE 11 


Formula 4 is the formula for triple integration in cylindrical coordinates. It says that 
we convert a triple integral from rectangular to cylindrical coordinates by writing 
x =rcos6, y = r sin, leaving z as it is, using the appropriate limits of integration for 
z, r, and 0, and replacing dV by r dz dr d0. (Figure 9 shows how to remember this.) It is 
worthwhile to use this formula when Æ is a solid region easily described in cylindrical 
coordinates, and especially when the function f(x, y, z) involves the expression x? + y’. 


EXAMPLE 3 Evaluate fff; x? dV, where E is the solid that lies under the paraboloid 
z = 4 — x° — y’ and above the xy-plane (see Figure 10). 


SOLUTION Because E is symmetric about the z-axis, we use cylindrical coordinates. 
In addition, cylindrical coordinates are appropriate because the paraboloid 

z= 4 — x? — y? = 4 — (x? + y°) is easily expressed in cylindrical coordinates as 

z = 4 — r°. The paraboloid intersects the xy-plane in the circle r? = 4 or, equivalently, 
r = 2, so the projection of E onto the xy-plane is the disk r < 2. Thus the region E is 
given by 


{0,0,2 |050 <27, O<r<2,0<z2<4-/7'} 


and from Formula 4 we have 


Ifi x dV = w Ñ P (r cos 0)? r dz dr dO 
E 


= |" f C cos*yl(4 — 1?) dr d0 


E cos’@ dé F (4r? — r°) dr 
0 0 


= To + 5 sin 207| — 16) 


= 3(2m)(16 — 3) = $r a 


Figure 11 shows how the solid E in Example 3 is swept out by the iterated triple inte- 
gral if we integrate first with respect to z, then r, then 0. 


r varies from 0 to 2 while 6 varies from 0 to 277. 
6 is constant. 
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EXAMPLE 4 A solid E lies within the cylinder x? + y* = 1 to the right of the 
xz-plane, below the plane z = 4, and above the paraboloid z = 1 — x? — y’. 

(See Figure 12.) The density at any point is proportional to its distance from the axis of 
the cylinder. Find the mass of E. 


SOLUTION In cylindrical coordinates the cylinder is r = 1 and the paraboloid is 
z = 1 — r°, so we can write 


E={(r,0,2)|0<0<7,0<r<l1,1-r<z<4} 


Since the density at (x, y, z) is proportional to the distance from the z-axis, the density 


function is 
p(x, y, zZ) = Ky x? + y? = Kr 


FIGURE 12 


FIGURE 13 


where K is the proportionality constant. Therefore, from Formula 15.6.13, the mass of 
Eis 


m= f Í Í KJ +y? dV = a 1 iE (Kr) r dz dr d0 
E 


~ ER Kr’[4 =(= r°)] dr do = K |" d0 i (3r? + r*)dr 


0 
5 1 
3 r 67K 
=77K\|r+—_| =— Oo 
cl 5 
2 4— x2 2 
EXAMPLE 5 Evaluate |”, |e f pan 0 + y?) d dy dx 


SOLUTION This iterated integral is a triple integral over the solid region 


E= { (x, y, 2) | -28% x2, -y4 -= x? Sy £4- x, yx + y? <z<2} 
and the projection of E onto the xy-plane is the disk x? + y? < 4. The lower surface of 


E is the cone z = yx? + y? and its upper surface is the plane z = 2. (See Figure 13.) 
This region has a much simpler description in cylindrical coordinates: 


E= {(r,0,2)|0<0<2n, 0<r<2,r<z<2} 


Therefore we have 
a ro [one O? + y?) de dy dx = {ff (x? + y?) dV 
E 
=f pp reaa 


= ie do i r(2 — r) dr 
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15.7 | Exercises 


1-2 Plot the point whose cylindrical coordinates are given. 
Then find the rectangular coordinates of the point. 
1. (a) (5, 7/2, 2) 
(b) (6, —7/4, —3) 


2. (a) (2, 57/6, 1) 
(b) (8, —277/3, 5) 


3-4 Change from rectangular to cylindrical coordinates. 
3. (a) (4,4, —3) 


b) (5V3, —5, v3 ) 


4. (a) (0, —2, 9) 


(b) (-1, V3, 6) 


5-6 Describe in words the surface whose equation is given. 


5.r=2 6. 0= 7/6 


7-8 Identify the surface whose equation is given. 


7. r +z =4 8. r=2sin0 


9-10 Write the equations in cylindrical coordinates. 
9. (a) x- xty +z =l 
b) z=x - y? 


10. (a) 2x7 + 2y? = 7? =4 
(b) 2x -y+z=1 


11-12 Sketch the solid described by the given inequalities. 


rsrsr 


12. 050 < 7T/2, rsz<2 


13. A cylindrical shell is 20 cm long, with inner radius 6 cm 
and outer radius 7 cm. Write inequalities that describe the 
shell in an appropriate coordinate system. Explain how you 
have positioned the coordinate system with respect to the 
shell. 


14. Use graphing software to draw the solid enclosed by the 
paraboloids z = x? + y? and z = 5 — x? — y’. 


15-16 

(a) Express the triple integral fff, f(x, y, z) dV as an iterated 
integral in cylindrical coordinates for the given function f 
and solid region E. 


(b) Evaluate the iterated integral. 


15. f(x,y, 2 =x + y? 16. f(x,y,z) = xy 


17-18 Sketch the solid whose volume is given by the integral 
and evaluate the integral. 


17. mah [ra dr d0 


m/2 


18. ii \" i, r dz dð dr 


19-30 Use cylindrical coordinates. 


19. Evaluate [ff vx? + y? dV, where E is the region that lies 
inside the cylinder x? + y? = 16 and between the planes 
z=-—Sandz = 4. 


20. Evaluate [|]; z dV, where E is enclosed by the paraboloid 
z =x? + y’ and the plane z = 4. 

@ Evaluate fff; (x + y + z) dV, where E is the solid in the 
first octant that lies under the paraboloid z = 4 — x? — y’. 


22. Evaluate fff; (x — y) dV, where E is the solid that lies 
between the cylinders x? + y? = 1 and x? + y* = 16, 
above the xy-plane, and below the plane z = y + 4. 


@ Evaluate fff; x°dV, where E is the solid that lies within the 
cylinder x? + y? = 1, above the plane z = 0, and below the 
cone z? = 4x? + 4y°. 


24. Find the volume of the solid that lies within both the cylin- 
der x? + y? = 1 and the sphere x? + y? + 2? = 4. 


@) Find the volume of the solid that is enclosed by the cone 
z = x? + y? and the sphere x? + y? + z*=2. 


26. Find the volume of the solid that lies between the parabo- 
loid z = x° + y? and the sphere x? + y? + z? = 2. 


27. (a) Find the volume of the region £E that lies between the 
paraboloid z = 24 — x? — y? and the cone 
z = 24x? + y?. 
(b) Find the centroid of E (the center of mass in the case 
where the density is constant). 
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28. (a) Find the volume of the solid that the cylinder r = a cos 0 
cuts out of the sphere of radius a centered at the origin. 
M (b) Illustrate the solid of part (a) by graphing the sphere 
and the cylinder on the same screen. 


29. Find the mass and center of mass of the solid $ bounded by 
the paraboloid z = 4x? + 4y? and the plane z = a (a > 0) 
if S has constant density K. 


30. Find the mass of a ball B given by x? + y? + 2° < a’ if 
the density at any point is proportional to its distance from 
the z-axis. 


31-32 Evaluate the integral by changing to cylindrical 
coordinates. 


vazy? [2 
[> Wree xz dz dx dy 


32. i W al Vx? + y? dz dy dx 


33. When studying the formation of mountain ranges, geolo- 
gists estimate the amount of work required to lift a moun- 
tain from sea level. Consider a mountain that is essentially 
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in the shape of a right circular cone. Suppose that the weight 

density of the material in the vicinity of a point P is g(P) and 

the height is h(P). 

(a) Find a definite integral that represents the total work done 
in forming the mountain. 

(b) Assume that Mount Fuji in Japan is in the shape of a right 
circular cone with radius 62,000 ft, height 12,400 ft, and 
density a constant 200 Ib/ft*. How much work was 
done in forming Mount Fuji if the land was initially at 
sea level? 


The figure shows the solid enclosed by three circular cylinders with the same diameter that 
intersect at right angles. In this project we compute its volume and determine how its shape 
changes if the cylinders have different diameters. 


1. 


Sketch carefully the solid enclosed by the three cylinders x? + y? = 1, x? + z? = 1, and 


y? + z* = 1. Indicate the positions of the coordinate axes and label the faces with the 
equations of the corresponding cylinders. 


2. Find the volume of the solid in Problem 1. 
3. Use graphing software to draw the edges of the solid. 


4. What happens to the solid in Problem 1 if the radius of the first cylinder is different 
from 1? Illustrate with a hand-drawn sketch or a computer graph. 


5. If the first cylinder is x? + y? = a’, where a < 1, set up, but do not evaluate, a double 
integral for the volume of the solid. What if a > 1? 
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1102 CHAPTER 15 Multiple Integrals 


15.8 | Triple Integrals in Spherical Coordinates 


FIGURE 1 


Another useful coordinate system in three dimensions is the spherical coordinate system. 
It simplifies the evaluation of triple integrals over regions bounded by spheres or cones. 


E Spherical Coordinates 


The spherical coordinates (p, 6, ¢) of a point P in space are shown in Figure 1, where 
p = | OP | is the distance from the origin to P, 6 is the same angle as in cylindrical coor- 
dinates, and ¢ is the angle between the positive z-axis and the line segment OP. Note that 


p=0 0<¢57 


The spherical coordinate system is especially useful in problems where there is symmetry 
about a point, and the origin is placed at this point. For example, the sphere with center 
the origin and radius c has the simple equation p = c (see Figure 2): this is the reason for 
the name “spherical” coordinates. The graph of the equation 0 = c is a vertical half-plane 
(see Figure 3), and the equation @ = c represents a half-cone with the z-axis as its axis 


The spherical coordinates of a point (see Figure 4). 


FIGURE 5 


N 
N 
> 


L 
| c 
A 
0 
y y 
Xx ý EY 
£ 
0<c< m/2 a/2<c<7 
p = c, a sphere FIGURE3 9 = c, a half-plane FIGURE 4 ¢ = c, ahalf-cone 


The relationship between rectangular and spherical coordinates can be seen from Fig- 
ure 5. From triangles OPQ and OPP’ we have 


z=pcosd r=psingd 


But x = rcos@ and y = rsin@, so to convert from spherical to rectangular coordinates, 
we use the equations 


[1] x = psind cos 0 y=psingd sind z=pcosd 


Also, the distance formula shows that 


[2] partyt+7 


We use this equation in converting from rectangular to spherical coordinates. 


EXAMPLE 1 The point (2, 7/4, 7/3) is given in spherical coordinates. Plot the point 
and find its rectangular coordinates. 
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(2, 7/4, 7/3) 


FIGURE 6 


@ WARNING There is not univer- 
sal agreement on the notation for 
spherical coordinates. Most books on 
physics reverse the meanings of @ and 
¢ and use r in place of p. 


r= p; Sin by 


x 


(a) A spherical wedge 


FIGURE 7 
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SOLUTION We plot the point in Figure 6. From Equations | we have 


= 
x = psind cos@ = 2 sin — cos — = 2 2 = " 
3 4 2 J/2 2 


3\( 1 z 
y=psing sin = 2 sin sin i =2(-2)(4) = RE 


z = pcosd = 2 cos 7 = 2(5) = 1 
Thus the point (2, 77/4, 27/3) is (./3/2, /3/2, 1) in rectangular coordinates. a 


EXAMPLE 2 The point (0, 2/3, —2) is given in rectangular coordinates. Find 
spherical coordinates for this point. 


SOLUTION From Equation 2 we have p = yx? + y? + z? = J/0+ 12+ 4 =4and 
so Equations | give 


Z =2 1 27 
ee a 2 53 
9=—~—_=0 9=— 
cos 0 = = = — 
p sin ġọ 2 
(Note that 6 # 37/2 because y = 24/3 > 0.) Therefore spherical coordinates of the 
given point are (4, 7/2, 27/3). | 


E Triple Integrals in Spherical Coordinates 


In the spherical coordinate system the counterpart of a rectangular box is a spherical 
wedge 


E= {(p,0,6) |a<p<b,a<0<B,c<¢<d} 


where a = 0 and B — a < 27, and d — c < m. Although we defined triple integrals by 
dividing solids into small boxes, it can be shown that dividing a solid into small spherical 
wedges always gives the same result. So we divide E into smaller spherical wedges 
Eijk by means of equally spaced spheres p = p;, half-planes 0 = 6), and half-cones 
ob = o+. Figure 7 shows that Ej; is approximately a rectangular box with dimensions Ap, 
pi Ad (arc of a circle with radius p;, angle Ad), and p; sind; AO (arc of a circle with 
radius p; sin¢;, angle A0). So an approximation to the volume of E;jx is given by 


AVijn ~ (Ap)(p:i Ap)(p: sin p: A0) = př sin p Ap Ad Ad 


( Jiss sin dy A0 


r; =p; sin by 


(b) Side view (c) Top view 
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1104 CHAPTER 15 Multiple Integrals 


In fact, it can be shown, with the aid of the Mean Value Theorem (Exercise 51), that 
the volume of E;jx is given exactly by 


AV ix = pr sin dy Ap A0 Ad 


where ((;, 6;, x) is some point in Ejj,. Let (x7, Y žr 24) be the rectangular coordinates 
of this point. Then 


m n 


l 
if f(x, y, z) dV „im, > 2 2 fii Yik zik) AViix 
E _ ee ae 


II 


l m n 


= lim È © © f(p sin dcos ĝ;, p; sin dx sin 6;, pi cos hy) p? sin dx Ap AO Ad 


lm,n->~% i=1j=1k=1 
But this sum is a Riemann sum for the function 


F(p, 0, 6) = f(p sind cos 6, p sind sin 0, p cos p) p” sind 


Consequently, we have arrived at the following formula for triple integration in spheri- 
ZA cal coordinates. 


E) {lf ress. av 


= f“ f? f’ Fo sing cos 6, p sing sino, p cos $) p? sing dp d0 dẹ 


where E is a spherical wedge given by 


E= {(p,0,¢)|a<p<b, a 


Formula 3 says that we convert a triple integral from rectangular coordinates to spheri- 
cal coordinates by writing 


x = p sind cos 0 y = psing sin 0 z = p cos ġ 


FIGURE 8 
Volume element in spherical using the appropriate limits of integration and replacing dV by p° sin ¢ dp dé dd. This is 
coordinates: dV = p° sin d dp d0 do illustrated in Figure 8. 

This formula can be extended to include more general spherical regions such as 


E= {(p,0,6)|a<0<B, c<¢ =d, g(0,6) <p = g0, p) } 


In this case the formula is the same as in (3) except that the limits of integration for p are 


gı(0, p) and g2(0, $). 
Usually, spherical coordinates are used in triple integrals when surfaces such as cones 
and spheres form the boundary of the region of integration. 


EXAMPLE3 Evaluate ie ei ty?+29°" AV, where B is the unit ball: 
B = { (x, y, 2) | x2 +y +z? Ss 1} 
SOLUTION Since the boundary of B is a sphere, we use spherical coordinates: 
B= {(p,0,6) |0<p<1, 05052, 05 p7} 
In addition, spherical coordinates are appropriate because 


xX +y +z? =p 
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Thus (3) gives 
i} ety dy = F {" i: et)” p°sin p dp d0 db 
B 


= F sing db [7 do i} pe” dp 
=|- cos oh (27) ler] = rle — 1) a 


NOTE It would have been extremely awkward to evaluate the integral in Example 3 with- 
out spherical coordinates. In rectangular coordinates the iterated integral would have been 


1-x? Vi-x2-y2 (x2+y2+22)3/2 
ery" dz dy dx 
L (ae —V1-x2-y2 y 


EXAMPLE 4 Use spherical coordinates to find the volume of the solid that lies above 
the cone z = yx? + y? and below the sphere x? + y* + z* = z. (See Figure 9.) 


SOLUTION Notice that the sphere passes through the origin and has center (0, 0, 5), We 
write the equation of the sphere in spherical coordinates as 


p = pcos p o p=cosd 


The equation of the cone can be written as 


pcos = yp? sin? cos?0 + p?sin? sin?0 = p sin 


This gives sin @ = cos ¢, or p = 77/4. Therefore the description of the solid E in 
FIGURE 9 spherical coordinates is 


E= {(p,0,6) |0<0<27, 0<$<7/4, 0 = p = cos ġ } 


Figure 10 shows how E is swept out if we integrate first with respect to p, then d, and 
then 0. The volume of E is 


V(E) = | f dv = [7 N i ag p sing dp de d0 
E 


; ie p p=cos b 
= f dé f sng [2] do 

2 2 cost re 

T [m4 T T 
=e N sing cos* db = A |- 7 i = 


x y x y 
p varies from 0 to cos & ¢ varies from 0 to 77/4 0 varies from 0 to 277. 
FIGURE 10 while ¢ and @ are constant. while 6 is constant. | 
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15.8 | Exercises 


1-2 Plot the point whose spherical coordinates are given. Then 
find the rectangular coordinates of the point. 


1. (a) (2, 37/4, 7/2) (b) (4, —7/3, 7/4) 


2. (a) (5, 7/2, 77/3) (b) (6, 0, 57/6) 


3-4 Change from rectangular to spherical coordinates. 


3. (a) (3,3, 0) (b) (1, —V3, 243) 
(b) (—2, 2,2/6) 


4. (a) (0,4, —4) 


5-6 Describe in words the surface whose equation is given. 


5. b = 37/4 6. p> — 3p +2=0 


7-8 Identify the surface whose equation is given. 


7. pcosġ = 1 8. p = cos ọ 


9-10 Write the equation in spherical coordinates. 


9. a) x+y? +z =9 (b) x? -y =z =1 


10. (a) z =x? + y’ b) z=x -y 


11-14 Sketch the solid described by the given inequalities. 
11. p<1, 0<¢<7/6, 0SO057 
12,.1<p<2, c/2<d¢<7 
13.1<p<3, 0<¢S7/2, m0 < 3r/2 

2 


14. p S 


15. A solid lies inside the sphere x? + y? + z? = 4z and outside 


the cone z = yx? + y?. Write a description of the solid in 
terms of inequalities involving spherical coordinates. 


16. (a) Find inequalities that describe a hollow ball with diam- 
eter 30 cm and thickness 0.5 cm. Explain how you have 
positioned the coordinate system that you have chosen. 

(b) Suppose the ball is cut in half. Write inequalities that 
describe one of the halves. 


17-18 Sketch the solid whose volume is given by the integral 
and evaluate the integral. 


D fon oaa 


18. (" i i ea p? sin $ dp d0 db 


19-20 Set up the triple integral of an arbitrary continuous 
function f(x, y, z) in cylindrical or spherical coordinates over the 
solid shown. 


19. EA 
es 


A 


2 
| a 
PA 7 


21-22 

(a) Express the triple integral fy r f(x, y, z) dV as an iterated 
integral in spherical coordinates for the given function f and 
solid region E. 

(b) Evaluate the iterated integral. 


21. f(x, y z) = Ve + y+ 2 


22. f(x,y,z) = xy 


xe+y?+72=9 


23-36 Use spherical coordinates. 


Œ Evaluate [ffp (x? + y? + 2?) dV, where B is the ball with 
center the origin and radius 5. 


24. Evaluate [f]; y°z? dV, where E lies above the cone @ = 77/3 
and below the sphere p = 1. 


E) Evaluate {{{, (x? + y’) dV, where E lies between the spheres 
xX +y +z? = Aand +y?4+2°=9, 


26. Evaluate [f|], y? dV, where E is the solid hemisphere 


xX +y +z S9, yO. 


@®) Evaluate |||, xe? dV, where E is the portion of the 
unit ball x? + y? + z* < 1 that lies in the first octant. 


28. Evaluate [|], vx? + y? + z? dV, where E lies above the cone 
z = yx? + y? and between the spheres x? + y? + z? = 1 
and x? + y? +z? = 4. 


29. Find the volume of the part of the ball p < a that lies between 
the cones @ = 7/6 and @ = 77/3. 
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30. Find the average distance from a point in a ball of radius a 
to its center. 


31. (a) Find the volume of the solid that lies above the cone 
Q = 7/3 and below the sphere p = 4 cos ¢. 
(b) Find the centroid of the solid in part (a). 


32. Find the volume of the solid that lies within the sphere 
x? + y? + z* = 4, above the xy-plane, and below the 


cone z = yx? + y?. 


33. (a) Find the centroid of the solid in Example 4. (Assume 
constant density K.) 
(b) Find the moment of inertia about the z-axis for this solid. 


34. Let H be a solid hemisphere of radius a whose density at any 
point is proportional to its distance from the center of the base. 
(a) Find the mass of H. 
(b) Find the center of mass of H. 
(c) Find the moment of inertia of H about its axis. 


35. (a) Find the centroid of a solid homogeneous hemisphere 
of radius a. 
(b) Find the moment of inertia of the solid in part (a) about 
a diameter of its base. 


36. Find the mass and center of mass of a solid hemisphere of 
radius a if the density at any point is proportional to its 
distance from the base. 


37-42 Use cylindrical or spherical coordinates, whichever 
seems more appropriate. 


GT Find the volume and centroid of the solid E that lies above 
the cone z = yx? + y? and below the sphere 
ePtyt+2=1, 


38. Find the volume of the smaller wedge cut from a sphere of 
radius a by two planes that intersect along a diameter at an 
angle of 7/6. 


39. A solid cylinder with constant density has base radius a and 
height h. 


(a) Find the moment of inertia of the cylinder about its axis. 49. 


(b) Find the moment of inertia of the cylinder about a 
diameter of its base. 


40. A solid right circular cone with constant density has base 
radius a and height h. 
(a) Find the moment of inertia of the cone about its axis. 
(b) Find the moment of inertia of the cone about a diameter 
of its base. 


41. Evaluate fhe z dV, where E lies above the paraboloid 
z = x° + y* and below the plane z = 2y. Use either the 


Table of Integrals (on Reference Pages 6-10) or a computer 
algebra system to evaluate the integral. 


42. (a) Find the volume enclosed by the torus p = sin ¢. 


(b) Use graphing software to draw the torus. 
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43-45 Evaluate the integral by changing to spherical coordinates. 


43. i as (= dz dy dx 


vVx2+y?2 


44. Ly 4 ste aes 


—Ja2=x2—y2 


45. f pa paaa (+y? + z?}2 dz dy dx 
J-2 J-/4-x2 J2-/4-x?—y? . 


46. A model for the density 6 of the earth’s atmosphere near its 
surface is 


ô = 619.09 — 0.000097p 


where p (the distance from the center of the earth) is mea- 
sured in meters and 6 is measured in kilograms per cubic 
meter. If we take the surface of the earth to be a sphere with 
radius 6370 km, then this model is a reasonable one for 
6.370 X 10° < p < 6.375 X 10°. Use this model to estimate 
the mass of the atmosphere between the ground and an alti- 
tude of 5 km. 


47. Use graphing software to draw a silo consisting of a cylinder 
with radius 3 and height 10 surmounted by a hemisphere. 


48. The latitude and longitude of a point P in the Northern Hemi- 
sphere are related to spherical coordinates p, 0, d as follows. 
We take the origin to be the center of the earth and the posi- 
tive z-axis to pass through the North Pole. The positive x-axis 
passes through the point where the prime meridian (the 
meridian through Greenwich, England) intersects the equator. 
Then the latitude of P is œ = 90° — ¢° and the longitude is 
B = 360° — 6°. Find the great-circle distance from Los 
Angeles (lat. 34.06° N, long. 118.25° W) to Montréal (lat. 
45.50° N, long. 73.60° W). Take the radius of the earth to be 
3960 mi. (A great circle is the circle of intersection of a 
sphere and a plane through the center of the sphere.) 


The surfaces p = 1 + $ sin m@ sin nọ have been used as 
models for tumors. The “bumpy sphere” with m = 6 and 
n = 5 is shown. Use a computer algebra system to find the 
volume it encloses. 
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50. Show that (b) Deduce that the volume of the spherical wedge given by 
œ fo fro P pqoael < < 2» 0S0 5 62, < < 21s 
[Lf VEEP OP dx dy dz = Im prs p= Oye i da 

3 3 
(The improper triple integral is defined as the limit of a AV P27 Pı (cos ġı — cos p2)(02 — 01) 
triple integral over a solid sphere as the radius of the sphere 3 


increases indefinitely.) 
(c) Use the Mean Value Theorem to show that the volume in 


51. (a) Use cylindrical coordinates to show that the volume of part (bean be writter as 


the solid bounded above by the sphere r? + z? = a? and 
below by the cone z = r cot ho (or d = ġo), where 


0 < do < 7/2, is AV =p’ sin d Ap Ad Ad 


p) 3 ~ . n FA . 
_ ma (1 — cosġo) where p lies between p; and p2, ¢ lies between @; and 


V 
3 $2, Ap = p2 — pi, AO = 02 — 01, and Ad = 2 — Qı. 


APPLIED PROJECT | ROLLER DERBY 


Suppose that a solid ball (a marble), a hollow ball (a squash ball), a solid cylinder (a steel bar), 
and a hollow cylinder (a lead pipe) roll down a slope. Which of these objects reaches the bot- 
tom first? (Make a guess before proceeding.) 

To answer this question, we consider a ball or cylinder with mass m, radius r, and moment 
of inertia / (about the axis of rotation). If the vertical drop is h, then the potential energy at the 
top is mgh. Suppose the object reaches the bottom with velocity v and angular velocity w, so 
v = ar. The kinetic energy at the bottom consists of two parts: tm? from translation (moving 
down the slope) and jw? from rotation. If we assume that energy loss from rolling friction is 
negligible, then conservation of energy gives 


mgh = m? + 41w? 


1. Show that 


2 _2gh = 
v= ear where /* = are 


2. If y(t) is the vertical distance traveled at time ż, then the same reasoning as used in 
Problem 1 shows that v? = 2gy/(1 + I*) at any time t. Use this result to show that y 
satisfies the differential equation 


ay = d 2g (sin a) vy 


Il sp 1 


where a is the angle of inclination of the plane. 


3. By solving the differential equation in Problem 2, show that the total travel time is 


re al 2n(1 + 1*) 
g sin’ 


This shows that the object with the smallest value of /* wins the race. 
4. Show that /* = 5 for a solid cylinder and /* = 1 for a hollow cylinder. 


5. Calculate /* for a partly hollow ball with inner radius a and outer radius r. Express your 
answer in terms of b = a/r. What happens as a — 0 and as a —> r? 


6. Show that /* = 2 for a solid ball and 7* = $ for a hollow ball. Thus the objects finish in the 
following order: solid ball, solid cylinder, hollow ball, hollow cylinder. 
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15.9 | Change of Variables in Multiple Integrals 


In one-dimensional calculus we often use a change of variable (a substitution) to simplify 
an integral. By reversing the roles of x and u, we can write the Substitution Rule (5.5.6) as 


m PIO ax = S FOW) gw) du 
where x = g(u) and a = g(c), b = g(d). Another way of writing Formula 1 is as follows: 
A [709 ax = | fa) Sau 


A change of variables can also be useful in evaluating double and triple integrals. 


E Change of Variables in Double Integrals 


We have already seen an example of a change of variables for double integrals: conver- 
sion to polar coordinates. The new variables r and 0 are related to the old variables x 
and y by the equations 


x =rcosé y =rsind 


and the change of variables formula (15.3.2) can be written as 


ire y) dA = [| cos, rsino) rdr dð 
R KY 


where S is the region in the r@-plane that corresponds to the region R in the xy-plane. 
More generally, we consider a change of variables that is given by a transformation 
T from the uv-plane to the xy-plane: 


T(u, v) = (x, y) 


where x and y are related to u and v by the equations 


[3] x= gu,v) y=hu,») 
or, as we sometimes write, 
x=x(u,v) y=y(u,») 


We usually assume that T is a C' transformation, which means that g and h have contin- 
uous first-order partial derivatives. 

A transformation T is really just a function whose domain and range are both sub- 
sets of R*. If T(u, vı) = (x1, yı), then the point (x, yı) is called the image of the point 
(u, vı). If no two points have the same image, T is called one-to-one. Figure | shows the 
effect of a transformation T on a region S in the uv-plane. T transforms S into a region R 
in the xy-plane called the image of S, consisting of the images of all points in S. 


DA YA 
T 
— 
T 
gee 
> > 
0 u 0 x 
FIGURE 1 
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If T is a one-to-one transformation, then it has an inverse transformation T~! from 
the xy-plane to the uwv-plane and it may be possible to solve Equations 3 for u and v in 
terms of x and y: 

u=G(x,y) v= H(x,y) 


EXAMPLE 1 A transformation is defined by the equations 
x=w-—v y = 2uv 
Find the image of the square S = {(u,v) |0<u<1, 0<v 1}. 


SOLUTION The transformation maps the boundary of S into the boundary of the image. 
So we begin by finding the images of the sides of S. The first side, S1, is given by v = 0 
(0 <u < 1). (See Figure 2.) From the given equations we have x = u?, y = 0, and 

so 0 < x < 1. Thus Sı is mapped onto the line segment from (0, 0) to (1, 0) in the 
xy-plane. The second side, S2, is u = 1 (0 < v < 1) and, putting u = 1 in the given 
equations, we get 


Eliminating v, we obtain 


2 


[4] a ones 0<x<1 


which is part of a parabola. Similarly, S3 is given by v = 1 (0 < u < 1), whose image 
is the parabolic arc 


y 
=—- 1 -l1<x<0 
[5] x= 4 K 
Finally, S4 is given by u = 0 (0 < v < 1) whose image is x = —v?, y = 0, that is, 


FIGURE 2 


FIGURE 3 


1 < x < 0. (Notice that as we move around the square in the counterclockwise 
direction, we also move around the parabolic region in the counterclockwise direction.) 
The image of S is the region R (shown in Figure 2) bounded by the x-axis and the 
parabolas given by Equations 4 and 5. E 


Now let’s see how a change of variables affects a double integral. We start with a 
small rectangle S in the uv-plane whose lower left corner is the point (uo, vo) and whose 
dimensions are Au and Av. (See Figure 3.) 


The image of S is a region R in the xy-plane, one of whose boundary points is 
(xo, Yo) = T(uo, vo). The vector 


r(u, v) = glu, v)i + hlu, v)j 
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is the position vector of the image of the point (u, v). The equation of the lower side of S 
is v = vo, whose image curve is given by the vector function r(u, vo). The tangent vector 
at (Xo, yo) to this image curve is 


f n Ox , Oy, 
r, = Jullo, vo)i F h,(uo, vo) J = aa + a 


Similarly, the tangent vector at (xo, yo) to the image curve of the left side of S (namely, 


u = Uo) is 
‘ . Ox. dy, 
r, = go(Uo, Vo) i + hluo, Vo) j = —i + 2j 
ðv ov 
F (Uo, Vo + Av) We can approximate the image region R = T(S) by a parallelogram determined by the 
secant vectors 
( a = r(u + Au, vo) — r(uo, vo) b = r(uo, vo + Av) — r(uo, vo) 
T (Up, Vo) 
shown in Figure 4. But 
a . rhuo + Au, vo) — r(uo, vo) 
r, = lim 
Au—0 Au 
r (uo + Au, vo) 
FIGURE 4 and so r(uo + Au, vo) — r(uo, vo) =~ Au ry 
Similarly r(uo, vo + Av) — r(uo, vo) = Avr, 


This means that we can approximate R by a parallelogram determined by the vectors 
Au r, and Av r,. (See Figure 5.) Therefore we can approximate the area of R by the area 
of this parallelogram, which, from Section 12.4, is 


[6] (Au r,) X (Avr,)| = |r, X r,| Au Av 
Computing the cross product, we obtain 
FIGURE 5 io ok fax oy ôx dx 
ox oy ðu ðu ðu ðv 
r, X r, = = 0) = k= k 
au au ax ay} | ay ay 
ox dy 0 ðv av ðu dv 
ðv ov 


The determinant that arises in this calculation is called the Jacobian of the transforma- 
tion and is given a special notation. 


The Jacobian is named after the 
German mathematician Carl Gustav 


Definition The Jacobian of the transformation T given by x = g(u, v) and 


Jacob Jacobi (1804-1851). Although y = hlu, v) is a ae 
the French mathematician Cauchy = 
first used these special determinants a(x, y) = dv | _ ox dy _ Ox dy 
involving partial derivatives, Jacobi d(u, v) dy oy du æv dv ðu 


developed them into a method for au ðv 
evaluating multiple integrals. 


With this notation we can use Equation 6 to give an approximation to the area AA 
of R: 


ae 


alu, v) 


Au Av 


where the Jacobian is evaluated at (uo, vo). 
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Next we divide a region S in the uv-plane into rectangles S;; and call their images in 
the xy-plane R;j. (See Figure 6.) 


VA YA 


FIGURE 6 


Applying the approximation (8) to each R;;, we approximate the double integral of f 
over R as follows: 


M= 


n 


| fy) dA ~ 2 2 fxi y) AA 
R i=1 j=l 
m n A 
"a > Segui vi), hui, v;)) a Au Av 


where the Jacobian is evaluated at (u;, v;). Notice that this double sum is a Riemann sum 
for the integral 


) 
TE du dv 


a(x, of 
u, 


[Í Fatu 0), htu 0) 
S 


The foregoing argument suggests that the following theorem is true. (A full proof is 
given in books on advanced calculus.) 


[9] Change of Variables in a Double Integral Suppose that T is a C! transfor- 
mation whose Jacobian is nonzero and that T maps a region S in the uv-plane onto 
a region R in the xy-plane. Suppose that f is continuous on R and that R and S are 
type I or type II plane regions. Suppose also that T is one-to-one, except perhaps 
on the boundary of S. Then 


a(x, y) 


[fre y) dA = [jra v), y(u, v)) aluo. du dv 


Theorem 9 says that we change from an integral in x and y to an integral in u and v by 
expressing x and y in terms of u and v and writing 


dA = 


Notice the similarity between Theorem 9 and the one-dimensional formula in Equa- 
tion 2. Instead of the derivative dx/du, we have the absolute value of the Jacobian, that 


is, | a(x, y)/a(u, v) |. 
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di B As a first illustration of Theorem 9, we show that the formula for integration in polar 
B+t--- o= coordinates is just a special case. Here the transformation T from the r6-plane to the 
xy-plane is given by 
r=a S r=b i 
x = g(r,0) = rcosé y = h(r,@) = rsin@ 

at——— 

| =a | and the geometry of the transformation is shown in Figure 7: T maps an ordinary rect- 

l l > angle in the r@-plane to a polar rectangle in the xy-plane. The Jacobian of T is 
0 a b r 


Ox Ox 


A(x, y) _ | ar 00 cos@ —rsin@ 


=rcosé+rsin@=r>0 


ar, 0) Oy əy sin r cos 
ðr 00 
Thus Theorem 9 gives 
: a(x, y) 
{| f(x, y) dx dy = iG cos 6, r sin 0) dr d0 
a(r, 0) 
R S 
= y iG cos 0, r sin 0) r dr d0 
x 
which is the same as Formula 15.3.2. 
FIGURE 7 
The polar coordinate transformation EXAMPLE 2 Use the change of variables x = u° — v*, y = 2uv to evaluate the 


integral ie y dA, where R is the region bounded by the x-axis and the parabolas 
y? = 4 — 4x and y? = 4 + 4x, y > 0. 


SOLUTION The region R is pictured in Figure 8. It is the region from Example 1 
(see Figure 2); in that example we discovered that T(S) = R, where S is the square 
[0, 1] X [0, 1]. Indeed, the reason for making the change of variables to evaluate the 
integral is that S is a much simpler region than R. First we need to compute the 


Jacobian: 
ox ax 
an [a wl ed ere 
FIGURE 8 me owt 
Therefore, by Theorem 9, 
a(x, y) 


wen (87 f i} (2uv)4(u2 + v?) du dv 


La 28 


=8 f f (Wv + uv?) du dv = 8f [tuto + Ley] do 
= f (2v + 40°) dv = [o + v| = 2 E 


NOTE Example 2 was not a very difficult problem to solve because we were given a 
suitable change of variables. If we are not supplied with a transformation, then the 
first step is to think of an appropriate change of variables. If f(x, y) is difficult to 
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integrate, then the form of f(x, y) may suggest a transformation. If the region of integra- 
tion R is awkward, then the transformation should be chosen so that the corresponding 
region S in the uv-plane has a convenient description. 


EXAMPLE 3 Evaluate the integral ||, e**”/“" dA, where R is the trapezoidal region 
with vertices (1, 0), (2, 0), (0, —2), and (0, — 1). 


SOLUTION Since it isn’t easy to integrate e'**”/™, we make a change of variables 
suggested by the form of this function: 


u=xty == 


These equations define a transformation T~' from the xy-plane to the uv-plane. Theo- 
rem 9 talks about a transformation T from the uv-plane to the xy-plane. It is obtained 
by solving Equations 10 for x and y: 


[11] x=7(ut+0) y= 7(u->) 
The Jacobian of T is 
Ox Ox 
A(x, y) | du avl 4 J ol 
aluo) | day ayl 5 —4 a 
ðu av 
DA To find the region S in the uv-plane corresponding to R, we note that the sides of R 


(-2, 2) v=2 (2,2) lie on the lines 
y=0 x-y=2 x=0 x-y=1 


and, from either Equations 10 or Equations 11, the image lines in the uv-plane are 


o u u =v v=2 u = —v v= 1 
Thus the region S is the trapezoidal region with vertices (1, 1), (2, 2), (—2, 2), and 
4 | T” (—1, 1) shown in Figure 9. Since 

YA S= {um |1<v <2, -v<u<p} 

i y=1 Theorem 9 gives 

1 
: a(x, y) 
(x+y)/(x-y) = u/v 2 
| {| e dA {| e au, 0) du dv 
R S 
2 i ujv 1 2 u/v cance 
= f SE enO du do = 3 P [oer], ao 


II 


FIGURE 9 aN (e — e')udv = 3(e — e`!) a 


E Change of Variables in Triple Integrals 


There is a similar change of variables formula for triple integrals. Let T be a one-to-one 
transformation that maps a region S in uvw-space onto a region R in xyz-space by means 
of the equations 


x = glu, v, w) y = h(u, v, w) z = k(u, v, w) 
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The Jacobian of T is the following 3 X 3 determinant: 


Ox Ox Ox 

ðu ðv aw 

a(x,y,z) | dy dy ð 

[12] alu, v, w) ðu ðv ðw 
z Oz Oz 

ðu av ðw 


Under hypotheses similar to those in Theorem 9, we have the following formula for triple 
integrals: 


a(x, y, z) 


du dv dw 
alu, v, w) 


[73] fff sey, d av = fff Fu, v, w), y(u, v, w), z(u, v, w) 
R S 


EXAMPLE 4 Use Formula 13 to derive the formula for triple integration in spherical 
coordinates. 


SOLUTION Here the change of variables is given by 
x = p sing cos 0 y = p sing sin 0 z = p cos ġ 
We compute the Jacobian as follows: 


sing cos@ —psind sin@ p cos œ cos 0 


aan sing sin psindcos@ pcos¢ sin 0 
Pie cos d 0 —p sin 
—p sin ọ sin@ p cos ġ cos 0 . sind cos@ —psind sin 0 
= cos h — psing 


psind cos@ pcos ¢ sin 0 sing sinô ~=—psind cos 0 


II 


cos h (—p’ sin d cos ¢ sin?ð — p° sin d cos œ cos’) 


— psin > (psin’d cos’ + psin’d sin’@) 


—p’ sin $ cos*h — p° sin ġ sin’d = —p’ sind 
Since 0 S @ < 7, we have sin ¢ = 0. Therefore 


a(x, y, z) A | 
alp, 0, p) 


pP sing | = p° sino 
and Formula 13 gives 


{| f(x,y,z) dV = MEG sing cos 0, p sing sin 0, p cos p) p° sind dp do do 
R s 


which is equivalent to Formula 15.8.3. E 
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15.9 | Exercises 


1. Match the given transformation with the image (labeled I-VI) 
of the set S = {(u, v)|0 <u < 1,0 < v < 1} under the 
transformation. Give reasons for your choices. 


(a) x=uto (b) x=u-v 
y=u-v y=uv 
(c) x =ucosv (dA x=u-v 
y =usinv y=utv? 
(e) x=utov (€) x = uv 
y = 20 y= uw =v’? 
I y U y 
1 1 
> > 
x 0 1 x 
=| 
Ill ya IV ya 
24 ly 
t > 
0 1 2 x 0 1 x 
Vv yA VI y4 
2 14 
0 J-K 
} 4 > 
2j 0 1 x -j4 


2-6 Find the image of the set S under the given transformation. 
2. S={(u,v) |0<u<1,0<0 <2}; 


KH UE VY = =i 


3. S={(u,v) |0<u<3, 0OSv <2}; 
x=2u+ 30, y=u-v 


A 


. Sis the square bounded by the lines u = 0, u = 1, v = 0, 
v=1; x=, y=u(l +v’) 


5. Sis the triangular region with vertices (0, 0), (1, 1), (0, 1); 
x=w,y=o0 


6. Sis the disk given by u? + v? < 1; x = au, y = bv 


7-10 A region R in the xy-plane is given. Find equations for a 
transformation T that maps a rectangular region S in the wv-plane 
onto R, where the sides of S are parallel to the u- and v-axes. 


7. Ris bounded by y = 2x — 1, y = 2x + 1,y = 1- x, 
y=3 ~g 


8. R is the parallelogram with vertices (0, 0), (4, 3), (2, 4), 
(—2;,1) 


9. R lies between the circles x? + y? = 1 and x? + y? = 2 in 
the first quadrant 


10. R is bounded by the hyperbolas y = 1/x, y = 4/x and the 
lines y = x, y = 4x in the first quadrant 


11-16 Find the Jacobian of the transformation. 


11. x= 2u +v, y=4u-—90 


12. x=u’ + uv, y= wv’ 
@ x = scost, y=ssint 


14. x = pe’, y= qe? 


15. x= uv, y=vw, z= wu 


16. x= u+ vw, y=v+ wu, z=w+ uwv 


17-22 Use the given transformation to evaluate the integral. 


17. [Ík (x — 3y) dA, where R is the triangular region with 
vertices (0, 0), (2, 1), and (1,2); x =2u +v, y=u + 2v 


18. ||,(4x + 8y) dA, where R is the parallelogram with 
vertices (— 1, 3), (1, —3), (3, — 1), and (1, 5); 
x +(u + v), y Ho 3u) 


19. ||,x°dA, where R is the region bounded by the ellipse 
9x? + 4y? = 36; x= 2u, y = 30 


20. fe Gs xy + y’) dA, where R is the region bounded 
by the ellipse x? — xy + y? = 2; 
x= J2u—- /2/30, y= J2ut V2/30 
a [Ík xy dA, where R is the region in the first quadrant bounded 


by the lines y = x and y = 3x and the hyperbolas xy = 1, 
xy =3; x=u/v, y=v 


FY 22. |\,y?dA, where R is the region bounded by the curves 


xy = Lay =2,xy =1xy=2; u=xy, v= xy’. 
Illustrate by using a graphing calculator or computer to 
draw R. 


23. (a) Evaluate ie dV, where E is the solid enclosed by the 
ellipsoid x°/a? + y*/b? + z*/c* = 1. Use the transfor- 
mation x = au, y = bv, z = cw. 

(b) The earth is not a perfect sphere; rotation has resulted in 
flattening at the poles. So the shape can be approximated 
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by an ellipsoid with a = b = 6378 km and c = 6356 km. 


Use part (a) to estimate the volume of the earth. 
(c) If the solid of part (a) has constant density k, find its 
moment of inertia about the z-axis. 


24. An important problem in thermodynamics is to find the work 


done by an ideal Carnot engine. A cycle consists of alter- 
nating expansion and compression of gas in a piston. The 
work done by the engine is equal to the area of the region R 
enclosed by two isothermal curves xy = a, xy = b and two 
adiabatic curves xy'“ = c, xy'* = d, where 0 < a < band 
0 < c < d. Compute the work done by determining the area 
of R. 


25-30 Evaluate the integral by making an appropriate change of 
variables. 


rex — 2 

25. | f g » dA, where R is the parallelogram enclosed by 
JJ 3x —y 
7 ) 


the lines x — 2y = 0, x — 2y = 4, 3x — y = 1, and 
3x y= 

E review 

CONCEPT CHECK 


26. 


CHAPTER 15 Review 1117 


Ile (x + y)je™™? dA, where R is the rectangle enclosed by the 
lines x — y = 0,x -y=2,x+y=0,andx+ y=3 


(F) f cos( 2 r z) dA, where R is the trapezoidal region 
'R 


28. 


29. 


30. 


yFg 
with vertices (1, 0), (2, 0), (0, 2), and (0, 1) 


[Ík sin(9x° + 4y?)dA, where R is the region in the first 
quadrant bounded by the ellipse 9x? + 4y* = 


[Ík e*™™ dA, where R is given by the inequality |x| + |y| <1 


{| x dA, where R is the region enclosed by the lines 
x 


xty=1xty=3,y=2x,y=x/2 


31. 


Let f be continuous on [0, 1] and let R be the triangular 
region with vertices (0, 0), (1, 0), and (0, 1). Show that 


IEG + y) dA = i uf (u) du 
R 


Answers to the Concept Check are available at StewartCalculus.com. 


1. Suppose f is a continuous function defined on a rectangle 

R= [a,b] X [c,d]. 

(a) Write an expression for a double Riemann sum of f. 

If f(x, y) = 0, what does the sum represent? 

(b) Write the definition of jf r f(x, y) dA as a limit. 

(c) What is the geometric interpretation of |f, f(x, y) dA if 
f(x, y) = 0? What if f takes on both positive and 
negative values? 

(d) How do you evaluate ff ad (x, y) dA? 

(e) What does the Midpoint Rule for double integrals say? 

(£) Write an expression for the average value of f. 


2. (a) How do you define ||, f(x, y) dA if D is a bounded 
region that is not a rectangle? 
(b) What is a type I region? How do you evaluate 
il f(x, y) dA if D is a type I region? 
(c) What is a type II region? How do you evaluate 
jf p f(x, y) dA if D is a type II region? 
(d) What properties do double integrals have? 


3. How do you change from rectangular coordinates to polar 
coordinates in a double integral? Why would you want to 
make the change? 


4. If a lamina occupies a plane region D and has density func- 
tion p(x, y), write expressions for each of the following in 
terms of double integrals. 

(a) The mass 

(b) The moments about the axes 

(c) The center of mass 

(d) The moments of inertia about the axes and the origin 


. Let f be a joint density function of a pair of continuous 


random variables X and Y. 

(a) Write a double integral for the probability that X lies 
between a and b and Y lies between c and d. 

(b) What properties does f possess? 

(c) What are the expected values of X and Y? 


. Write an expression for the area of a surface with equation 


z = f(x,y), (x, y) ED. 


. (a) Write the definition of the triple integral of f over a 


rectangular box B. 

(b) How do you evaluate fy p f(x, y, z) dV? 

(c) How do you define fle f(x, y, z) dV if E is a bounded 
solid region that is not a box? 

(d) What is a type 1 solid region? How do you evaluate 
tlle f(x, y, z) dV if E is such a region? 

(e) What is a type 2 solid region? How do you evaluate 
fll, F(x, y, z) dV if E is such a region? 

(f) What is a type 3 solid region? How do you evaluate 
fll, F(x, y, z) dV if E is such a region? 


. Suppose a solid object occupies the region E and has 


density function p(x, y, z). Write expressions for each of 
the following. 

(a) The mass 

(b) The moments about the coordinate planes 

(c) The coordinates of the center of mass 

(d) The moments of inertia about the axes 
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9. (a) How do you change from rectangular coordinates to 
cylindrical coordinates in a triple integral? 
(b) How do you change from rectangular coordinates to 
spherical coordinates in a triple integral? 
(c) In what situations would you change to cylindrical or 
spherical coordinates? 


TRUE-FALSE QUIZ 


10. 


(a) Ifa transformation T is given by 


x=glu,v) y=h(u,») 


what is the Jacobian of T? 
(b) How do you change variables in a double integral? 
(c) How do you change variables in a triple integral? 


Determine whether the statement is true or false. If it is true, 6 
explain why. If it is false, explain why or give an example that 
disproves the statement. 


1. E i x? sin(x — y) dx dy = { ie x? sin(x — y) dy dx 


2. { f Jx + y2 dy dx = ti Vx + y? dx dy 


3. f f xe’ dy dx = [r dx f e’ dy 8. 


4. i, i, e+” sin y dx dy = 0 


5. If f is continuous on [0, 1], then 


[[roroarar=| fira] 


EXERCISES 


5 {' i (x? + Jy) sin(x2y?) dx dy = 9 


. If D is the disk given by x? + y? < 4, then 


[| =F aa = Boe 
D 


The integral |||, kr’ dz dr d0 represents the moment 
of inertia about the z-axis of a solid E with constant 
density k. 


. The integral 


a i F dz dr d 


represents the volume enclosed by the cone z = yx? + y? 
and the plane z = 2. 


1. A contour map is shown for a function f on the square 5 
R = [0, 3] x [0, 3]. Use a Riemann sum with nine terms to 
estimate the value of |f} f(x, y) dA. Take the sample points to 


be the upper right corners of the squares. 7. 


< 
> 


i { 1 cos(x?) dy dx 


6. f V 3xy° dy dx 


F t ~ y sinx dz dydx 8. { | f 6xyz dz dx dy 


10. 


3 pp 
MS 9-10 Write ||, f(x, y) dA as an iterated integral, where R is the 
9 0 N region shown and f is an arbitrary continuous function on R. 
8 9 
7 E 
2 ) ) 


l -4 


-2 0 2 4 x 


amn 
= 
N 
W 
= 


2. Use the Midpoint Rule to estimate the integral in Exercise 1. 


3-8 Calculate the iterated integral. 


3. f | (y + 2xe”) dx dy 4. { | ye* dx dy 


11. 


12. 


13. 


The cylindrical coordinates of a point are (2 V3, 77/3, 2). 
Find the rectangular and spherical coordinates of the point. 


The rectangular coordinates of a point are (2, 2, — 1). Find the 


cylindrical and spherical coordinates of the point. 


The spherical coordinates of a point are (8, 77/4, 77/6). Find 


the rectangular and cylindrical coordinates of the point. 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 


Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


14. Identify the surfaces whose equations are given. 


(a) 0 = 7/4 (b) 6= 7/4 
15. Write the equation in cylindrical coordinates and in spherical 
coordinates. 


(a) x? +y? +z =4 (b) x? +y? =4 


16. Sketch the solid consisting of all points with spherical coor- 


dinates (p, 0, $) such that 0 < 0 < 7/2,0< < 7/6, 
and 0 < p <S 2 cos @. 
17. Describe the region whose area is given by the integral 
Pa/2 fsin20 
pr rdrao 
J0 
18. Describe the solid whose volume is given by the integral 
Par/2 far/2 f2 ae 
\, J i p sing dp db d0 


and evaluate the integral. 


19-20 Calculate the iterated integral by first reversing the order 
of integration. 


19. h i cos(y*) dy dx 


20. |) Zardy 


21-34 Calculate the value of the multiple integral. 
21. [fkye® dA, where R = {(x, y) | 05 x< 2, 0<y <3} 
22. ||, xy dA, where D = {(x,y) | 0S y < 1, y?<x 


23. || = dA, 
D 


where D is bounded by y = yx, y = 0, x = 1 


1 . . f . 
24. N EF dA, where D is the triangular region with 


vertices (0, 0), (1, 1), and (0, 1) 
25. fl y dA, where D is the region in the first quadrant bounded 
by the parabolas x = y* and x = 8 — y’ 


26. ||, y dA, where D is the region in the first quadrant that lies 
above the hyperbola xy = 1 and the line y = x and below the 
line y = 2 

27. ||, (x° + y*)*?dA, where D is the region in the first 


quadrant bounded by the lines y = 0 and y = y3 x and the 
circle x? + y? = 9 


28. [| x dA, where D is the region in the first quadrant that lies 
between the circles x? + y? = 1 and x? + y? = 2 


29. [f]; xydV, where 
E={(x,y,2)|0<x<3,0<y<x, 0<z<x+ y} 

30. ie xy dV, where T is the solid tetrahedron with vertices 
(0. 0,0), (4, 0, 0), (0,1, 0), and (0,0, 1) 

31. fy m yz? dV, where E is bounded by the paraboloid 


x= 1 — y° — 7’ and the plane x = 0 


32. 


33. 


34. 


CHAPTER 15 Review 1119 


{/),,z dV, where E is bounded by the planes y = 0, z = 0, 
x + y = 2 and the cylinder y? + z? = 1 in the first octant 


Jff; yz dV, where E lies above the plane z = 0, below 
the plane z = y, and inside the cylinder x? + y? = 4 


[hg Vx? + y? + z? dV, where H is the solid hemisphere 
that lies above the xy-plane and has center the origin and 
radius 1 


35-40 Find the volume of the given solid. 


35. 


36. 


37. 


38. 


39. 


40. 


Under the paraboloid z = x? + 4y? and above the rectangle 
R = [0,2] x [1,4] 


Under the surface z = x”y and above the triangle in the 
xy-plane with vertices (1, 0), (2, 1), and (4, 0) 

The solid tetrahedron with vertices (0, 0, 0), (0, 0, 1), 

(0, 2, 0), and (2, 2, 0) 

Bounded by the cylinder x? + y? = 4 and the planes z = 0 
andy +z=3 


One of the wedges cut from the cylinder x? + 9y? = a? by 
the planes z = 0 and z = mx 


Above the paraboloid z = x? + y? and below the half-cone 


z=vVx? + y? 


41. 


42. 


43. 


44. 


Consider a lamina that occupies the region D bounded by 

the parabola x = 1 — y? and the coordinate axes in the first 

quadrant with density function p(x, y) = y. 

(a) Find the mass of the lamina. 

(b) Find the center of mass. 

(c) Find the moments of inertia and radii of gyration about 
the x- and y-axes. 


2 


A lamina occupies the part of the disk x? + y? < a? that lies 

in the first quadrant. 

(a) Find the centroid of the lamina. 

(b) Find the center of mass of the lamina if the density 
function is p(x, y) = xy’. 


(a) Find the centroid of a solid right circular cone with 
height h and base radius a. (Place the cone so that its 
base is in the xy-plane with center the origin and its 
axis along the positive z-axis.) 

(b) If the cone has density function p(x, y, z) = Vx? + y?, 
find the moment of inertia of the cone about its axis 
(the z-axis). 


Find the area of the part of the cone z* = a?(x* + y’) 
between the planes z = 1 and z = 2. 


. Find the area of the part of the surface z = x? + y that lies 


above the triangle with vertices (0, 0), (1, 0), and (0, 2). 


. Use a computer algebra system to graph the surface 


z=xsiny, -3 Sx <3,-a < y < m, and find its surface 
area correct to four decimal places. 
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47. 


48. 


(T]50. 


51. 


52. 


53. 


CHAPTER 15 Multiple Integrals 


Use polar coordinates to evaluate 


f paa ° (x° + xy?) dy dx 


V9—x2 


Use spherical coordinates to evaluate 


EIO yTy FE ae drdy 


. If D is the region bounded by the curves y = 1 — x* and 


y = e`, find the approximate value of the integral Ip y'dA. 
(Use a graph to estimate the points of intersection of the 
curves.) 


Use a computer algebra system to find the center of mass 
of the solid tetrahedron with vertices (0, 0, 0), (1, 0, 0), 
(0, 2, 0), (0, 0, 3) and density function 

p(x y,z) =x? + y? + 27, 


The joint density function for random variables X and Y is 


ee i +») 


(a) Find the value of the constant C. 
(b) Find P(X < 2, Y = 1). 
(c) Find P(X + Y < 1). 


ifO<x 
otherwise 


=3/ 0= y= 2 


A lamp has three bulbs, each of a type with average lifetime 
800 hours. If we model the probability of failure of a bulb 
by an exponential density function with mean 800, find 

the probability that all three bulbs fail within a total of 

1000 hours. 


Rewrite the integral 


[i [i |, fess. 2) a ay ax 


as an iterated integral in the order dx dy dz. 


54. 


55. 


56. 


57. 


58. 


Give five other iterated integrals that are equal to 
r2 ry? y? 
i | f f(x,y, z) dz dx dy 
Use the transformation u = x — y, v = x + y to evaluate 
i x — yy 
Xk: > 
where R is the square with vertices (0, 2), (1, 1), (2, 2), 
and (1, 3). 


Use the transformation x = u’, y = v, z = w° to 
find the volume of the region bounded by the surface 
Jx + Jy + ./z = 1 and the coordinate planes. 


Use the change of variables formula and an appropriate 
transformation to evaluate fhe xy dA, where R is the square 
with vertices (0, 0), (1, 1), (2, 0), and (1, — 1). 


(a) Evaluate 
r 1 

| — ra 

2 2)\n/2 

5 (x* + y*) 
where n is an integer and D is the region bounded by 
the circles with center the origin and radii r and R, 
O<r<R. 

(b) For what values of n does the integral in part (a) have a 
limit as r > 0*? 


(c) Find 
1 
I} (x? oft y? J zy? dv 


where E is the region bounded by the spheres with 
center the origin and radii r and R, 0 < r < R. 

(d) For what values of n does the integral in part (c) have 
a limit as r —> 0*? 
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Problems Plus 


1. If [x] denotes the greatest integer in x, evaluate the integral 
{| [x + y] dA 
R 


where R = {(x,y) | 1 <x <3, 2<y <5}. 
2. Evaluate the integral 


where max{x’, y*} means the larger of the numbers x? and y?. 
3. Find the average value of the function f(x) = ie cos(t”) dt on the interval [0, 1]. 
4. Show that 


[ fae ware ff eae 


The double integral | f l 

o Jo 1 — xy 
the limit of double integrals over the rectangle [0, t] X [0, ż] as t —> 1~. But if we expand the 
integrand as a geometric series, we can express the integral as the sum of an infinite series. 
Show that 


i 


dx dy is an improper integral and could be defined as 


ifi 1 = 1 
Mb Tow 8 2B 
6. Leonhard Euler was able to find the exact sum of the series in Problem 5. In 1736 he proved 
that 


1 Tw 
n’ 6 


oo 
2 
n=1 


In this problem we ask you to prove this fact by evaluating the double integral in Prob- 
lem 5. Start by making the change of variables 


u—v uta 


a Aa 


This gives a rotation about the origin through the angle 7/4. You will need to sketch the 
corresponding region in the uv-plane. 
(Hint: If, in evaluating the integral, you encounter either of the expressions 
(1 — sin 6)/cos @ or (cos 0)/(1 + sin 0), you might like to use the identity 
cos 0 = sin((z/2) — 0) and the corresponding identity for sin 6.] 


(a) Show that 


Fa 


1 a l 
EI I = xyz ddydr= Lo 


(Nobody has ever been able to find the exact value of the sum of this series.) 
(b) Show that 


= p 
Kerma E 


n=1 


Use this equation to evaluate the triple integral correct to two decimal places. 
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8. Show that 


æ arctan 7x — arctan x T 
i dx ln m 
0 x 
by first expressing the integral as an iterated integral. 
9. (a) Show that when Laplace’s equation 
Fu Pu u 
2 t 2 2 0 
Ox oy Oz 
is written in cylindrical coordinates, it becomes 
u law, 1 u ðu i 


' + + 
ðr? raar r 09? Az? 


(b) Show that when Laplace’s equation is written in spherical coordinates, it becomes 


Fu 2 ðu cotd ðu 1 u 1 du 

2 H F 2 2 2 V R E 2 
dp” p op p dp p° ðp“ — p*sin’d 06 

10. (a) A lamina has constant density p and takes the shape of a disk with center the origin and 
radius R. Use Newton’s Law of Gravitation (see Section 13.4) to show that the magni- 


tude of the force of attraction that the lamina exerts on a body with mass m located at 
the point (0, 0, d) on the positive z-axis is 


0 


1. e] 

d JRF 

[Hint: Divide the disk as in Figure 15.3.4 and first compute the vertical component of 
the force exerted by the polar subrectangle R;;.] 


Show that the magnitude of the force of attraction of a lamina with density p that occu- 
pies an entire plane on an object with mass m located at a distance d from the plane is 


F= 2ramod( 


(b 


©“ 


F = 27Gmp 
Notice that this expression does not depend on d. 


11. If f is continuous, show that 


k REIO dtaedy = 3 f — PFO at 
12. Evaluate lim ae) l 


13. The plane 


into two pieces. Find the volume of the smaller piece. 
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Vector fields can be used to model such diverse phenomena as gravity, electricity and magnetism, and fluid flow. For instance, a 
hurricane can be modeled by a function that describes the velocity vectors at each point in space. We can then use vector calculus to 
calculate quantities such as the circulation, the twisting (curl), the flow (flux), or the expansions and compressions (divergence) of the 
wind, as well as relationships between these quantities. 


3dmotus / Shutterstock.com 


Vector Calculus 


IN THIS CHAPTER WE STUDY the calculus of vector fields. (These are functions that assign vectors 
to points in space.) In particular we define line integrals (which can be used to find the work done 
by a force field in moving an object along a curve). Then we define surface integrals (which can be 
used to find the rate of fluid flow across a surface). The connections between these new types of 
integrals and the single, double, and triple integrals that we have already met are given by the 
higher-dimensional versions of the Fundamental Theorem of Calculus: Green’s Theorem, Stokes’ 
Theorem, and the Divergence Theorem. 
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=à 


| Vector Fields 


E Vector Fields in R? and R? 


The vectors in Figure | are air velocity vectors that indicate the wind speed and direction 
at points 10 m above the surface elevation in the San Francisco Bay area. We see at a 
glance from the largest arrows in part (a) that the greatest wind speeds at that time 
occurred as the winds entered the bay across the Golden Gate Bridge. Part (b) shows the 
very different wind pattern 12 hours earlier. Associated with every point in the air we can 
imagine a wind velocity vector. This is an example of a velocity vector field. 


x ae aa \ 

t ‘N \ 

t ~N \ 

t x \ 

t ` \ 

t Ean Ț \ Ne 

t CE N N wN 
t 7 ay \ NA ‘A 

t aa X 5NA Ay 

te vec N SUNN ‘A 

AAAF \ A \ wA 

t4 Dorrera \ À tA 

ttit Arer \ \ EAA 
ALE Air A ~ 1 {VN 
it Le Ano ~ Vat EAA 
ELLA errr Ț ~ uvi TANA 
LL Ui ed Arrr N KA S44 
hth TE Te A Ar N ib a VARN 
LEELA 4774 ‘ ZAA vw \ 
1441 y X ATL Yh 
LLL r x D7 WO 
lttlt Pc fh \ Soe 
111411 RAS 
44st DAs A NS ONV 


(a) 6:00 PM (b) 6:00 AM 


FIGURE 1 Velocity vector fields showing San Francisco Bay wind patterns on a particular spring day 


Other examples of velocity vector fields are illustrated in Figure 2: ocean currents and 
flow past an airfoil. 


¥ 
eal 
y Ş > 2 
S 2 
© 
(a) Ocean currents off the coast of Nova Scotia (b) Airflow past an inclined airfoil 
FIGURE 2 


Another type of vector field, called a force field, associates a force vector with each 
point in a region. An example is the gravitational force field that we will look at in 
Example 4. 


Velocity vector fields 
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SECTION 16.1 Vector Fields 1125 


In general, a vector field is a function whose domain is a set of points in R? (or R°) 
and whose range is a set of vectors in V3 (or V3). 


[1] Definition Let D be a set in R? (a plane region). A vector field on R°? is a 


function F that assigns to each point (x, y) in D a two-dimensional vector F(x, y). 


YA The best way to picture a vector field is to draw the arrow representing the vector 
F(x, y) starting at the point (x, y). Of course, it’s impossible to do this for all points (x, y), 
but we can form a reasonable impression of F by drawing vectors for a few representative 
points in D as in Figure 3. Since F(x, y) is a two-dimensional vector, we can write it in 
— > terms of its component functions P and Q as follows: 


S F(x, y) = P(x, y) i + Q(x, y) j = (P(x, y), Q(x, y)) 


or, for short, F=Pi+Qj 


FIGURE 3 
Vector field on R? 


Notice that P and Q are scalar functions of two variables and are sometimes called scalar 
fields to distinguish them from vector fields. 


[2] Definition Let E be a subset of R*. A vector field on R? is a function F that 


assigns to each point (x, y, z) in E a three-dimensional vector F(x, y, z). 


A vector field F on R? is pictured in Figure 4. We can express it in terms of its com- 
ponent functions P, Q, and R as 


F(x, y, z) = P(x, y, z)i + Q(x, y, z)j + R(x, y, z) K 


As with the vector functions in Section 13.1, we can define continuity of vector fields 
and show that F is continuous if and only if its component functions P, Q, and R are 
continuous. 

We sometimes identify a point (x, y, z) with its position vector x = (x, y, z) and write 


FIGURE 4 F(x) instead of F(x, y, z). Then F becomes a function that assigns a vector F(x) to a vec- 
Vector field on R? tor x. 
EXAMPLE 1 A vector field on R? is defined by F(x, y) = —yi + xj. Describe F by 
sketching some of the vectors F(x, y) as in Figure 3. 
7 SOLUTION Since F(1, 0) = j, we draw the vector j = (0, 1) starting at the point (1, 0) 
ar03 F (2,2) in Figure 5. Since F(0, 1) = —i, we draw the vector (—1, 0) with starting point (0, 1). 
2l Continuing in this way, we calculate several other representative values of F(x, y) in the 
table and draw the corresponding vectors to represent the vector field in Figure 5. 
| F (1,0) 
2 7 2 A (x,y) F(x, y) (x,y) F(x,y) 
-21 (1, 0) (0, 1) (=1, 0) (0, —1) 
(2, 2) (=2, 2) (=2, —2) (2, —2) 
(3, 0) (0, 3) (—3, 0) (0, —3) 
(0, 1) (=1, 0) (0, —1) (1, 0) 
(—2, 2) {-2, —2) (2, =2) (2, 2) 
eee ans 00.3) | 3,0) || @~-3) | (3,0) 
F(x, y)=—yitxj 
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1126 CHAPTER 16 Vector Calculus 


It appears from Figure 5 that each arrow is tangent to a circle with center the origin. 
To confirm this, we take the dot product of the position vector x = xi + y j with the 
vector F(x) = F(x, y): 


x: F(x) = (xi + yj): (-yi+x«j) = —-xy + yx=0 


This shows that F(x, y) is perpendicular to the position vector (x, y) and is therefore 
tangent to a circle with center the origin and radius |x| = yx? + y?. Notice also that 


| F(x, y)| = =y} + x? = Vx? + y? = |x| 


so the magnitude of the vector F(x, y) is equal to the radius of the circle. E 


Some graphing software is capable of plotting vector fields in two or three dimen- 
sions. The results give a better impression of the vector field than is possible by hand 
because a computer can plot a large number of representative vectors. Figure 6 shows a 
computer plot of the vector field in Example 1; Figures 7 and 8 show two other vector 
fields. Notice that the software scales the lengths of the vectors so they are not too long 
and yet are proportional to their true lengths. 


5 6 5 
LEPASAN N [eee een oe ey ZP EARRAS 
PE E a a a RN See SS SS a SS Sa Lf Pea PPPs TS 
bP Pe eR Re NN Se eee REED, GREY Ty OS Se ie ae da oe cae ae ia i 
op dea ee we ea ` ` frit ETT 

Sita. Fer Th? 6 pE a6 Pi hrs reto 
LEN e Sle E E S j ee frp vrel> err ff 
ON OS ee So Po eed oer EP PAPAL Sf 
\NNS Sl? 24477 E OE eet J LAAPA 
NNN Se 2 24 4 eee fe ee YAAZ az 24A77 

=5 —6 =5 

FIGURE 6 FIGURE 7 FIGURE 8 

F(x, y) = (—y, x) F(x, y) = (y, sin x) F(x, y) = (In(1 + y°), In(1 + x?)) 


EXAMPLE 2 Sketch the vector field on R? given by F(x, y, z) = z k. 


SOLUTION A sketch is shown in Figure 9. Notice that all vectors are vertical and point 
upward above the xy-plane or downward below it. The magnitude increases with 
distance from the xy-plane. 


FIGURE 9 
F(x, y, z) =zk 


We were able to draw the vector field in Example 2 by hand because of its particularly 
simple formula. Most three-dimensional vector fields, however, are virtually impossible 
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FIGURE 10 
F(x, y,z)=yitzj+xk 


FIGURE 13 
Velocity field in fluid flow 


SECTION 16.1 Vector Fields 1127 


to sketch by hand and so we need to resort to computer software. Examples are shown in 
Figures 10, 11, and 12. Notice that the vector fields in Figures 10 and 11 have similar 
formulas, but all the vectors in Figure 11 point in the general direction of the negative 
y-axis because their y-components are all —2. If the vector field in Figure 12 represents 
a velocity field, then a particle would be swept upward and would spiral around the z-axis 
in the clockwise direction as viewed from above. 


FIGURE 11 FIGURE 12 
F(x, y,z)=yi-2j+xk 


yY., X, Z 
F(x, y,z)= 7i-7jt7kK 


EXAMPLE3 Imagine a fluid flowing steadily along a pipe and let V(x, y, z) be the 
velocity vector at a point (x, y, z). Then V assigns a vector to each point (x, y, z) ina 
certain domain E (the interior of the pipe) and so V is a vector field on R° called a 
velocity field. A possible velocity field is illustrated in Figure 13. The speed at any 
given point is indicated by the length of the arrow. 

Velocity fields also occur in other areas of physics. For instance, the vector field in 
Example | could be used as the velocity field describing the counterclockwise rotation 
of a wheel. We have seen other examples of velocity fields in Figures 1 and 2. E 


EXAMPLE 4 Newton’s Law of Gravitation states that the magnitude of the gravita- 
tional force between two objects with masses m and M is 


mMG 


r? 


|F| = 


where r is the distance between the objects and G is the gravitational constant. (This 
is an example of an inverse square law; see Section 1.2.) Let’s assume that the object 
with mass M is located at the origin in R°. (For instance, M could be the mass of the 
earth and the origin would be at its center.) Let the position vector of the object with 
mass m be x = (x, y, z}. Then r = |x|, sor? = |x|’. The gravitational force exerted 
on this second object acts toward the origin, and the unit vector in this direction is 


x 


|x] 


Therefore the gravitational force acting on the object at x = (x, y, z) is 


[3] F(x) =- 


[Physicists often use the notation r instead of x for the position vector, so you may see 
Formula 3 written in the form F = —(mMG/r*)r.] The function given by Equation 3 is 


mMG 


[xP * 
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FIGURE 14 


Gravitational force field 


an example of a vector field, called the gravitational field, because it associates a 
vector [the force F(x)] with every point x in space. 

Formula 3 is a compact way of writing the gravitational field, but we can also write 
it in terms of its component functions by using the facts that x = xi + yj + zk and 


|x| = vx? + y? + 22: 
—mMGx p —mMGy . —mMGz 
i 
(x? + y? + zp (x? + y + pps (x? + y? + zy 


F(x, y, z) = 


The gravitational field F is pictured in Figure 14. 
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EXAMPLE5 Suppose an electric charge Q is located at the origin. According to 
Coulomb’s Law, the electric force F(x) exerted by this charge on a charge q located at a 
point (x, y, z) with position vector x = (x, y, z) is 


[a] F(x) = £412 x 
|x] 

where e is a constant (that depends on the units used). For like charges, we have 
qQ > 0 and the force is repulsive; for unlike charges, we have gQ < 0 and the force is 
attractive. Notice the similarity between Formulas 3 and 4. Both vector fields are 
examples of force fields. 

Instead of considering the electric force F, physicists often consider the force per 
unit charge: 


1 
EQ) = —F@ =“ x 
q |x|’ 
Then E is a vector field on R° called the electric field of Q. a 


E Gradient Fields 
If f is a scalar function of two variables, recall from Section 14.6 that its gradient Vf (or 
grad f) is defined by 

V(x, y) = fel y) i + AO) J 


Therefore Vf is really a vector field on R? and is called a gradient vector field. Like- 
wise, if f is a scalar function of three variables, its gradient is a vector field on R° 
given by 

Vil, y, 2) = flx, y, z) i + AC, y, DI + Ey, z) k 
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FIGURE 15 


1-12 Sketch the vector field F by drawing a diagram like 
Figure 5 or Figure 9. 


1. F(x, y) =i+3j 

ZT FG») =2i1-j 

3. F(x,y) =i + yj 

4. F(x,y) =xit+4yj 

5. F(x, y) = —}i + (y-x)j 


6. F(x,y) = yi+ w+ y)j 


Exercises 


SECTION 16.1 Vector Fields 1129 


EXAMPLE 6 Find the gradient vector field of f(x, y) = x’y — y*. Plot the gradient 
vector field together with a contour map of f. How are they related? 


SOLUTION The gradient vector field is given by 


Vf(x, y) = a + of = 2xyit (x? — 3y’)j 
Ox oy 

Figure 15 shows a contour map of f with the gradient vector field. Notice that the 
gradient vectors are perpendicular to the level curves, as we would expect from 
Section 14.6. Notice also that the gradient vectors are long where the level curves are 
close to each other and short where the curves are farther apart. That’s because the 
length of the gradient vector is the value of the directional derivative of f and closely 
spaced level curves indicate a steep graph. a 


A vector field F is called a conservative vector field if it is the gradient of some sca- 
lar function, that is, if there exists a function f such that F = Vf. In this situation f is 
called a potential function for F. 

Not all vector fields are conservative, but such fields do arise frequently in physics. 
For example, the gravitational field F in Example 4 is conservative because if we define 


mMG 
f(x, y, z) = SS SSS ee 
Vx? +y? +z’ 
then 
of of of 
Vf(x, y, z) = i+ j + k 
A y z) Ox ay? Oz 
—mMGx i4 —mMGy . —mMGz 
= i 
(x? + y? + 2°)? (x? + y? + pps (x? + y? + z?) 


= F(x, y, z) 


In Sections 16.3 and 16.5 we will learn how to tell whether or not a given vector field is 
conservative. 


i+ 
7. F(x, y) = YIT 
x2 a y? 
8. F(x, )) = 2 
/x2 za y? 
@ F(x, y, =i 


10. F(x, y,z) = zi 
11. F(x, y,z) = —yi 
12. F(x, y,z) =i+k 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


1130 CHAPTER 16 Vector Calculus 


13-18 Match the vector fields F with the plots labeled I-VI. 
Give reasons for your choices. 


@ Fix») = x, -) 
F y) = (x - y) 

@ Fox») = (yy + 2) 

16. F(x, y) = (y, 2x) 

17. F(x, y) = (sin y, cos x) 
@® F(x, y) = (cos(x + y), x) 


I 3 Il 3 
STITT TIA Cyrrasstta 
LLL AL LLL SF LS Sa ela’ Ss PF 
V aie aa a cae ly ie aa ae a Po NE 
EOCENE EA Lisaja N07 
E he TE ee ee 

Samra tela awh ee ee 
Pe es ae, TETT Ae ae ier ake eae a A 
i Pa ole ns A lity, Pee ee ea i a ae a eae ae a | 
I in Soto pene es Ne Geode lian at BF Ff 
Spee e me eres itaas tiy 

=9 —3 

Il 3 IV 3 
Les re ee ey Ci LL VY V VAN 
Pas aa | se NN Ko LEN SAN 
NNO ALA ANN ‘Me we LAER SN 
NNO ZIZ ENN ea ae ae la Be Re Sse 
\ 5 AA syy a ee aa 

aere ENIS «ddl? are aaa 

Z a e AIN = TA Mm AN Sale er a 

ie NAKAR eS RN NS ULE A A AA 

Naa ee 

ji: i fA ANYIT IZZA 
=3 =3 

Vv 3 VI 3 
(YN a SEEE 
Pie Se Sa She NP ee NNN ale 2774 
VV YN AJs tree VB Ros] ae Fp 
biwa ehe ee ee Pele S 
bP ob eee OT a ee ee 

31 oy tt te oh og as ttt tl 

or T E Re LLT 5a a 

k oa Re A | ef igh pees | er Rs RON 

fee cae aan SRG TRE ORIN AN Yi of ham ele aR RN 

5 cli ad ns is WA a sa a ono 
=3 =3 


(22D Match the vector fields F on R? with the plots labeled 
LIV. Give reasons for your choices. 


19. F(x, y,z) =it+2j+3k 


20. F(x, y,z) =i+2j+zk 


21. F(x, y,z) =xit+yj+3k 


22. F(x, y,z) =xit+yjt+zk 


[Ñ 23. Use graphing software to plot the vector field 


F(x, y) = (y? — 2xy)i + (3xy — 6x’)j 


Explain the appearance by finding the set of points (x, y) 
such that F(x, y) = 0. 


24. Let F(x) = (r° — 2r)x, where x = (x, y) andr = |x|. Use 
graphing software to plot this vector field in various domains 
until you can see what is happening. Describe the appearance 
of the plot and explain it by finding the points where 
F(x) = 0. 

25-28 Find the gradient vector field Vf of f. 


25. f(x, y) = y sin(xy) 
26. f(s, t) = /2s + 3t 
@ fy.) - VF ye 


28. f(x, y, z) = x? ye” 


29-30 Find the gradient vector field Vf of f and sketch it. 
29. f(x,y) = (a = y)? 
30. f(x, y) = 4? — y’) 


GID Match the functions f with the plots of their gradient 
vector fields labeled I-IV. Give reasons for your choices. 


31. f(x,y) =x +y’ 
32. f(x,y) = x(x + y) 
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33. f(x,y) = (x+y)? 


34. f(x,y) = sinyx? + y? 


SECTION 16.2 Line Integrals 1131 


@ A particle moves in a velocity field V(x, y) = (x7, x + y’). 
If it is at position (2, 1) at time t = 3, estimate its location at 


I 4 I 4 time ¢ = 3.01. 
ee ee ea EEEE T 
eSATA ze m altar A 38. At time ź = 1, a particle is located at position (1, 3). If it 
NNNUNN r 7 lea eal moves in a velocity field 
SSN Re COI ge gee a Bow a a a ae 
see KZ -eee 2 ‘ 7 
4 a ee 4 Z4 F(x, y) = (xy — 2, y? — 10) 
ABA 4 A SRS SALE BGS ee oR EE . g 7 
SAAP TEANS PAPE ENG bon Be find its approximate location at time t = 1.05. 
a BS Reo, Se Lie Loew © 
fet 4 f j i AN Wr Ale ecm 39-40 FlowLines The flow lines (or streamlines) of a vector 
—4 —4 field are the paths followed by a particle whose velocity field is 
the given vector field. Thus the vectors in a vector field are 
IMI 4 IV 4 tangent to the flow lines. 
ASAI AA) . i ae |e aa 39. (a) Use a sketch of the vector field F(x, y) = xi — yj to 
ESI ULA Fee ee ee draw some flow lines. From your sketches, can you 
ine RS OG A | a eee . . 
E oie dale ihe E guess the equations of the flow lines? 
4 E z4 4 = = - — - — — 4 (b) If parametric equations of a flow line are x = x(t), 
Vata a ap NI, kes Rede ree ek da Bae y = y(t), explain why these functions satisfy the 
ween E fe differential equations dx/dt = x and dy/dt = —y. Then 
wef Ls IIVYNN™ et le ai he ore : : ‘ i 
rela. = aa solve the differential equations to find an equation of 
ac are a i 
à A the flow line that passes through the point (1, 1). 


40. (a) Sketch the vector field F(x, y) = i + xj and then 


35-36 Plot the gradient vector field of f together with a contour 


sketch some flow lines. What shape do these flow lines 
appear to have? 


map of f. Explain how they are related to each other. (b) If parametric equations of the flow lines are x = x(t), 


35. f(x,y) = ln(1 + x? + 2y’) 


36. f(x, y) = cosx — 2siny 


y = y(t), what differential equations do these functions 
satisfy? Deduce that dy/dx = x. 
(c) Ifa particle starts at the origin in the velocity field given 


16.2 


e eoe o o o o cco oo ooo 


b 


FIGURE 1 


AN 
fizi t 


by F, find an equation of the path it follows. 


Line Integrals 


In this section we define an integral that is similar to a single integral except that instead 
of integrating over an interval [a, b], we integrate over a curve C. Such integrals are 
called line integrals, although “curve integrals” would be better terminology. They were 
invented in the early 19th century to solve problems involving fluid flow, forces, electric- 
ity, and magnetism. 


E Line Integrals in the Plane 


We start with a plane curve C given by the parametric equations 


[1] t=) y= HY astsb 


or, equivalently, by the vector equation r(t) = x(t) i + y(t) j, and we assume that C is a 
smooth curve. [This means that r’ is continuous and r‘(t) # 0. See Section 13.3.] If we 
divide the parameter interval |a, b] into n subintervals [t;-1, t;] of equal width and we let 
x; = x(t;) and y; = y(t;), then the corresponding points P, (x;, y;) divide C into n subarcs 
with lengths Ası, As2, . . . , As,. (See Figure 1.) We choose any point P;*(x;*, y“) in the ith 
subarc. (This corresponds to a point ¢# in [t;-1, t].) Now if f is any function of two 
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1132 CHAPTER 16 Vector Calculus 


The arc length function s is discussed 
in Section 13.3. 


variables whose domain includes the curve C, we evaluate f at the point (x;*, y*), multi- 
ply by the length As; of the subarc, and form the sum 


= iar yi‘) As; 
i=l 


which is similar to a Riemann sum. Then we take the limit of these sums and make the 
following definition by analogy with a single integral. 


[2] Definition If f is defined on a smooth curve C given by Equations 1, then the 
line integral of f along C is 


Pe y) ds = lim X, f(xž, y*) As; 
n>% j=] 


if this limit exists. 


In Section 10.2 we found that the length of C is 


e (GY « 


A similar type of argument can be used to show that if f is a continuous function, then 
the limit in Definition 2 always exists and the following formula can be used to evaluate 
the line integral: 


The value of the line integral does not depend on the parametrization of the curve, pro- 
vided that the curve is traversed exactly once as ¢ increases from a to b. 
If s(t) is the length of C between r(a) and r(t), then 


(See Equation 13.3.7.) So the way to remember Formula 3 is to express everything in 
terms of the parameter t: use the parametric equations to express x and y in terms of t and 
write ds as 


NOTE In the special case where C is the line segment that joins (a, 0) to (b, 0), using 
x as the parameter, we can write the parametric equations of C as follows: x = x, y = 0, 
a S x < b. Formula 3 then becomes 


f 1) ds = |" F(x, 0) dx 


and so the line integral reduces to an ordinary single integral in this case. 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


FIGURE 2 
yA 
x+y’ =l 
(y 2 0) 
-1 0 1 
FIGURE 3 


RY 


FIGURE 4 


A piecewise-smooth curve 


(0, 0) 


FIGURE 5 
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SECTION 16.2 Line Integrals 1133 


Just as for an ordinary single integral, we can interpret the line integral of a positive 


function as an area. In fact, if f(x, y) = 0, |c f(x, y) ds represents the area of one side of 
the “fence” or “curtain” in Figure 2, whose base is C and whose height above the point 


(x, y) is f(x, y). 


EXAMPLE 1 Evaluate fo (2 + x°y) ds, where C is the upper half of the unit circle 
x? + y? =]. 


SOLUTION In order to use Formula 3, we first need parametric equations to repre- 
sent C. Recall that the unit circle can be parametrized by means of the equations 


x = cos t y= sint 


and the upper half of the circle is described by the parameter interval 0 S t S 7. 
(See Figure 3.) Therefore Formula 3 gives 


7 ax \* dy \? 
2 = 2 i —— 
[.@ + 2°y) as i a+ cosrsinns|(#) +(3) dt 


= p (2 + cos?t sin t) y/sin?t + cos?t dt 
0 


7 3 |" 
= i (2 + cos’f sin t) dt = E =A | 
0 


3 


2 
=2rT +5 


Suppose now that C is a piecewise-smooth curve; that is, C is a union of a finite 
number of smooth curves Cı, Co,..., Ch, where, as illustrated in Figure 4, the initial 
point of Cj; is the terminal point of C;. Then we define the integral of f along C as the 


sum of the integrals of f along each of the smooth pieces of C: 


fræ ds = f fæ yds +f fly) ds +-+ | fæ y) ds 


EXAMPLE 2 Evaluate f- 2x ds, where C consists of the arc C; of the parabola y = x? 


from (0, 0) to (1, 1) followed by the vertical line segment C2 from (1, 1) to (1, 2). 


SOLUTION The curve C is shown in Figure 5. Cı is the graph of a function of x, so we 


can choose x as the parameter and the equations for C; become 


; 
x=X y= x Osx<l 


2 2 
Í za = f'a (E) + (2) dx 
Ĝi 0 dx dx 


= (i Qx/1 + 4x? dx 


Therefore 


4]! 
= 1.20 + 4x29] 


oe = 
6 
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On C: we choose y as the parameter, so the equations of C2 are 


x=1 y=y 1lsysx2 


2 dx \? dy V 2 
and k 2x ds = f 2(1) (4) + (2) dy = i 2dy=2 


5V5—1 | 
6 


Thus {. 2x ds = I. 2x ds + [. 2x ds = 2 = 


Any physical interpretation of a line integral fo f(x, y) ds depends on the physical 
interpretation of the function f. Suppose that p(x, y) represents the linear density at a 
point (x, y) of a thin wire shaped like a curve C (see Example 3.7.2). Then the mass of 
the part of the wire from P;-; to P; in Figure 1 is approximately p(x¥, y“) As; and so 
the total mass of the wire is approximately È p(x¥, y;*) As;. By taking more and more 
points on the curve, we obtain the mass m of the wire as the limiting value of these 
approximations: 

m= lim > p(x¥, y*) As; = {. p(x, y) ds 


co 
n> i=l 


[For example, if f(x, y) = 2 + x’y represents the density of a semicircular wire, then 
the integral in Example | would represent the mass of the wire.] The center of mass of 
the wire with density function p is located at the point (x, y), where 


— A z= 1 
[a] x= — f zoey) ds y= — f yo y) ds 


Other physical interpretations of line integrals will be discussed later in this chapter. 


EXAMPLE 3 A wire takes the shape of the semicircle x? + y? = 1, y = 0, and is 
thicker near its base than near the top. Find the center of mass of the wire if the linear 
density at any point is proportional to its distance from the line y = 1. 


SOLUTION As in Example 1 we use the parametrization x = cos t, y = sin t, 
0 < t < m, and find that ds = dt. The linear density is 


p(x, y) = k(1 — y) 


where k is a constant, and so the mass of the wire is 


m= i k(l — y) ds = 4 k(1 — sin #) dt = k|t + cos t| = k(™ — 2) 


From Equations 4 we have 


“<I 
I 


1 1 
— hora) ds = wen — y)ds 


1 7 1 7 
= el (sin t — sin’t) dt = = cos t — 5t 4 1 sin ae]. 
_ 4-0 

2(a — 2) 
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SECTION 16.2 Line Integrals 


By symmetry we see that x = 0, so the center of mass is 


0 iene ee (0, 0.38) 
* Um — 2) = 
See Figure 6. 


E Line Integrals with Respect to x or y 


1135 


Two other types of line integrals are obtained by replacing As; by either Ax; = x; — Xi-1 
or Ay; = y; — y;-1 in Definition 2. They are called the line integrals of f along C with 


respect to x and y: 


[5] f. f(x, y) dx 


II 


lim > f(x*, y*) Ax; 
NO i=] 


II 


[6] faf) dy = lim I ft, y”) Ay, 


When we want to distinguish the original line integral |, f(x, y) ds from those in Equa- 


tions 5 and 6, we call it the line integral with respect to arc length. 


The following formulas say that line integrals with respect to x and y can also be 
evaluated by expressing everything in terms of t: x = x(t), y = y(t), dx = x'(t) dt, 


dy = y(t) dt. 


[fC 9) dx = |" AO, VO) xO) at 
b 
[AED dy = f FEO, vO) VO at 


We will see throughout this chapter that line integrals with respect to x and y fre- 
quently occur together (see, for instance, Equation 14). When this happens, it’s custom- 


ary to abbreviate by writing 


f, Pæ y) dx + [OC y) dy = | PC, y) dx + OC, y) dy 


When we are setting up a line integral, sometimes the most difficult thing is to think 
of a parametric representation for a curve whose geometric description is given. In par- 
ticular, we often need to parametrize a line segment, so it’s useful to remember that a 


vector representation of the line segment that starts at ro and ends at r; is given by 


r(t) = (1 — dro + tr; 0O<t<l1 | 


(See Equation 12.5.4.) 


EXAMPLE 4 Evaluate |. y?dx + x dy for two different paths C. 


(a) C = C is the line segment from (—5, —3) to (0, 2). 
(b) C = Cris the arc of the parabola x = 4 — y* from (—5, —3) to (0, 2). 
(See Figure 7.) 


SOLUTION 
(a) A parametric representation for the line segment is 


x=5t-5 y=5t-3 O<?t<1 
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(Use Equation 8 with rọ = (—5, —3) and r, = (0, 2).) Then dx = 5 dt, dy = 5 dt, and 
Formulas 7 give 


i. y? dx + xdy = i (5t — 3)°(5 dt) + (5t — 5)(5 df) 


=5 4 (2512 — 25t + 4) dt 


250 258? 5 
= s| + 7 ==] 


3 2 


(b) Since the parabola is given as a function of y, let’s take y as the parameter and 
write C2 as 
x=4-y? y=y -3<y<x2 


Then dx = —2y dy and by Formulas 7 we have 


2 
[y?dx + xdy = [? y%(—2y) dy + (4 - y*)ay 


= f (-2y° =y + 4) dy 
4 3 2 
y y 5 
=|-1-++4y| =402 = 
| 2 3 J 6 


Notice that we got different answers in parts (a) and (b) of Example 4 even though the 
two curves had the same endpoints. Thus, in general, the value of a line integral depends 
not just on the endpoints of the curve but also on the path. (But see Section 16.3 for con- 
ditions under which the integral is independent of the path.) 

Notice also that the answers in Example 4 depend on the direction, or orientation, of 
the curve. If — C, denotes the line segment from (0, 2) to (—5, —3), you can verify, using 
the parametrization 

x == ýy=2= 5t 0<rs<l 


that [_. det xdy=§ 


& 


In general, a given parametrization x = x(f), y = y(t), a S t S b, determines an 
orientation of a curve C, with the positive direction corresponding to increasing values 
of the parameter t. (See Figure 8, where the initial point A corresponds to the parameter 
value a and the terminal point B corresponds to t = b.) 

If —C denotes the curve consisting of the same points as C but with the opposite ori- 
entation (from initial point B to terminal point A in Figure 8), then we have 


: ; 4 
, [_flesyde=-| Sæd | sœ) dy= -f flay) dy 
But if we integrate with respect to arc length, the value of the line integral does not 
a =C change when we reverse the orientation of the curve: 
FIGURE 8 | AED ds = f fle ») ds 


This is because As; is always positive, whereas Ax; and Ay; change sign when we reverse 
the orientation of C. 
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E Line Integrals in Space 


We now suppose that C is a smooth space curve given by the parametric equations 
x = x(t) y = y(t) z = z(t) astsb 


or by a vector equation r(t) = x(t) i + y(t) j + z(t) k. If f is a function of three variables 
that is continuous on some region containing C, then we define the line integral of f 
along C (with respect to arc length) in a manner similar to that for plane curves: 


E y, z) ds = lim X, f(xž, yř, z*) As; 
n=% i=] 


We evaluate it using a formula similar to Formula 3: 


a frenoa- provo (EF (2) (4) a 


Observe that the integrals in both Formulas 3 and 9 can be written in the more compact 
vector notation 


b 
PIED |r" ar 
For the special case f(x, y, z) = 1, we get 
b , — 
fas = f |r'(t)|dt =L 


where L is the length of the curve C (see Formula 13.3.3). 
Line integrals along C with respect to x, y, and z can also be defined. For example, 


II 


f. f(x,y, z) dz = lim © f(x¥, y*, z*) Az; 
n>”? j=] 


II 


FFO, yO, 20) 20 at 

Therefore, as with line integrals in the plane, we evaluate integrals of the form 
f P(x, y, z) dx + Q(x, y, z) dy + R(x, y, z) dz 

by expressing everything (x, y, z, dx, dy, dz) in terms of the parameter t. 


EXAMPLE 5 Evaluate f, y sin z ds, where C is the circular helix given by the equa- 
tions x = cost, y = sin t, z = t,0 S t S 27. (See Figure 9.) 


SOLUTION Formula 9 gives 


| er f TE a dx \? n dy \? n dz \? P 
sin = sin ft) sin —_ — — 
IREE h dt dt dt 


= K sin?tysin?t + cos?t + 1 dt = /2 { "11 — cos 2t) dt 


2 
0 


FIGURE 9 ~p 
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1138 CHAPTER 16 Vector Calculus 


EXAMPLE 6 Evaluate |. y dx + z dy + x dz, where C consists of the line segment C 
from (2, 0, 0) to (3, 4, 5), followed by the vertical line segment C; from (3, 4, 5) to 
(3, 4, 0). 


SOLUTION The curve C is shown in Figure 10. Using Equation 8, we write C, as 
r(t) = (1 — £) (2,0,0) + t(3, 4,5) = (2 + t, 4t, 5t) 
or, in parametric form, as 


x=2+t y=4t z= 5t 0Oszż<sl1l 


Thus 
f. ydx + zdy + xdz = j (41) dt + (504 dt + (2 + 5 dt 
1 A i 
FIGURE 10 = f (10 + 294) dt = 10t + 29 5] = 24.5 
0 


Likewise, C, can be written in the form 
r(t) = (1 — t) (3, 4,5) + t(3, 4,0) = (3, 4,5 — 5t) 
or x=3 y=4 F=3 = dt Oxsrs<l 


Then dx = 0 = dy, so 
Í ydx + zdy + xdz = A 3(—5) dt = -15 
G 0 
Adding the values of these integrals, we obtain 


| ydx + zdy + xdz = 245 — 15 = 9.5 m 


E Line Integrals of Vector Fields; Work 

Recall from Section 6.4 that the work done by a variable force f(x) in moving a particle 
from a to b along the x-axis is W = f f(x) dx. Then in Section 12.3 we found that the 
work done by a constant force F in moving an object from a point P to another point Q 
in space is W = F - D, where D = PQ is the displacement vector. 

Now suppose that F = Pi + Qj + R k is a continuous force field on R°, such as the 
gravitational field of Example 16.1.4 or the electric force field of Example 16.1.5. (A 
force field on R? could be regarded as a special case where R = 0 and P and Q depend 
only on x and y.) We wish to compute the work done by this force in moving a particle 
along a smooth curve C. See Figure 11. 


van pay 
halt 
A, 


FIGURE 11 FIGURE 12 


TA 
An 5 
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SECTION 16.2 Line Integrals 1139 


To find the work done by F in moving a particle along C, we divide C into subarcs 
P;-,:P; with lengths As; by dividing the parameter interval [a, b] into subintervals of 
equal width. (See Figure 1 for the two-dimensional case or Figure 12 for the three- 
dimensional case.) Choose a point P;*(x#, yi, zi*) on the ith subarc corresponding to 
the parameter value f;*. If As; is small, then as the particle moves from P;-; to P; along 
the curve, it proceeds approximately in the direction of T(t), the unit tangent vector 
at P*. Thus the work done by the force F in moving the particle from P;-; to P; is 
approximately 


FG;*, yi*, 2*) + (As; T@*)] = [F@*, y, 2*) © T(a*)] As; 


and the total work done in moving the particle along C is approximately 


[11] > [F(x*, v*, 2*) + T(x#, yi, z*)] As; 
i=1 


where T(x, y, z) is the unit tangent vector at the point (x, y, z) on C. Intuitively, we see 
that these approximations ought to become better as n becomes larger. Therefore we 
define the work W done by the force field F as the limit of the Riemann sums in (11), 
namely, 


[12] w= | FG,y2)-Ta,y,2)ds=[ F- Tds 


Equation 12 says that work is the line integral with respect to arc length of the tangential 
component of the force. 

If the curve C is given by the vector equation r(t) = x(t) i + y(t) j + z(t) k, then 
T(d) = r'(d/|r'(d |, so using Equation 9 we can rewrite Equation 12 in the form 


b í b 
w= | [rey zo] [rO| dt =f? ECO) + rO at 


This integral is often abbreviated as |o F + dr and occurs in other areas of physics as 
well. Therefore we make the following definition for the line integral of any continuous 
vector field. 


[13] Definition Let F be a continuous vector field defined on a smooth curve C 
given by a vector function r(f), a S t < b. Then the line integral of F along C is 


f E -dr = [ Feo) - x(t) dt = f E -Tds 


When using Definition 13, bear in mind that F(r(t)) is just an abbreviation for the 
vector field F(x(t), y(t), z(t)), so we evaluate F(r(t)) simply by putting x = x(t), 
y = y(t), and z = z(t) in the expression for F(x, y, z). Notice also that we can formally 
write dr = r'(t) dt. 
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Figure 13 shows the force field and 
the curve in Example 7. The work 
done is negative because the field 
impedes movement along the curve. 


YS 


- 
i 


FIGURE 13 


Figure 14 shows the twisted cubic C in 
Example 8 and some typical vectors 
acting at three points on C. 


ot 


FIGURE 14 


EXAMPLE 7 Find the work done by the force field F(x, y) = x? i — xy j in moving a 
particle along the quarter-circle r(t) = cos ti + sin tj, 0 < t < 7/2. 


SOLUTION Since x = cos t and y = sin t, we have 
F(r(t)) = cos*ti — cost sin t j 
and r'(t) = —sinti+t costj 


Therefore the work done is 
f E -dr = m F(r(t)) - r'(t) dt = f i (—cos°t sin t — cos?t sin t) dt 


0 
dose 2 
= E 
ah 3 


= " (—2 cos’t sin t) dt = 2 


NOTE Even though fa F-dr= le F - T ds and integrals with respect to arc length are 
unchanged when orientation is reversed, it is still true that 


[_Frar=-[F-ar 

-c c 

because the unit tangent vector T is replaced by its negative when C is replaced by —C. 
EXAMPLE 8 Evaluate f, F + dr, where F(x, y, z) = xyi + yzj + zx k and C is the 


twisted cubic given by 


SOLUTION We have 
rf) =ti+ťj+rk 
r(A =i+ 2tj + 3r?k 


F(r()) = ti + tj + ttk 


Thus f£ -dr = { FCA) « r'() dt 


1 |) 27 
= | (8 + 50) ar= 42 | = E 


Finally, we note the connection between line integrals of vector fields and line integrals 
of scalar fields. Suppose the vector field F on R° is given in component form by the equa- 
tion F = Pi + Qj + Rk. We use Definition 13 to compute its line integral along C: 


f. F - dr = i FCO) + rÀ dt 


= | (Pit Qj + RK) (OIF YOI+ 20k) dt 


= |" [PO 0, 20) x1 + OCx(0, vO, 29) ¥'O + ROO, vO, 209) 20] at 
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But this last integral is precisely the line integral in (10). Therefore we have 


fF -ar = | Pdx+ Q dy + Rdz where F = Pi+ Qj+Rk 


For example, the integral fe y dx + zdy + x dz in Example 6 could be expressed as 
|. F + dr, where 


F(x, y,z) =yitzjt+xk 


A similar result holds for vector fields F on R?: 


[.Fear=| Pax + Q dy 


where F = Pi+ Qj. 


16.2 | Exercises 


1-8 Evaluate the line integral, where C is the given plane curve. 9-18 Evaluate the line integral, where C is the given space curve. 


1. Joyds, Cx=t, y=24,0<1<3 9. |..x’y ds, 


2. [o(x/y) ds, C:x=8ť, y=, 1<t<2 C:x =cost, y=sint, z=t,0<t<7a7/2 


@ f- xy*ds, C is the right half of the circle x? + y? = 16 10. | ..y°z ds, 
4. fe xe’ ds, C is the line segment from (2, 0) to (5, 4) Cis the line segment from (3, 1, 2) to (1, 2, 5) 
5. fe (x°y + sin x) dy, @ [exe as, 

C is the arc of the parabola y = x? from (0, 0) to (m, m°) Cis the line segment from (0, 0, 0) to (1, 2, 3) 
6. |. edx, ; 

C is the arc of the curve x = y? from (—1, —1) to (1, 1) 12. fe (x? + y? + 2°) ds, 

x 3 C:x=t, y= cos 2t, z = sin 2t, OS t S 2r 
@ |- (x + 2y) dx + x? dy 

YA 13. [e xye” dy, C:x=t, y=, z=, 0S15s1 


14. [c ye dz + xlnxdy — y dx, 


é C:x=e', y=2t,z=Int, 1<t<2 
LE o 15. [ez dx + xy dy + y’ dz, 
x 


0 C:x =sint, y=cost, z = tant, -7/4<t<7/4 
8. [ox dx + y?’ dy 16. |. ydx + zdy + x dz, 
C:x=Vt,y=t,72=0,1<1t<4 
YA 
(0, 2) . 
c x+y’ =4 17. |o z? dx + x? dy + y° dz, 
C is the line segment from (1, 0, 0) to (4, 1, 2) 
(11) : 
18. |o (y + z) dx + (x + z)dy + (x + y) dz, 
0 = C consists of line segments from (0, 0, 0) to (1, 0, 1) and from 
(2,0) (1,0, 1) to (0, 1, 2) 
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19. Let F be the vector field shown in the figure. 26. 
(a) If C; is the vertical line segment from (—3, —3) to 
(—3, 3), determine whether te F - dr is positive, 9 


negative, or zero. 

(b) If C2 is the counterclockwise-oriented circle with 
radius 3 and center the origin, determine whether 
fe, F - dr is positive, negative, or zero. 


28. 


[cE : dr, where F(x, y, z) = yze*i + zxe” j + xye*k and 
r(t) = sin ti + costj + tantk, O<St< 7/4 
fg xy arctan z ds, where C has parametric equations 


rsi y= zst 1<1<2 


fezln(x + y) ds, where C has parametric equations 
3 y=2+ z= t -l<r<l 


x=14 


a ee NN 
ie ee eae a 
TLE RESA NA 
| ae ran ee” 29. 
ERS a e 
Ay tay Ole f tal a 
e E TE 
TASAS AAA 30; 
My a la a T 
ROKK RS He ee K 


FÑ 29-30 Use a graph of the vector field F and the curve C to 
guess whether the line integral of F over C is positive, negative, 
or zero. Then evaluate the line integral. 


F(x, y) = (x — y)i + xyj, 
C is the arc of the circle x? + y* = 4 traversed counter- 
clockwise from (2, 0) to (0, —2) 


x , ) ; 
PENTE re =i4 j, 
x? + y? 


C is the parabola y = 1 + x° from (—1, 2) to (1, 2) 


20. The figure shows a vector field F and two curves C, and C2. 
Are the line integrals of F over C; and C; positive, negative, 
or zero? Explain. 


mx] 


21-24 Evaluate the line integral fe F - dr, where C is given by 
the vector function r(t). 
21. F(x, y) =xy*i- x’ j, 

rj=fiterj, O<r<l 


22. F(x, y, z) = (x + y’)i + xzj + (y + z)k, 
rA =Pit ej-—2tk, O<1t<2 
35. 
Œ F(x, y, z) = sin xi + cos yj + xz k, 
r =ri-rj+tk, O<r<l 
24. F(x, y, z) =xzi + zj + yk, 36 
r(t) =e'i + e”j+e”k, 1<t<l 


25-28 Use a calculator or computer to evaluate the line integral 
correct to four decimal places. 
25. |. F + dr, where F(x, y) = vx + y it (y/x)j and 
r(t) = sin’ri + sin t cos tj, 7/6 S t< 7/3 


31. 


32. 


34. 


37. 


(a) Evaluate the line integral fo F - dr, where 

F(x, y) = e* 'i + xy j and C is given by 
rj=Pit Py 0O<t<1. 

Illustrate part (a) by graphing C and the vectors from 
the vector field corresponding to t = 0, 1/./2, and 1 
(as in Figure 14). 


(b) 


(a) Evaluate the line integral fe F - dr, where 

F(x, y, z) =xi— zj + yk and C is given by 

r(t) = 2ti + 3rj —?k, -1 sts 1. 

Illustrate part (a) by graphing C and the vectors from 
the vector field corresponding to t = +1 and 4t (as in 


Figure 14). 


(b) 


. Use a computer algebra system to find the exact value of 


fe x*y?zds, where C is the curve with parametric equations 
x=e'cos4t,y=e'sin4t,z=e', 0O<t 27. 


(a) Find the work done by the force field 
F(x, y) = x?i + xy j on a particle that moves once 
around the circle x? + y? = 4 oriented in the counter- 
clockwise direction. 

(b) Graph the force field and circle on the same screen. Use 
the graph to explain your answer to part (a). 


A thin wire is bent into the shape of a semicircle 
x? + y? = 4, x > 0. If the linear density is a constant k, 
find the mass and center of mass of the wire. 


A thin wire has the shape of the first-quadrant portion of the 
circle with center the origin and radius a. If the density 
function is p(x, y) = kxy, find the mass and center of mass 
of the wire. 


(a) Write the formulas similar to Equations 4 for the center 
of mass (x, y, Z) of a thin wire in the shape of a space 
curve C if the wire has density function p(x, y, z). 
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(b) Find the center of mass of a wire in the shape of the 
helix x = 2 sin t, y = 2 cos t, z = 3t,0 < t < 27, if the 
density is a constant k. 


38. Find the mass and center of mass of a wire in the shape of the 
helix x = t, y = cos t, z = sin t, 0 S t < 27, if the density at 
any point is equal to the square of the distance from the origin. 


39. If a wire with linear density p(x, y) lies along a plane curve C, 
its moments of inertia about the x- and y-axes are defined as 


— 2 = i 2 
L fy p(x,y)ds Iy E p(x, y) ds 


Find the moments of inertia for the wire in Example 3. 


40. If a wire with linear density p(x, y, z) lies along a space curve 
C, its moments of inertia about the x-, y-, and z-axes are 
defined as 


L= f (y? + 27)p(x, y, z) ds 


1, = | (x? + 2) (ay, z) ds 


L= i (x? + y*)p(x, y, z) ds 


Find the moments of inertia for the wire in Exercise 37(b). 
GP Find the work done by the force field 
F(x, y) =xit (y+ 2)j 
in moving an object along an arch of the cycloid 
r(t) = (t 


42. Find the work done by the force field F(x, y) = x? i + ye*j 
on a particle that moves along the parabola x = y? + 1 from 
(1, 0) to (2, 1). 


@) Find the work done by the force field 


sin t)i + (1 — cost)j O0<tS<27 


F(x, y, 2) = (x — y*,y — 27,2 — x?) 


on a particle that moves along the line segment from (0, 0, 1) 
to (2, 1, 0). 


44. The force exerted by an electric charge at the origin on a 
charged particle at a point (x, y, z) with position vector 
r = (x,y,z) is F(r) = Kr/| r |? where K is a constant. (See 
Example 16.1.5.) Find the work done as the particle moves 
along a straight line from (2, 0, 0) to (2, 1, 5). 


45. The position of an object with mass m at time t is 
r(t) = at’ i+ bej,O<r<1. 
(a) What is the force acting on the object at time t? 
(b) What is the work done by the force during the time 
interval 0 = t+ < 1? 


46. An object with mass m moves with position function 
r(t) = asinti + bcos tj + ctk,0 < t < 7/2. Find the 
work done on the object during this time period. 


SECTION 16.2 Line Integrals 1143 


47. A 160-lb man carries a 25-Ib can of paint up a helical stair- 
case that encircles a silo with a radius of 20 ft. If the silo is 
90 ft high and the man makes exactly three complete revolu- 
tions climbing to the top, how much work is done by the man 
against gravity? 


148. Suppose there is a hole in the can of paint in Exercise 47 and 
9 Ib of paint leaks steadily out of the can during the man’s 
ascent. How much work is done? 


49. (a) Show that a constant force field does zero work on a 
particle that moves once uniformly around the circle 
Pty =, 

(b) Is this also true for a force field F(x) = kx, where k is a 
constant and x = (x, y)? 


50. The base of a circular fence with radius 10 m is given by 
x = 10 cos ¢, y = 10 sin t. The height of the fence at position 
(x, y) is given by the function h(x, y) = 4 + 0.01(x* — y’), 
so the height varies from 3 m to 5 m. Suppose that 1 L of 
paint covers 100 m’. Sketch the fence and determine how 
much paint you will need if you paint both sides of the fence. 


51. If C is a smooth curve given by a vector function r(¢), 
a S t < b, and v is a constant vector, show that 


fv -dr = v - [r(b) — r(a)] 


52. If C is a smooth curve given by a vector function r(t), 
a S t < b, show that 


far d = [lro = ro] 


53. An object moves along the curve C shown in the figure from 
(1, 2) to (9, 8). The lengths of the vectors in the force field F 
are measured in newtons by the scales on the axes. Estimate 
the work done by F on the object. 


yA (meters) 


> 
0 1 x (meters) 


54. Experiments show that a steady current / in a long wire pro- 
duces a magnetic field B that is tangent to any circle that lies 
in the plane perpendicular to the wire and whose center is the 
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1144 CHAPTER 16 Vector Calculus 


axis of the wire (as in the figure). Ampére’s Law relates the f I 
electric current to its magnetic effects and states that 


\ 


[ Be dr = pol 


where 7 is the net current that passes through any surface 
bounded by a closed curve C, and uo is a constant called the | 
permeability of free space. By taking C to be a circle with 


radius r, show that the magnitude B = |B | of the magnetic B | 
field at a distance r from the center of the wire is E| 
— Bol 
2Tr 


16.3 | The Fundamental Theorem for Line Integrals 


Recall from Section 5.3 that Part 2 of the Fundamental Theorem of Calculus can be writ- 
ten as 


m] [Ý F'@ ax = FO) — Fla) 
where F’ is continuous on [a, b]. Equation | says that to evaluate the definite integral of 
F' on[a, b], we need only know the values of F at a and b, the endpoints of the interval. 
In this section we formulate a similar result for line integrals. 


E The Fundamental Theorem for Line Integrals 


If we think of the gradient vector Vf of a function f of two or three variables as a sort of 
derivative of f, then the following theorem can be regarded as a version of the Funda- 
mental Theorem for line integrals. 


YA 
[2] Theorem Let C be a smooth curve given by the vector function r(?), 

A(X, yı) B(X2, y2) a S t < b. Let f bea differentiable function of two or three variables whose gra- 
dient vector Vf is continuous on C. Then 


RY 


| VS- ar = fW) = fæla) 


(a) NOTE 1 Theorem 2 says that we can evaluate the line integral of a conservative vector 
field (the gradient vector field of the potential function f) simply by knowing the value of 
f at the endpoints of C. In fact, Theorem 2 says that the line integral of Vf is the net 
change in f. If f is a function of two variables and C is a plane curve with initial point 
A(x, yı) and terminal point B(x2, y2), as in Figure 1(a), then Theorem 2 becomes 


B(X, Yo, Z2) 


f. Vf: dr = f(x2, y2) — f(x, yı) 


If f is a function of three variables and C is a space curve joining the point A(xı, yı, z1) 
to the point B(x2, y2, z2), as in Figure 1(b), then we have 


(b) 


FIGURE 1 k Vf: dr = f(X2, Yo, 22) — f(x, Yb 21) 
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NOTE 2 Under the hypotheses of Theorem 2, if Cı and Cz are smooth curves with the 
same initial points and the same terminal points, then we can conclude that 


I. Vf- dr = fe, Vf- dr 
We prove Theorem 2 for the case where f is a function of three variables. 
PROOF OF THEOREM 2 Using Definition 16.2.13, we have 


f Vf- dr = i VEED) - r'À dt 


b 
=( af dx , af dy , af dz\ 
a\ 0x dt dy dt ðz dt 


b d 
= f z f(r(t) dt (by the Chain Rule) 


= f(r(b)) — f(r(a)) 


The last step follows from the Fundamental Theorem of Calculus (Equation 1). E 


NOTE 3 Although we have proved Theorem 2 for smooth curves, it is also true for 
piecewise-smooth curves. This can be seen by subdividing C into a finite number of 
smooth curves and adding the resulting integrals. 


EXAMPLE 1 Find the work done by the gravitational field 


mMG 


Midi 


F(x) = — 
in moving a particle with mass m from the point (3, 4, 12) to the point (2, 2, 0) along a 
piecewise-smooth curve C. (See Example 16.1.4.) 


SOLUTION From Section 16.1 we know that F is a conservative vector field and, in 
fact, F = Vf, where 
mMG 


f(x, y, z) _ 
Therefore, by Theorem 2, the work done is 
w= fE -dr = fvr dr 


= f(2, 2,0) — f(3, 4, 12) 


__mMG mMG m ( 1 1 ) 
V22 +22 432+ 4&£ +12? 


E independence of Path 


Suppose C; and C3 are two piecewise-smooth curves (which are called paths) that have 
the same initial point A and terminal point B. We know from Example 16.2.4 that, in 
general, |, F + dr # fo, F + dr. But in Note 2 we observed that 


i Vf- dr =|. Vf- dr 
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YA whenever Vf is continuous (see Figure 2). In other words, the line integral of a conserva- 
C tive vector field depends only on the initial point and terminal point of a curve. 

In general, if F is a continuous vector field with domain D, we say that the line inte- 

gral |. F + dr is independent of path if f- F + dr = f, F + dr for any two paths Cı and 

4 C, in D that have the same initial points and the same terminal points. With this terminol- 

C ogy we can say that line integrals of conservative vector fields are independent of path. 

A curve is called closed if its terminal point coincides with its initial point, that is, 

r(b) = r(a). (See Figure 3.) If fe F - dr is independent of path in D and C is any closed 

FIGURE 2 path in D, we can choose any two points A and B on C and regard C as being composed 
k Vf- dr = i Vf- dr of the path C; from A to B followed by the path C; from B to A. (See Figure 4.) Then 


hE a= f Feit | Fedr={ Pedee] 


F-dr=0 
C 


since C; and — C; have the same initial and terminal points. 
Conversely, if it is true that fe F - dr = 0 whenever C is a closed path in D, then we 
C demonstrate independence of path as follows. Take any two paths C, and C, from A to B 


in D and define C to be the curve consisting of C; followed by — C2. Then 
FIGURE 3 


A closed curve O=|.F-ar=( Tod 4 [Fears f F-dr = [Fear 


C and so fe F-dr= fa F - dr. Thus we have proved the following theorem. 


A [3] Theorem |..F - dr is independent of path in D if and only if |. F + dr = 0 
Cc, for every closed path C in D. 


FIGURE 4 


Since we know that the line integral of any conservative vector field F is independent 
of path, it follows that fe F - dr = 0 for any closed path. The physical interpretation is 
that the work done by a conservative force field (such as the gravitational or electric field 
in Section 16.1) as it moves an object around a closed path is 0. 

The following theorem says that the only vector fields that are independent of path are 
conservative. It is stated and proved for plane curves, but there is a similar version for 
space curves. We assume that D is open, which means that for every point P in D there is 
a disk with center P that lies entirely in D. (So D doesn’t contain any of its boundary 
points.) In addition, we assume that D is connected: this means that any two points in D 
can be joined by a path that lies in D. 


[4] Theorem Suppose F is a vector field that is continuous on an open connected 


region D. If fe F - dr is independent of path in D, then F is a conservative vector 
field on D; that is, there exists a function f such that Vf = F. 


PROOF Let A(a, b) be a fixed point in D. We construct the desired potential function f 
by defining 


(x, y) 
flay) = i F -dr 


for any point (x, y) in D. Since fo F + dr is independent of path, it does not matter 
which path C from (a, b) to (x, y) is used to evaluate f(x, y). Since D is open, there 
exists a disk contained in D with center (x, y). Choose any point (xı, y) in the disk with 
xı < x and let C consist of any path C, from (a, b) to (xı, y) followed by the horizontal 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


SECTION 16.3 The Fundamental Theorem for Line Integrals 1147 


yA line segment C; from (x1, y) to (x, y). (See Figure 5.) Then 


(x,y, 


f(x,y) =| Fedr+ [Fede =| 'F-dr+ | F-dr 


a, b) 


Notice that the first of these integrals does not depend on x, so 


A a 
ee) ie eee [Fear 


BY l 


If we write F = Pi + Q j, then 
FIGURE 5 r r 
JE -dr = {Pax + Ody 


On C2, y is constant, so dy = 0. Using t as the parameter, where x, S t S x, we have 


a a ð pe 
py Le) = ahe” + Q dy = AN P(t, y) dt = P(x, y) 


by Part 1 of the Fundamental Theorem of Calculus (see Section 5.3). A similar argu- 
ment, using a vertical line segment (see Figure 6), shows that 


ð ð ð ty 
gy f= g aP E t Ody =F h D de= Ola») 


RY 


ð ð 
Thus F=pitoj- i Magy 
Ox oy 


FIGURE 6 which says that F is conservative. a 


E Conservative Vector Fields and Potential Functions 


The question remains: how can we determine whether or not a vector field F is con- 
servative? And if we know that a field F is conservative, how can we find a potential 
function f? 

Suppose it is known that F = Pi + Qj is conservative, where P and Q have contin- 
uous first-order partial derivatives. Then there is a function f such that F = Vf, that is, 


ð ð 
pat and ga 
Ox oy 


Therefore, by Clairaut’s Theorem, 


oP _ Ef f ðQ 
ðy Oy 0x Ox dy Ox 


simple, not simple, [5] Theorem If F(x, y) = P(x, y) i + Q(x, y) j is a conservative vector field, 
not closed not closed where P and Q have continuous first-order partial derivatives on a domain D, then 
throughout D we have 
dP ðQ 
ðy Ox 
simple, not simple, : : F . : 
dosed elosed The converse of Theorem 5 is true only for a special type of region. To explain this, 
we first need the concept of a simple curve, which is a curve that doesn’t intersect itself 
FIGURE 7 anywhere between its endpoints. [See Figure 7; r(a) = r(b) for a simple closed curve, 
Types of curves but r(t) # r(t) whena < ti < h < b.] 
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FIGURE 9 


Figures 9 and 10 show the vector 
fields in Examples 2(a) and 2(b), 
respectively. The vectors in Figure 9 
that start on the closed curve C all 
appear to point in roughly the same 
direction as C. So it looks as if 

|. F + dr > Oand therefore F is 

not conservative. The calculation 

in Example 2(a) confirms this 
impression. Some of the vectors near 
the curves Cı and C; in Figure 10 
point in approximately the same 
direction as the curves, whereas 
others point in the opposite direc- 
tion. So it appears plausible that line 
integrals around all closed paths 

are 0. Example 2(b) shows that F 

is indeed conservative. 


FIGURE 10 


CHAPTER 16 Vector Calculus 


In Theorem 4 we needed an open connected region. For the next theorem we need a 
stronger condition. A simply-connected region in the plane is a connected region D 
such that every simple closed curve in D encloses only points that are in D. Notice from 
Figure 8 that, intuitively speaking, a simply-connected region contains no hole and can’t 
consist of two separate pieces. 


@ Os 


simply-connected region regions that are not simply-connected 


FIGURE 8 


In terms of simply-connected regions, we can now state a partial converse to Theo- 
rem 5 that gives a convenient method for verifying that a vector field on R? is conserva- 
tive. The proof will be sketched in Section 16.4 as a consequence of Green’s Theorem. 


[6] Theorem Let F = Pi + Q j be a vector field on an open simply-connected 
region D. Suppose that P and Q have continuous first-order partial derivatives and 


o L 


throughout D 
oy Ox 


Then F is conservative. 


EXAMPLE 2 Determine whether or not the given vector field is conservative. 
(a) Fay) =(@— yi+(x- 2j 
(b) F(x, y) = (3 + 2xy)i + (x? — 3y’)j 


SOLUTION 
(a) Let P(x, y) = x — y and Q(x, y) = x — 2. Then 


ee We 
oy Ox 


1 


Since 0P/dy ¥ 0Q/0x, F is not conservative by Theorem 5. 

(b) Let P(x, y) = 3 + 2xy and Q(x, y) = x? — 3y’. Then 
oP 0 
a en 

oy Ox 


Also, the domain of F is the entire plane (D = R?), which is open and simply- 
connected. Therefore we can apply Theorem 6 and conclude that F is conservative. E 


In Example 2(b), Theorem 6 told us that F is conservative, but it did not tell us how to 
find the (potential) function f such that F = Vf. The proof of Theorem 4 gives us a clue 
as to how to find f. We use “partial integration” as in the following example. 
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EXAMPLE 3 If F(x, y) = (3 + 2xy)i + (x? — 3y’)j, find a function f such that 
F= Vf. 


SOLUTION From Example 2(b) we know that F is conservative and so there exists a 
function f with Vf = F, that is, 


f(x, y) =3 + 2xy 

Hæ y) = x? — By? 
Integrating (7) with respect to x, we obtain 

[9] f(x, y) = 3x + x’y + gO) 


Notice that the constant of integration is a constant with respect to x, that is, a function 
of y, which we have called g(y). Next we differentiate both sides of (9) with respect 
to y: 


fla, y) = x? + gy) 
Comparing (8) and (10), we see that 
go) = sy 
Integrating with respect to y, we have 
gy) =—-y + K 
where K is a constant. Putting this in (9), we have 
f(x,y) = 3x + x’°y - y? +K 


as the desired potential function. E 


EXAMPLE 4 Evaluate the line integral |. F + dr, where 
F(x, y) = (3 + 2xy)i + (x? — 3y’)j 
and C is the curve given by 
r(t) = e'sin ti + e'costj 0<t<7 


SOLUTION 1 From Example 2(b) we know that F is conservative, so we can 
use Theorem 2. In Example 3 we found that a potential function for F is 

f(x, y) = 3x + x’y — y? (choosing K = 0). According to Theorem 2, we need 
to know only the initial and terminal points of C, namely, r(0) = (0, 1) and 
r(az) = (0, —e”). Then 


| E - ar = | Vf- ar = fO, =e”) — f0, D) = e” —(-1I) =e" + 1 


This method is much shorter than the straightforward method for evaluating line 
integrals that we learned in Section 16.2. 


SOLUTION 2 Because F is conservative, we know that fe F - dr is independent of path. 
Let's replace the curve C with another (simpler) curve C; that has the same initial point 
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—10 


—20 
(0, -e”) 


FIGURE 11 


BY 


and the same terminal point as C. Let C; be the straight line segment from (0, 1) to 
(0, —e”) as shown in Figure 11. Then C; is represented by 


r(t) = tj -l<t<e" 
and 


eT 


f E dr = k F - dr = f FEO) + r'(0) dt 
=| Gi- iat 
= i sr dt = pe =e"+1 E 
A criterion for determining whether or not a vector field F on R° is conservative is 
given in Section 16.5. Meanwhile, the next example shows that the technique for finding 


the potential function is much the same as for vector fields on R?. 


EXAMPLE 5 If F(x, y, z) = y?i + (2xy + e*)j + 3ye” k, find a function f such 
that Vf = F. 


SOLUTION If there is such a function f, then 
[11] lx, y, 2) = y? 


[12] i, y, z) = 2xy + e” 

[13] J:(x, y, z) = 3ye” 
Integrating (11) with respect to x, we get 

F(x, y, z) = xy? + gly, 2) 


where g(y, z) is a constant with respect to x. Then differentiating (14) with respect to y, 
we have 


HCx, y, z) = 2xy + gy(y, z) 
and comparison with (12) gives 
gy(y, 2) = e” 
Thus g(y, z) = ye” + h(z) and we rewrite (14) as 
f(x,y, z) = xy? + ye” + h(z) 


Finally, differentiating with respect to z and comparing with (13), we obtain h'(z) = 0 
and therefore f(z) = K, a constant. The desired function is 


f(x,y,z) = xy? + ye” + K 
It is easily verified that Vf = F. a 


E Conservation of Energy 


Let’s apply the ideas of this chapter to a continuous force field F that moves an object 
along a path C given by r(t), a S t < b, where r(a) = A is the initial point and r(b) = B 
is the terminal point of C. According to Newton’s Second Law of Motion (see Sec- 
tion 13.4), the force F(r(t)) at a point on C is related to the acceleration a(t) = r’(t) by 
the equation 

F(r(t) = mr"(t) 
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So the work done by the force on the object is 


w= | F- dr = | ECO) -rO de = |’ me" + rO dt 
C a a 
m T 4 [r(t - r(A] dt (Th 13.2.3, F la 4) 
— moy * eorem 2.9, Formula 
2 Ja dt 
d 
= z f Fr |r |? dt = = | r'(t) ‘al (Fundamental Theorem of Calculus) 


= F(r@P - Irap) 


Therefore 
[15] W = m| v)? — 3m| v(a)? 


where v = r’ is the velocity. 
The quantity im | v(z) |’, that is, half the mass times the square of the speed, is called 
the kinetic energy of the object. Therefore we can rewrite Equation 15 as 


W = K(B) — KA) 
which says that the work done by the force field along C is equal to the change in kinetic 
energy at the endpoints of C. 

Now let’s further assume that F is a conservative force field; that is, we can write 
F = Vf. In physics, the potential energy of an object at the point (x, y, z) is defined as 
P(x, y, z) = —f(x, y, z), so we have F = —VP. Then by Theorem 2 we have 


w= fE -dr =- f. VP - dr = —[P(r(b)) — P(r(a))] = P(A) — P(B) 


Comparing this equation with Equation 16, we see that 
P(A) + K(A) = P(B) + K(B) 


which says that if an object moves from one point A to another point B under the influ- 
ence of a conservative force field, then the sum of its potential energy and its kinetic 
energy remains constant. This is called the Law of Conservation of Energy and it is the 
reason the vector field is called conservative. 


16.3 | Exercises 


1. The figure shows a curve C and a contour map of a function f 2. A table of values of a function f with continuous gradient is 
whose gradient is continuous. Find fe Vf: dr. given. Find fe Vf- dr, where C has parametric equations 
A 
á x=fť+1 y=ť+t Os<rsl 
S ie 
60 
50. 


C 40 
AS 
20 o |} 1 | 6 | 4 
1 
0 1 | 3 | 5 | 7 
> 
x 
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3-10 Determine whether or not F is a conservative vector field. 13. Let F(x, y) = (3x? + y?)i + 2xy j and let C be the curve 
If it is, find a function f such that F = Vf. shown. 
3. F(x, y) = (xy + y’) i + (x? + 2xy)j YA 
4. F(x, y) = (y? — 2x)i + 2xyj (-2, 0) (2, 0) 
> 
0 x 


5. F(x, y) = ye i + (1 + xy)e?”j 


6. F(x, y) = ye*i + (e* + &’)j 


F, y) (ye* + sin y)i + (e* + xcos y)j 


2) 2 4 2 —3) 3 , 
8. Py) = Qay t yi E ee aa he y0 (a) Evaluate |. F + dr directly. 


(b) Show that F is conservative and find a function f such 
that F = Vf. 

10. F(x, y) = (Iny + y/x)i + (nx + x/y)j (c) Evaluate |. F + dr using Theorem 2. 

(d) Evaluate fe F - dr by first replacing C by a simpler curve 
that has the same initial and terminal points. 


9. F(x, y) = (y? cos x + cos y)i + (2y sin x — x sin y) j 


11. The figure shows the vector field F(x, y) = (2xy, x?) and 
three curves that start at (1, 2) and end at (3, 2). 
(a) Explain why fe F - dr has the same value for all three 
curves. 
(b) What is this common value? 


14-15 A vector field F and a curve C are given. 

(a) Show that F is conservative and find a potential function f. 

(b) Evaluate |. F - dr using Theorem 2. 

(c) Evaluate fe F - dr by first replacing C with a line segment that 
has the same initial and terminal points. 


14. F(x, y) = (sin y + e*, x cos y), 


yA 
: Cx=ty=13-1),05ts3 
4 P E ee ee d a ad 
3T x ge 15. F(x, y) = (ye, xe”), 
j il C:x=sin— t y=e (1 —cosat), O<t<1 
> 2 
2+ 
2 ra 
7 16. Evaluate |c Vf - dr, where f(x, y, z) = xy°z + x? and C is 
it , the curve x =f, y = e°! z= f +4,-1<1< 1. 
7 17-24 (a) Find a function f such that F = Vf and (b) use 
T i ge E part (a) to evaluate fa F - dr along the given curve C. 
+ t 
0 i 3 a 17. F(x, y) = (2x, 4y), 
C is the arc of the parabola x = y* from (4, —2) to (1, 1) 
12. Evaluate {.F - dr for the vector field 18. F(x, y) = (3 + 2xy°)i + 2x°yj, i 
F(x, y) = 2xyi + (x? + sin y) j and the curve C C is the arc of the hyperbola y = 1/x from (1, 1) to (4, $) 
h k 
S @ Fa. y) = xyi + yj, 
(a) (b) C: r(t) = (8 — 27,7421), O<t<1 
yA yA 
(2, 7/2) 20. F(x, y) = (1 + xye i + xe” j, 
c C C: r(t = costi + 2sintj, 0<t<7/2 
@D Fy. 2) 2xyi + (x? + 2yz)j + y’*k, 
C is the line segment from (2, —3, 1) to (—5, 1, 2) 
0 x ie f , ; : 
22. F(x, y, z) = (y’z + 2xz?)i + 2xyzj + (xy? + 2x7z)k, 
C:x= Vt, y=tt+lz=", 0<t<1 
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23. F(x, y, z) = yze“i + e7 j + xye” k, 
C: r() = (P + 1)i + (P — 1)j + (P -20k 


O<rx<2 


24. F(x, y, z) = sin y i + (xcos y + cos z)j — y sin zk, 
C: r(t)=sintit+tj+2tk, O<t<7/2 


25-26 Show that the line integral is independent of path and 
evaluate the integral. 


GBD | 2xe dx + (2y — xe) dy, 
C is any path from (1, 0) to (2, 1) 
26. [osin y dx + (x cos y — sin y) dy, 
C is any path from (2, 0) to (1, 77) 


27. Suppose you’re asked to determine the curve that requires 
the least work for a force field F to move a particle from 
one point to another point. You decide to check first whether 
F is conservative, and indeed it turns out that it is. How 
would you reply to the request? 


28. Suppose an experiment determines that the amount of work 
required for a force field F to move a particle from the point 
(1, 2) to the point (5, —3) along a curve C; is 1.2 J and the 
work done by F in moving the particle along another curve 
C2 between the same two points is 1.4 J. What can you say 
about F? Why? 


29-30 Find the work done by the force field F in moving an 
object from P to Q. 


29. F(x,y) =x?it+ yj; P(1, 0), (2, 2) 
30. F(x, y) = (2x + y)it+ xj; PC, 1), Q(4, 3) 


31-32 Is the vector field shown in the figure conservative? 
Explain. 


31. yA 32. y4 
| L L |e eee aay ft ft ft 
Vp i gje een soe sie tf tf 
Yard ee RA “Me to’ 
A. Sy Se Se RR Si ROY 
ed ee he. | ey ee 
Mts str th vow new 
oasis tti \ p 4 |e enn 
s ET EEE ORE 


M 33. If F(x, y) = sin yi + (1 + x cos y) j, use a plot to guess 
whether F is conservative. Then determine whether your 
guess is correct. 


34. Let F = Vf, where f(x, y) = sin(x — 2y). Find curves C, 
and C; that are not closed and satisfy the equation. 


(a) [.F-ar=0 (b) | Frar=1 


SECTION 16.3 The Fundamental Theorem for Line Integrals 


35. Show that if the vector field F = Pi + Qj + R k is con- 
servative and P, Q, R have continuous first-order partial 
derivatives, then 


ðP ðQ ðP OR oQ ðR 
oy Ox Oz Ox Oz oy 


36. Use Exercise 35 to show that the line integral 
fe ydx + xdy + xyz dz is not independent of path. 


37-40 Determine whether or not the given set is (a) open, 
(b) connected, and (c) simply-connected. 


37. {(x,y) | 0< y < 3} 

38. {(x, y) | 1 < |x| <2} 

39. {(x,y) | 1 <x? +y? <4, y > 0} 
( 


40. {(x, y) | (xy) # (2, 3)} 


1153 


—yit xj 

@ Let F(x, y) ae oe 

(a) Show that dP/dy = dQ/dx. 

(b) Show that fe F - dr is not independent of path. 
[Hint: Compute |- F + dr and |. F + dr, where C; 
and C; are the upper and lower halves of the circle 
x? + y? = 1 from (1, 0) to (—1, 0).] Does this 
contradict Theorem 6? 


42. Inverse Square Fields Suppose that F is an inverse square 
force field, that is, 
cr 
F(r) = PE 

for some constant c, where r = xi + yj + zk. 

(a) Find the work done by F in moving an object from a 
point P; along a path to a point P3 in terms of the 
distances dı and d> from these points to the origin. 

(b) An example of an inverse square field is the gravi- 
tational field F = —(mMG)r/|r|* discussed in 
Example 16.1.4. Use part (a) to find the work done 
by the gravitational field when the earth moves from 
aphelion (at a maximum distance of 1.52 X 10° km 
from the sun) to perihelion (at a minimum 
distance of 1.47 X 10° km). (Use the values 
m = 5.97 X 10* kg, M = 1.99 X 10% kg, and 
G = 6.67 X 107" N-m’/kg”.) 

(c) Another example of an inverse square field is the 
electric force field F = eqQr/| r |° discussed in 
Example 16.1.5. Suppose that an electron with a charge 
of —1.6 X 107” C is located at the origin. A positive 
unit charge is positioned a distance 107"? m from the 
electron and moves to a position half that distance from 
the electron. Use part (a) to find the work done by the 
electric force field. (Use the value e = 8.985 X 10°.) 
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16.4 | Green’s Theorem 


Green’s Theorem gives the relationship between a line integral around a simple closed 
curve and a double integral over the plane region bounded by the curve. 


YA E Green’s Theorem 


Let C be a simple closed curve and let D be the region bounded by C, as in Figure 1. (We 
assume that D consists of all points inside C as well as all points on C.) In stating Green’s 
Theorem we use the convention that the positive orientation of a simple closed curve C 
refers to a single counterclockwise traversal of C. Thus if C is given by the vector func- 
tion r(t), a S t < b, then the region D is always on the left as the point r(ż) traverses C. 


0 A (See Figure 2.) 
FIGURE 1 ii i 
C 
C 
> > 
0 x 0 x 
FIGURE 2 (a) Positive orientation (b) Negative orientation 


Green’s Theorem Let C be a positively oriented, piecewise-smooth, simple 
closed curve in the plane and let D be the region bounded by C. If P and Q have 
continuous partial derivatives on an open region that contains D, then 


Recall that the left side of this aQ 
equation is another way of writing f P dx + Q dy = [f 
[cE + dr, where F = Pi + Qj. c ox 


NOTE The notation 
f Pax + Ody or $.Pdx + Qdy 
is sometimes used to indicate that the line integral is calculated using the positive orien- 


tation of the closed curve C. Another notation for the positively oriented boundary curve 
of D is ðD, so the equation in Green’s Theorem can be written as 


m] ides Pua = (Pact od 


Green’s Theorem should be regarded as the counterpart of the Fundamental Theorem 
of Calculus for double integrals. Compare Equation 1 with the statement of the Funda- 
mental Theorem of Calculus, Part 2, in the following equation: 


f F'(x) dx = F(b) — F(a) 


In both cases there is an integral involving derivatives (F', 9Q/dx, and ðP/ðy) on the left 
side of the equation. And in both cases the right side involves the values of the original 
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George Green 


Green's Theorem is named after the 
self-taught English scientist George 
Green (1793-1841). He worked full- 
time in his father’s bakery from the 
age of nine and taught himself math- 
ematics from library books. In 1828 he 
published privately An Essay on the 
Application of Mathematical Analysis 
to the Theories of Electricity and Mag- 
netism, but only 100 copies were 
printed and most of those went to his 
friends. This pamphlet contained a 
theorem that is equivalent to what we 
know as Green’s Theorem, but it didn’t 
become widely known at that time. 
Finally, at age 40, Green entered 
Cambridge University as an under- 
graduate but died four years after 
graduation. In 1846 William Thomson 
(Lord Kelvin) located a copy of Green's 
essay, realized its significance, and 
had it reprinted. Green was the first 
person to try to formulate a mathe- 
matical theory of electricity and mag- 
netism. His work was the basis for the 
subsequent electromagnetic theories 
of Thomson, Stokes, Rayleigh, and 
Maxwell. 


YA y=g(x) 
‘4 
C3 
C, C 
Fo 
y=qi(x) 
| | > 
0 a b x 
FIGURE 3 
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functions (F, Q, and P) only on the boundary of the domain. (In the one-dimensional 
case, the domain is an interval [a, b] whose boundary consists of just two points, a and b.) 

Green’s Theorem is not easy to prove in general, but we can give a proof for the spe- 
cial case where the region is both type I and type II (see Section 15.2). Let’s call such 
regions simple regions. 


PROOF OF GREEN’S THEOREM FOR THE CASE IN WHICH D IS A SIMPLE REGION 
Notice that Green’s Theorem will be proved if we can show that 


[2] [.Pax=—[| aa 


EJ joa- ff aa 
D 


We prove Equation 2 by expressing D as a type I region: 
D = {(x, y) |a = x = b, g) = y < g} 


where gı and g2 are continuous functions. This enables us to compute the double inte- 
gral on the right side of Equation 2 as follows: 


E E T 
D i ` 


where the last step follows from the Fundamental Theorem of Calculus. 

Now we compute the left side of Equation 2 by breaking up C as the union of the 
four curves C;, C2, C3, and C, shown in Figure 3. On C, we take x as the parameter and 
write the parametric equations as x = x, y = gı(x),a S x S b. Thus 


k P(x, y) dx = y P(x, gi(x)) dx 


Observe that C3 goes from right to left but —C3 goes from left to right, so we can write 
the parametric equations of — C; as x = x, y = go(x), a S x < b. Therefore 


f. P(x, y) dx = sf P(x, y) dx = = P(x, go(x)) dx 
On C; or C; (either of which might reduce to just a single point), x is constant, so 


dx = 0 and 
k P(x, y) dx = 0 = k P(x, y) dx 


Hence 


{. P(x, y) dx = (. P(x, y) dx + S P(x, y) dx + k P(x, y) dx + k P(x, y) dx 


= i P(x, gil) dx = [Pe g) dx 


Comparing this expression with the one in Equation 4, we see that 


[ P(x, y) dx = mall S dA 
D 
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Equation 3 can be proved in much the same way by expressing D as a type II region 
(see Exercise 34). Then, by adding Equations 2 and 3, we obtain Green’s Theorem. E 


EXAMPLE 1 Evaluate |.x*dx + xy dy, where C is the triangular curve consisting of 
the line segments from (0, 0) to (1, 0), from (1, 0) to (0, 1), and from (0, 1) to (0, 0). 


SOLUTION Although the given line integral could be evaluated as usual by the methods 
of Section 16.2, that would involve setting up three separate integrals along the three 
sides of the triangle, so let’s use Green’s Theorem instead. Notice that the region D 
enclosed by C is simple and C has positive orientation (see Figure 4). If we let 

P(x, y) = x* and Q(x, y) = xy, then we have 


dQ oP 1 pi-x 
4 = =; 
E dx + xy dy {| ( = aa f i (y — 0) dy dx 
FIGURE 4 j 
— fin y=l—-x if 
= l dx = i (1 — x? dx 
1 
ia -h =i m 
EXAMPLE 2 Evaluate >. (3y — e*™*) dx + (7x + y4 + 1) dy, where C is the circle 
xX +y =g. 
SOLUTION The region D bounded by C is the disk x? + y* < 9, so let’s change to 
polar coordinates after applying Green’s Theorem: 
Instead of using polar coordinates, we f (3y — e™*)dx + (7x + yyt + 1) dy 
could simply use the fact that D is a i 
disk of radius 3 and write = {| Eg 4 Jy" ¥1) _ SG, o e) | dA 
Ox oy 
D 


ff 4a = 4+ 7(3) = 367 
D T T 3 
=|" F0- 3rdrao=4f" do | rar=36r m 
0 0 0 0 
In Examples 1 and 2 we found that the double integral was easier to evaluate than the 
line integral. (Try setting up the line integral in Example 2 and you’ll soon be con- 
vinced!) But sometimes it’s easier to evaluate the line integral, and Green’s Theorem is 


used in the reverse direction. For instance, if it is known that P(x, y) = Q(x, y) = 0 on 
the curve C, then Green’s Theorem gives 


m P) da= j partod =o 
D 


no matter what values P and Q assume in the region D. 


E Finding Areas with Green's Theorem 


Another application of the reverse direction of Green’s Theorem is in computing areas. 
Since the area of D is ||,, 1 dA, we wish to choose P and Q so that 


I E 
Ox oy 


=1 
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wheel 


tracer 


FIGURE 5 


A Keuffel and Esser polar planimeter 


Ci 
C: 


FIGURE 6 
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There are several possibilities: 
P(x, y) = 0 P(x, y) = -y P(x, y) = —2y 
Axy)=x Q(x, y) = 0 Q(x, y) = 3x 


Then Green’s Theorem gives the following formulas for the area of D: 


[5] A = f xdy = -f,ydx =} f,xdy — ydx 


2 2 


EXAMPLE3 Find the area enclosed by the ellipse = + oa =]. 
F 2 


SOLUTION The ellipse has parametric equations x = a cos t and y = b sin t, where 
0 < t < 27. Using the third formula in Equation 5, we have 


A=; f xdy —ydx 


II 


1 H (a cos t)(bcos t) dt — (b sin t)(—a sin t) dt 
ab fr 
7 ral dt = mab || 


Formula 5 can be used to explain how planimeters work. A planimeter is an inge- 
nious mechanical instrument invented in the 19th century for measuring the area of a 
region by tracing its boundary curve. For instance, a biologist could use one of these 
devices to measure the surface area of a leaf or bird wing. 

Figure 5 shows the operation of a polar planimeter: the pole is fixed and, as the tracer 
is moved along the boundary curve of the region, the wheel partly slides and partly rolls 
perpendicular to the tracer arm. The planimeter measures the distance that the wheel 
rolls and this is proportional to the area of the enclosed region. The explanation as a 
consequence of Formula 5 can be found in the following articles: 


e R. W. Gatterman, “The planimeter as an example of Green’s Theorem” Amer. Math. 
Monthly, Vol. 88 (1981), pp. 701—4. 

e Tanya Leise, “As the planimeter wheel turns” College Math. Journal, Vol. 38 (2007), 
pp. 24-31. 


E Extended Versions of Green’s Theorem 


Although we have proved Green’s Theorem only for the case where D is simple, we can 
now extend it to the case where D is a finite union of simple regions. For example, if D 
is the region shown in Figure 6, then we can write D = D, U D», where D, and D; are 
both simple. The boundary of D, is Cı U C; and the boundary of D2 is C} U (—C;) so, 
applying Green’s Theorem to D, and D, separately, we get 


fue Pax + ony = f| (22-2) an 


Dı 


l) Pd + Ody= Í| OD a) da 
QU(-G) x í Ox oy 


Dy 
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c If we add these two equations, the line integrals along C; and — C; cancel, so we get 


aQ aP 
[orart owe f(E P) aa 


which is Green’s Theorem for D = D, U Dh, since its boundary is C = C, U C2. 
I) The same sort of argument allows us to establish Green’s Theorem for any finite union 


of nonoverlapping simple regions (see Figure 7). 


FIGURE 7 
EXAMPLE 4 Evaluate 4. y? dx + 3xy dy, where C is the boundary of the semiannular 
region D in the upper half-plane between the circles x? + y? = 1 and x? + y? = 4. 


yA SOLUTION Notice that although D is not simple, the y-axis divides it into two simple 
vr+y?=4 regions (see Figure 8). In polar coordinates we can write 


D={(r,0)|1<r<2,0<60<7} 


Therefore Green’s Theorem gives 


a ð, 
| 7 (3xy) ay (y | dA 


—— 


0 z f. y?dx + 3xy dy = | 


FIGURE 8 


ydA = F p (rsin 0) r dr d0 


onn > 


= (snoa Prasfero 


Green’s Theorem can be extended to apply to regions with holes, that is, regions that 
are not simply-connected. Observe that the boundary C of the region D in Figure 9 con- 
sists of two simple closed curves Cı and C2. We assume that these boundary curves are 
oriented so that the region D is always on the left as the curve C is traversed. Thus the 
positive direction is counterclockwise for the outer curve C, but clockwise for the inner 
curve C>. If we divide D into two regions D’ and D” by means of the lines shown in 
FIGURE 9 Figure 10 and then apply Green’s Theorem to each of D’ and D”, we get 


i (2-F)4- (RFS a ja 


= | Pdx+ Q dy + | „Pax + Q dy 


Since the line integrals along the common boundary lines are in opposite directions, they 
FIGURE 10 cancel and we get 


n 


{| (22 P) a= f, past Q dy + | P dx + Qdy = | P dx + Q dy 
D 


Ox oy 
which is Green’s Theorem for the region D. 
EXAMPLE 5 If F(x, y) = (—yi + xj)/(x? + y’), show that fo F + dr = 27 for every 
positively oriented simple closed path that encloses the origin. 


SOLUTION Since C is an arbitrary closed path that encloses the origin, it’s difficult to 
compute the given integral directly. So let’s consider a counterclockwise-oriented circle C’ 
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YA with center the origin and radius a, where a is chosen to be small enough that C’ lies 
c inside C. (See Figure 11.) Let D be the region bounded by C and C’. Then its positively 
oriented boundary is C U (—C’) and so the general version of Green’s Theorem gives 
5 E dQ oP 
| Pax + Ody + [Pax + Ody {| ( aA 
D 
2 2 2 2 
yx y= 
= dA =0 
FIGURE 11 ll | (x? + y?)? (x? + =| 
Therefore [Pax + Qdy= L P dx + Q dy 
that is, [Frara [Fear 


We now easily compute this last integral using the parametrization given by 
r(t) = acosti+ asintj,0 < t < 27. Thus 


f £ - dr = f E -dr = i "B(r(1) © r'(t) dt 


2 
0 


2r (—a sin t)(—asin t) + (a cos t)(a cos t Qa 
=| ( Mo ue n a= | dt = 27 E 
0 a’ cos*t + a’ sin*t 0 


We end this section by using Green’s Theorem to discuss a result that was stated in the 
preceding section. 


SKETCH OF PROOF OF THEOREM 16.3.6 We’re assuming that F = Pi+ Qjisa 
vector field on an open simply-connected region D, that P and Q have continuous first- 
order partial derivatives, and that 

ðP 0Q 


throughout D 
oy Ox 


If C is any simple closed path in D and R is the region that C encloses, then Green’s 
Theorem gives 


rawea ons- f(E r) da = fjoda=0 


A curve that is not simple crosses itself at one or more points and can be broken up 
into a number of simple curves. We have shown that the line integrals of F around these 
simple curves are all 0 and, adding these integrals, we see that | cF» dr = 0 for any 
closed curve C. Therefore | c F » dr is independent of path in D by Theorem 16.3.3. It 
follows that F is a conservative vector field. E 


16.4 | Exercises 


1-4 Evaluate the line integral by two methods: (a) directly and 2. e ydx — x dy, 
(b) using Green’s Theorem. C is the circle with center the origin and radius 4 
1. Gy? dx + x°y dy, @ 6. xy dx + x’y* dy, 
C is the rectangle with vertices (0, 0), (5, 0), (5, 4), and (0, 4) C is the triangle with vertices (0, 0), (1, 0), and (1, 2) 
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4. ĝe x°y? dx + xy dy, C consists of the arc of the parabola 
y = x’ from (0, 0) to (1, 1) and the line segments from (1, 1) 
to (0, 1) and from (0, 1) to (0, 0) 


17. 


5-12 Use Green’s Theorem to evaluate the line integral along 
the given positively oriented curve. 


5. |. ye"dx + 2e* dy, 
C is the rectangle with vertices (0, 0), (3, 0), (3, 4), 


16. 


18. 


F(x,y) =(e*+ y’ e? + x’), 
C consists of the arc of the curve y = cos x from (—77/2, 0) 
to (7/2, 0) and the line segment from (7/2, 0) to (—7/2, 0) 


F(x, y) = (y — cos y, x sin y), 
C is the circle (x — 3)? + (y + 


4)? = 4 oriented clockwise 


F(x, y) = ( x2 + 1, tan”'x), C is the triangle from (0, 0) 
to (1, 1) to (0, 1) to (0, 0) 


and (0, 4) 


6. fe In(xy) dx + (y/x) dy, 
C is the rectangle with vertices (1, 1), (1, 4), (2, 4), 
and (2, 1) 


7. |ox’y* dx + y tan™'y dy, 
C is the triangle with vertices (0, 0), (1, 0), and (1, 3) 


8. [e (x? + y?) dx + (x? — y?) dy, 
C is the triangle with vertices (0, 0), (2, 1), and (0, 1) 


@/. (y + ev") dx + (2x + cos y*) dy, 


20. 


19-20 Verify Green’s Theorem by using a computer algebra 
system to evaluate both the line integral and the double integral. 


19. 


P(x, y) = xy, Q(x, y) = xy, 

C consists of the line segment from (—7r/2, 0) to (77/2, 0) 
followed by the arc of the curve y = cos x from (7/2, 0) 
to (—7/2, 0) 


P(x y) = 2x — 279%, O(x,y) = °¥8, 
C is the ellipse 4x? + y? = 4 


C is the boundary of the region enclosed by the parabolas 
y= x and x = y’ 


10. [c ytdx + 2xy*dy, Cis the ellipse x? + 2y? = 2 
@ /-y° dx — x° dy, Cis the circle x? + y? = 4 


12. [e (1 — y?) dx + (x? + e”’) dy, Cis the boundary of the 
region between the circles x? + y? = 4 and x? + y? = 9 


13-18 Use Green’s Theorem to evaluate fe F - dr. (Check the 
orientation of the curve before applying the theorem.) 


E -G + e”) dx + (tan y + 3x?) dy 
23. 
YA 
2 x+y’ =4 
24. 
i C 
ea 
x+y =1 
0 1 2 x 


AB F(x, y) = (y cos x — xy sin x, xy + x cos x), 
C is the triangle from (0, 0) to (0, 4) to (2, 0) to (0, 0) 


22. 


25. 


(FXE) Use Green’s Theorem to find the work done by the force 


F(x, y) = x(x + y) i + xy’ j in moving a particle from the 
origin along the x-axis to (1, 0), then along the line segment 
to (0, 1), and then back to the origin along the y-axis. 


A particle starts at the origin, moves along the x-axis to 
(5, 0), then along the quarter-circle x? + y? = 25, x => 0, 
y = Oto the point (0, 5), and then down the y-axis 

back to the origin. Use Green’s Theorem to find 

the work done on this particle by the force field 

F(x, y) = (sin x, siny + xy? + 13), 


Use one of the formulas in (5) to find the area under one arch 
of the cycloid x = t — sin t, y = 1 — cost. 


If a circle C with radius 1 rolls along the outside of the 
circle x? + y? = 16, a fixed point P on C traces out a 
curve called an epicycloid, with parametric equations 

x = 5cost — cos 5t, y = 5 sin t — sin St. Graph the epi- 
cycloid and use (5) to find the area it encloses. 


(a) If C is the line segment connecting the point (x1, yı) to 
the point (x2, y2), show that 


f xay — y dx = x1y2 — X2yı 


(b) If the vertices of a polygon, in counterclockwise order, 
are (x1, yi), (x2, Y2), . <- , (Xn, Yn), Show that the area of 
the polygon is 


x3y2) E cain’ 
Lia) t (xnyı X1Yn)I 


A = [xyz — x2y1) + (x273 
t (Xn-1Vn 


(c) Find the area of the pentagon with vertices (0, 0), (2, 1), 
(1, 3), (0, 2), and (—1, 1). 
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26. 


27. 


28. 


29. 


30. 


31. 


Let D be a region bounded by a simple closed path C in the 
xy-plane. Use Green’s Theorem to prove that the coordinates 
of the centroid (x, y) of D are 


_ I of 5 
Pe i JA fox dy 
where A is the area of D. 


Use Exercise 26 to find the centroid of a quarter-circular 
region of radius a. 


Use Exercise 26 to find the centroid of the triangle with 
vertices (0, 0), (a, 0), and (a, b), where a > 0 and b > 0. 


A plane lamina with constant density p(x, y) = p occupies a 
region in the xy-plane bounded by a simple closed path C. 
Show that its moments of inertia about the axes are 


32. 


33. 


34. 


35. 
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and C is any positively oriented simple closed curve that 
encloses the origin. 


Calculate |. F + dr, where F(x, y) = (x? + y, 3x — y*) and 
C is the positively oriented boundary curve of a region D that 
has area 6. 


If F is the vector field of Example 5, show that |. F - dr = 0 
for every simple closed path that does not pass through or 
enclose the origin. 


Complete the proof of the special case of Green’s Theorem 
by proving Equation 3. 


Use Green’s Theorem to prove the change of variables 
formula for a double integral (Formula 15.9.9) for the case 
where f(x, y) = 1: 


. ff ax ay = || uray | ae 
(See Section 15.4.) R S : 


Use Exercise 29 to find the moment of inertia of a circular 
disk of radius a with constant density p about a diameter. 
(Compare with Example 15.4.4.) 


Use the method of Example 5 to calculate |. F - dr, where 


2xyi + (y -— x*)j 
Q +y? 


F(x, y) 


16.5 


Curl and Divergence 


Here R is the region in the xy-plane that corresponds to the 
region S in the uv-plane under the transformation given by 
x = glu, v), y = Alu, v). 

[Hint: Note that the left side is A(R) and apply the first 
part of Equation 5. Convert the line integral over ðR to a 
line integral over 0S and apply Green’s Theorem in the 
uv-plane.] 


In this section we define two operations that can be performed on vector fields and that 
play a basic role in the applications of vector calculus to fluid flow and electricity and 
magnetism. Each operation resembles differentiation, but one produces a vector field 
whereas the other produces a scalar field. 


E curl 


If F = Pi + Qj + Rkisa vector field on R? and the partial derivatives of P, Q, and R 
all exist, then the curl of F is the vector field on R? defined by 


oP OR \, 
a i oak Narre 
Oz Ox 


As an aid to our memory, let’s rewrite Equation | using operator notation. We intro- 
duce the vector differential operator V (“del”) as 
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It has meaning when it operates on a scalar function to produce the gradient of f: 
ð ð ð ð ð 
CORE 4 


of 
+j 
Ox oy 0z Ox oy Oz 


Vf=i 


If we think of V as a vector with components 0/0x, 0/dy, and ð/ðz, we can also consider 
the formal cross product of V with the vector field F as follows: 


i j k 
ð ð ð 
VxF= 
ox doy oz 
P Q R 
ðR ð oP OR ð oP 
— OR _ ðQ i+ | — — — j+ 9Q _ oP k 
oy Oz Oz Ox Ox oy 
= curl F 


So the easiest way to remember Definition 1 is by means of the symbolic expression 


[2] curl F = V x F 


EXAMPLE 1 If F(x, y, z) = xzi + xyz j — y’k, find curl F. 
SOLUTION Using Equation 2, we have 


i j 
0 ð 
curl F = V Xx F = 
ox Oy Oz 
xz xyz -y 
ð j ð i ð z ð . 
= i 2 

[T] Most computer algebra systems È Cy) Oz | [2 Cy) Oz 0 | g 


have commands that compute the 
curl and divergence of vector fields. If J a 

you have access to a CAS, use these T E (xyz) = -—— c» | k 
commands to check the answers to ox ey 

the examples and exercises in this 
section. 


= (—2y — xyi- (0 — x) j + (yz — Ok 
= —-y(2+x)itxj+yzk a 
Recall that the gradient of a function f of three variables is a vector field on R? and 


so we can compute its curl. The following theorem says that the curl of a gradient vector 
field is 0. 


[3] Theorem If f is a function of three variables that has continuous second- 


order partial derivatives, then 


curl(Vf) = 0 
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PROOF We have 


i j k 
Notice the similarity to what we know oð o La 
from Section 12.4:a X a = 0 for curl(Vf) = V X (Vf) =| əx dy az 
every three-dimensional vector a. af of əf 
ax dy az 


af af). of af \, arf af 
= Le = ——_ } J + | —— = | 
Oy ðZ 0z Oy Oz Ox Ox ðZ Ox dy Oy Ox 
=0i+0j+0k=0 


by Clairaut’s Theorem. a 


Since a conservative vector field is one for which F = Vf, Theorem 3 can be rephrased 
as follows: 
Compare this with Exercise 16.3.35. If F is conservative, then curl F = 0. 


This gives us a way of verifying that a vector field is not conservative. 
EXAMPLE 2 Show that the vector field F(x, y, z) = xzi + xyzj — y’kis not 


conservative. 


SOLUTION In Example 1 we showed that 
curl F = —y(2 + x)i + xj + yzk 


This shows that curl F # 0 and so, by the remarks preceding this example, F is not 
conservative. a 


The converse of Theorem 3 is not true in general, but the following theorem says the 
converse is true if F is defined everywhere. (More generally it is true if the domain is 
simply-connected, that is, “has no hole.”) Theorem 4 is the three-dimensional version 
of Theorem 16.3.6. Its proof requires Stokes’ Theorem and is sketched at the end of 
Section 16.8. 


[4] Theorem If F is a vector field defined on all of R° whose component func- 


tions have continuous partial derivatives and curl F = 0, then F is a conservative 
vector field. 


EXAMPLE 3 
(a) Show that 


F(x, y, z) = y’ i + 2xyz7j + 3xy’z’?k 


1s a conservative vector field. 
(b) Find a function f such that F = Vf. 
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SOLUTION 
(a) We compute the curl of F: 
j 
ð ð ð 
curl F = V x F = - 
Ox oy Oz 


yz 2xyz? Sxy es 
= (6xyz* — 6xyz’)i — (By2z" — 3y’z*)j + (2yz? — 2yz*)k 
=0 


Since curl F = 0 and the domain of F is R°, F is a conservative vector field by 
Theorem 4. 


(b) The technique for finding f was given in Section 16.3. We have 


[5] f(x, y, z) = y’? 
[6] f(x, y, z) = 2xyz? 
FAX, y, zZ) = 3xy?2? 


Integrating (5) with respect to x, we obtain 


f(x, y, z) = xy°z* + g(y, z) 


Differentiating (8) with respect to y, we get f(x, y, z) = 2xyz? + gy(y, z), so compari- 
son with (6) gives g,(y, z) = 0. Thus g(y, z) = h(z) and 


fh y, z) = 3xy°z? + h'(z) 
Then (7) gives h'(z) = 0. Therefore 
f(x, y, z) = xy’? + K a 


The reason for the name cur is that the curl vector is associated with rotations. One 
connection is explained in Exercise 39. Another occurs when F represents the velocity 
-F ON curl F(x, y, z) field in fluid flow (see Example 16.1.3). In Section 16.8 we show that particles near 

A (x,y,z) in the fluid tend to rotate about the axis that points in the direction of 
` curl F(x, y, z), following the right-hand rule, and the length of this curl vector is a mea- 

(x, i, sure of how quickly the particles move around the axis (see Figure 1). If curl F = 0 at 


a point P, then the fluid is free from rotations at P and F is called irrotational at P. In 
this case, a tiny paddle wheel moves with the fluid but doesn’t rotate about its axis. If 
FIGURE 1 curl F ¥ 0, the paddle wheel rotates about its axis. 

As an illustration, each vector field F in Figure 2 represents the velocity field of a 
fluid. In Figure 2(a), curl F # 0 at most points, including P, and P2. A tiny paddle wheel 
placed at P; would rotate counterclockwise about its axis (the fluid near P; flows roughly 
in the same direction but with greater velocity on one side of the point than on the other), 
so the curl vector at P, points in the direction of k. Similarly, a paddle wheel at P} would 
rotate clockwise and the curl vector there points in the direction of —k. In Figure 2(b), 
curl F = 0 everywhere. A paddle wheel placed at P moves with the fluid but doesn’t 
rotate about its axis. 
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YA A 
eae ff i ey aS MAA yot 7 PI 
ardre oe OM 7 
wke g e e iee pps o Se eh ee E a 
aN Ne fF SOG 
ye A a ee 
68 NA LP aa \ t 

In Section 16.8 we give a more sv d aA vr ferret t 

detailed explanation of curl and its nrg e aR Rae eg 


interpretation (as a consequence of ea s E = Se ON 
Stokes' Theorem). =e ee ee ee w aa ee ee ie, ce e 
a ee ee ae a ritipa 
PO Ne FZ T OS —— ss a Vb oe ee ee 
Ay Net FIZ oO Se ee l A a aa 
(a) F(x, y, z) = sin yi + cos xj (b) F(x, y, z) = 2xyit (x? + y) j 
curl F(x, y, z) =—(sin x + cos y) k curl F(x, y, z) = 0 


FIGURE 2 Velocity fields in fluid flow. (Only the part of F in the xy-plane is shown; the 
vector field looks the same in all horizontal planes because F is independent of z and the 
z-component is 0.) 


E Divergence 


IfF = Pi + Qj + R kisa vector field on R? and dP/dx, Q /ðy, and dR/dz exist, then 
the divergence of F is the function of three variables defined by 


. ðP ðQ ðR 
[9] div F = — + — + — 
Ox oy 0z 


(If F is a vector field on R’, then div F is a function of two variables defined similarly to 
the three-variable case.) Observe that curl F is a vector field but div F is a scalar field. In 
terms of the gradient operator V = (0/dx) i + (0/dy) j + (0/dz) k, the divergence of F 
can be written symbolically as the dot product of V and F: 


divF =V -F 


EXAMPLE 4 If F(x, y, z) = xzi + xyzj — y’k, find div F. 


SOLUTION By the definition of divergence (Equation 9 or 10), we have 


ð ð 0 
div F = V- F = — (xz) + — (xyz) + —(-y’?) =z + xz | 
Ox oy 0z 


If F is a vector field on R°, then curl F is also a vector field on R°. As such, we can 
compute its divergence. The next theorem shows that the result is 0. 


[11] Theorem If F = Pi + Qj + Rk isa vector field on R* and P, Q, and R 
have continuous second-order partial derivatives, then 


div curl F = 0 
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Note the analogy with the scalar 
triple product: a + (a X b) = 0. 


The reason for this interpretation of 
div F will be explained at the end of 
Section 16.9 as a consequence of the 
Divergence Theorem. 


FIGURE 3 

Velocity fields in fluid flow. (Only the 
part of F in the xy-plane is shown; 

the vector field looks the same in 

all horizontal planes because F is 
independent of z and the z-component 
is 0.) 


PROOF Using the definitions of divergence and curl, we have 
div curl F = V- (V x F) 
_ 4 (R sQ), a (aP_aR\, a /aQ_ aP 
ox \ dy Oz dy \ az Ox ðz \ Ox oy 
_ &R vO n oP OR 4 vO xP 
Ox Oy OX ðZ Oy ðZ Oy Ox Oz 0x ðZ Oy 
=0 


because the terms cancel in pairs by Clairaut’s Theorem. a 


EXAMPLE 5 Show that the vector field F(x, y, z) = xzi + xyzj — y*kcan’t be 
written as the curl of another vector field, that is, F # curl G for any vector field G. 


SOLUTION In Example 4 we showed that 
div F = z + xz 
and therefore div F # 0. If it were true that F = curl G, then Theorem 11 would give 
div F = div curl G = 0 


which contradicts div F ¥ 0. Therefore F is not the curl of another vector field. E 


Again, the reason for the name divergence can be understood in the context of fluid 
flow. If E(x, y, z) is the velocity of a fluid (or gas), then div F(x, y, z) represents the net 
rate of change (with respect to time) of the mass of fluid (or gas) flowing from the point 
(x, y, z) per unit volume. In other words, div F(x, y, z) measures the tendency of the fluid 
to diverge from the point (x, y, z). If div F = 0, then F is said to be incompressible. 

As an illustration, each vector field F in Figure 3 represents the velocity field of a 
fluid. In Figure 3(a), div F # 0 in general. For instance, at the point Pı, div F is negative 
(the vectors that start near P, are shorter than those that end near P, so the net flow is 
inward there). At the point P», div F is positive (the vectors that start near P2 are longer 
than those that end near P2, so the net flow is outward there). In Figure 3(b), div F = 0 
everywhere (the vectors that start and end near any point P are about the same length). 


YA YA 


Coe FS Fax ee 
BE gO pE YA E ge ee 


Pe Pre 


4 \ Ns 
NN‘ 
E 
I PA 


> ey A APJA A A Í $ 

—— Ppp — = = <œ — > — Pp ~ 7 x nN t+ 
= 

—p — > = = — =~ =e =~ ‘ ¥ - 


~ >œ S | Ne Se es 


Te N 


~ S 
eg Mg OA ig hy Z id 
gy ae A | ON aa \ y 


(a) Fix, y,2) = (1+ x*)it+yj (b) F(x, y, 2) =—xit yj 
div F(x, y, z) =2x+1 div F(x, y, z) =0 


Kx LIV VNN™ 
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Se, Th ae ge 


SL 
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Another differential operator occurs when we compute the divergence of a gradient 
vector field Vf. If f is a function of three variables, we have 


OT gg Od gO 


aers a E 


and this expression occurs so often that we abbreviate it as V? f. The operator 
V=V-V 
is called the Laplace operator because of its relation to Laplace’s equation 


wf, Ff, ef _y 


vV’ f= + 
f ax? ay? oz” 


We can also apply the Laplace operator V? to a vector field 
F=Pi+Qj+Rk 
in terms of its components: 
VF=V*Pi+ VOj+ V’Rk 


E Vector Forms of Green’s Theorem 


The curl and divergence operators allow us to rewrite Green’s Theorem in versions that 
will be useful in our later work. We suppose that the plane region D, its boundary curve 
C, and the functions P and Q satisfy the hypotheses of Green’s Theorem. Then we con- 
sider the vector field F = Pi + Qj. Its line integral is 


$ F -dr =f Pax + Q dy 


and, regarding F as a vector field on R? with third component 0, we have 


i j k 
ð ð ð dQ oP 
curl F = = k 
Ox oy Oz Ox oy 


P(x,y) Q(x,y) 0 


Therefore 


2 #)y yp 2 aP 


(curl F) > k = ( - 
Ox oy 


and we can now rewrite the equation in Green’s Theorem in the vector form 


[12] $ F -ar = $ F - T ds = fÈ (curl F) - k dA 
D 


Equation 12 expresses the line integral of the tangential component of F along C as 
the double integral of the vertical component of curl F over the region D enclosed by C. 
We now derive a similar formula involving the normal component of F. 
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If C is given by the vector equation 
r(t)=x()it+ y(t j axt<b 
then the unit tangent vector (see Section 13.2) is 


x(t), yo, 
ro iro]? 


yA 


T(t) = 


You can verify that the outward unit normal vector to C is given by 


vO xO j 
wO [ro] 


FIGURE 4 (See Figure 4.) Then, from Equation 16.2.3, we have 


n(t) = 


$ E- nds = |’ Œ- DO rO| dt 


L| PaO, yO) yO AAA, 
j | EXO) | | r'(t) | | Ir g | dt 


= T P(x(t), yA) y(t) dt — QA, yA) xÀ dt 


aP aQ 
= | Pay TC + 2) aa 


by Green’s Theorem. But the integrand in this double integral is just the divergence 
of F. So we have a second vector form of Green’s Theorem. 


m3] fF - nds = |f div F(x, y) dA 
D 


This version says that the line integral of the normal component of F along C is equal to 
the double integral of the divergence of F over the region D enclosed by C. 


16.5 | Exercises 


1-8 Find (a) the curl and (b) the divergence of the vector field. 9-12 The vector field F is shown in the xy-plane and looks the 
; ‘ in all other horizontal planes. (In other words, F is indepen- 
F A 2,2 2 2 } 2,,2 k same 1n a p A 
a e a a dent of z and its z-component is 0.) 
2. F(x, y, z) = x°yz’ j + ytz’ k (a) Is div F positive, negative, or zero at P? Explain. 
(b) Determine whether curl F = 0. If not, in which direction does 
curl F point at P? 


3. F(x, y, z) = xyeř i + yze*k 


4. F(x, y, z) = sin yzi + sin zxj + sin xy k 


9. yA 10. ya 
5. F(x, y, z) CETE E SIE pees 
lt+z 1l+x Wy E 
6. F(x, y, z) = In(2y + 3z) i + In(x + 3z) j + In(x + 2y) k ttt P E "i 
@ F(x, y, z) = (e* sin y, e” sin z, e sin x) | | | | LGA a 
8. F(x, y, z) = (arctan(xy), arctan(yz), arctan(zx)) 7 > z re e E > 
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11. ya 12. ya 
Pe P 
< = < a a s N Ly \ 
<< < < ` 3 7 À À 
0 x 0 x 


13. (a) Verify Formula 3 for f(x, y, z) = sin xyz. 


(b) Verify Formula 11 for E(x, y, z) = xyz’i + x?yz7j + y?k. 


14. Let f be a scalar field and F a vector field. State whether 
each expression is meaningful. If not, explain why. If so, 
state whether it is a scalar field or a vector field. 


(a) curl f (b) grad f 

(c) div F (d) curl(grad f) 

(e) grad F (f) grad(div F) 

(g) div(grad f) (h) grad(div f) 

(i) curl(curl F) (j) div(div F) 

(k) (grad f) X (div F) (1) div(curl(grad f )) 


15-20 Determine whether or not the vector field is conservative. 
If it is conservative, find a function f such that F = Vf. 


15. F(x, y, z) = (2xy2z?, 3x7y?z", 2x?y%z) 

A F(x, y, z) = (yz, xz + y, xy — x) 

AD Fo, y, 2) = (n y, (x/y) + Inz, y/z) 

18. F(x, y, z) = yz sin xyi + xz sin xy j — cos xy k 


19. F(x, y, z) 


yzřeř i + ze“ j + xyzeř k 


20. F(x, y, z) = e7 cos xi + e’coszj + (e7 sinx — e’ sin z) k 


@ Is there a vector field G on R? such that 
curl G = (x sin y, cos y, z — xy)? Explain. 


22. Is there a vector field G on R° such that curl G = (x, y, z}? 
Explain. 


23. Show that any vector field of the form 
F(x, y, z) = f(x)i + g(y) j + A@)k 
where f, g, h are differentiable functions, is irrotational. 
24. Show that any vector field of the form 
F(x, y, z) = f(y, z)i + g(x, z) J + h(x, y) k 
is incompressible. 


25-31 Prove the identity, assuming that the appropriate partial 
derivatives exist and are continuous. If f is a scalar field and F, 
G are vector fields, then f F, F - G, and F X G are defined by 
(fF)(% y, z) = f(x, y, z) E(x, y, z) 
(F - G)(x, y, z) = F(x, y, z) + G(x, y, z) 
(F X G)(x, y, z) = F(x, y, z) X G(x, y, z) 
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25. div(F + G) = div F + div G 

26. curl(F + G) = curl F + curl G 

27. div( fF) =f div F + F-Vf 

28. curl( fF) = f curl F + (Vf) x F 

29. div(F X G) = G-curlF — F:curlG 
30. div(Vf x Vg) =0 


31. curl(curl F) = grad(div F) — V°F 


32-34 Letr =xit+yj+zkandr=|r|. 
32. Verify each identity. 
(a) V-r=3 
(c) V?r? = 12r 


(b) V- (rr) =4r 


33. Verify each identity. 
(a) Vr = r/r 
CVn = =r/r° 


34. If F = r/r”, find div F. Is there a value of p for which 
div F = 0? 


b) Vxr=0 
(d) Vinr = r/r’ 


35. Use Green’s Theorem in the form of Equation 13 to prove 
Green’s first identity: 


JÍ FVg dA = $ AO) -nds — ji Vf- VgdA 
D D 
where D and C satisfy the hypotheses of Green’s Theorem 
and the appropriate partial derivatives of f and g exist and are 
continuous. (The quantity Vg - n = Da g occurs in the line 
integral; it is the directional derivative in the direction of the 
normal vector n and is called the normal derivative of g.) 


36. Use Green’s first identity (Exercise 35) to prove Green’s 
second identity: 


|] SVa — gV?) dA = $ (FY — GV) + mds 


D 


where D and C satisfy the hypotheses of Green’s Theorem 
and the appropriate partial derivatives of f and g exist and are 
continuous. 


37. Recall from Section 14.3 that a function g is called harmonic 
on D if it satisfies Laplace’s equation, that is, V°g = 0 on D. 
Use Green’s first identity (with the same hypotheses as in 
Exercise 35) to show that if g is harmonic on D, then 
e Dag ds = 0. Here Dag is the normal derivative of g 
defined in Exercise 35. 


38. Use Green’s first identity to show that if f is harmonic 
on D, and if f(x, y) = 0 on the boundary curve C, then 
[p| Vf |? dA = 0. (Assume the same hypotheses as in 
Exercise 35.) 
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39. This exercise demonstrates a connection between the curl 


vector and rotations. Let B be a rigid body rotating about the 

z-axis. The rotation can be described by the vector w = wk, 

where w is the angular speed of B, that is, the tangential speed 

of any point P in B divided by the distance d from the axis of 

rotation. Let r = (x, y, z) be the position vector of P. 

(a) By considering the angle 0 in the figure, show that the 
velocity field of B is given by v = w X r. 

(b) Show that v = —wyi+ wxj. 


40. 


Maxwell’s equations relating the electric field E and magnetic 
field H as they vary with time in a region containing no 
charge and no current can be stated as follows: 


div E = 0 div H = 0 
1 oH 1 ðE 
curl E = —— —— curl H = — —— 
c ot c ôt 


where c is the speed of light. Use these equations to prove the 


(c) Show that curl v = 2w. 


16.6 


following: 
1 E 
(a) V x(V XE)=- > 
c“ Ot 
1 eH 
(b) V x(V x H) = -— 
SOF 
5 1 ðE . . 
(c) VE=— ae [Hint: Use Exercise 31.] 
z 
1 ðH 
d) VH=— 
@ cat? 


41. We have seen that all vector fields of the form F = Vg 
satisfy the equation curl F = 0 and that all vector fields of the 
form F = curl G satisfy the equation div F = 0 (assuming 
continuity of the appropriate partial derivatives). This sug- 
gests the question: are there any equations that all functions 
of the form f = div G must satisfy? Show that the answer to 
this question is “no” by proving that every continuous func- 
tion f on R? is the divergence of some vector field. 

[Hint: Let G(x, y, z) = (g(x, y, z), 0, 0), where 

g(x, y, z) = fo F(E y, z) dt.] 


Parametric Surfaces and Their Areas 


So far we have considered special types of surfaces: cylinders, quadric surfaces, graphs 
of functions of two variables, and level surfaces of functions of three variables. Here we 
use vector functions to describe more general surfaces, called parametric surfaces, and 
compute their areas. Then we take the general surface area formula and see how it applies 
to special surfaces. 


E Parametric Surfaces 


In much the same way that we describe a space curve by a vector function r(¢) of a single 
parameter t, we can describe a surface by a vector function r(u, v) of two parameters u 
and v. We suppose that 


[1] r(u, v) = x(u, v) i + y(u, v) j + z(u, v) k 


is a vector-valued function defined on a region D in the uv-plane. So x, y, and z, the com- 
ponent functions of r, are functions of the two variables u and v with domain D. The set 
of all points (x, y, z) in R? such that 


[2] x = x(u, v) 


and (u, v) varies throughout D, is called a parametric surface S and Equations 2 are 
called parametric equations of S. Each choice of u and v gives a point on S; by making 


y = y(u, v) z = z(u,v) 
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FIGURE 1 


A parametric surface 


— 


(2, 0, 0) 


FIGURE 2 


„ (0,3, 2) 


U 
a 


FIGURE 3 


FIGURE 4 
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all choices, we get all of S. In other words, the surface S is traced out by the tip of the 
position vector r(u, v) as (u, v) moves throughout the region D. (See Figure 1.) 


DA Zh 


© 
= 


EXAMPLE 1 Identify and sketch the surface with vector equation 
r(u, v) = 2cosui+vj+2sinuk 
SOLUTION The parametric equations for this surface are 


x = 2cosu y=0 z=2sinu 


So for any point (x, y, z) on the surface, we have 
x? + z? =4cos*u + 4sin*u = 4 


This means that vertical cross-sections parallel to the xz-plane (that is, with y constant) 
are all circles with radius 2. Since y = v and no restriction is placed on v, the surface 
is a circular cylinder with radius 2 whose axis is the y-axis (see Figure 2). E 


In Example 1 we placed no restrictions on the parameters u and v and so we obtained 
the entire cylinder. If, for instance, we restrict u and v by writing the parameter domain 
as 

O0O<u< r2 0svs<3 


then x = 0, z 2 0,0 < y < 3, and we get the quarter-cylinder with length 3 illustrated 
in Figure 3. 

If a parametric surface S is given by a vector function r(u, v), then there are two useful 
families of curves that lie on S, one family with u constant and the other with v constant. 
These families correspond to vertical and horizontal lines in the uv-plane. If we keep u 
constant by putting u = uo, then r(uo, v) becomes a vector function of the single param- 
eter v and defines a curve C; lying on S. (See Figure 4.) 
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Similarly, if we keep v constant by putting v = vo, we get a curve Cz given by r(u, vo) 
that lies on S. We call these curves grid curves. (In Example 1, for instance, the grid 
curves obtained by letting u be constant are horizontal lines, whereas the grid curves with 
v constant are circles.) In fact, when a computer graphs a parametric surface, it some- 
times depicts the surface by plotting these grid curves, as we will see in the following 
example. 


ZA EXAMPLE 2 Use a computer to graph the surface 
! r(u, v) = ((2 + sin v) cos u, (2 + sin v) sin u, u + cos v) 


Which grid curves have u constant? Which have v constant? 


SOLUTION We graph the portion of the surface with parameter domain 0 S u S 4r, 
0 < v < 2r in Figure 5. It has the appearance of a spiral tube. To identify the grid 
curves, we write the corresponding parametric equations: 


v constant 


x = (2 + sin v) cos u y = (2 + sin v) sin u z =u + cosv 


If v is constant, then sin v and cos v are constant, so the parametric equations resemble 
those of the helix in Example 13.1.4. Thus the grid curves with v constant are the spiral 
curves in Figure 5. We deduce that the grid curves with u constant must be the curves 
that look like circles in the figure. Further evidence for this assertion is that if u is kept 
constant, u = uo, then the equation z = uo + cos v shows that the z-values vary from 
ug — 1 to uo + 1. E 
FIGURE 5 

In Examples 1 and 2 we were given a vector equation and asked to graph the corre- 
sponding parametric surface. In the following examples, however, we are given the more 
challenging problem of finding a vector function to represent a given surface. In the rest 
of this chapter we will often need to do exactly that. 


EXAMPLE3 Find a vector function that represents the plane that passes through the 
point Po with position vector ro and that contains two nonparallel vectors a and b. 


SOLUTION If P is any point in the plane, we can get from Po to P by moving a certain 
distance in the direction ofa and another distance in the direction of b. So there are 
scalars u and v such that PoP = ua + vb. (Figure 6 illustrates how this works, by 
means of the Parallelogram Law, for the case where u and v are positive. See also 
Exercise 12.2.46.) If r is the position vector of P, then 


— — 
r = OP + PoP = ro + ua + vb 


FIGURE 6 


So the vector equation of the plane can be written as 
r(u, v) = ro + ua + vb 


where u and v are real numbers. 

If we write r = (x, y, Z}, ro = (xo, Yo, Zo}, a = (ai, do, a3), and b = (by, bo, bs), 
then we can write the parametric equations of the plane through the point (xo, yo, Zo) as 
follows: 


x = xo + ua, + vb, y = yo + ua + vb: Z = Zo + uaz + vbs E 
EXAMPLE 4 Find a parametric representation of the sphere 
x + y’ +? =g 
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SOLUTION The sphere has a simple representation p = a in spherical coordinates, 
so let’s choose the angles ¢ and 0 in spherical coordinates as the parameters (see 
Section 15.8). Then, putting p = a in the equations for conversion from spherical to 
rectangular coordinates (Equations 15.8.1), we obtain 


x = asin ġ cos 0 y =asing sin0 z=acosd 
as the parametric equations of the sphere. The corresponding vector equation is 
r(b, 0) = asind cos 0i + asing sin 0 j + acos¢k 


We have 0 < ¢ < wand 0 <@ < 27, so the parameter domain is the rectangle 
D = [0, 7] X [0, 277]. The grid curves with ¢ constant are the circles of constant 
latitude (including the equator). The grid curves with 0 constant are the meridians 
(semicircles), which connect the north and south poles (see Figure 7). 


FIGURE 7 


NOTE We saw in Example 4 that the grid curves for a sphere are curves of constant 
latitude or constant longitude. For a general parametric surface we are really making a 
map and the grid curves are similar to lines of latitude and longitude. Describing a point 
on a parametric surface (like the one in Figure 5) by giving specific values of u and v is 
like giving the latitude and longitude of a point. 


One of the uses of parametric surfaces is in com- ESSE 

puter graphics. Figure 8 shows the result of trying AM Hi À 

to graph the sphere x? + y? + z? = 1 by solving i KNS i N 
the equation for z and graphing the top and bottom (oiko) 
hemispheres separately. Part of the sphere appears \ 
to be missing because of the rectangular grid sys- 
tem used by the software. The much better picture 
in Figure 9 was produced by a computer using the 


parametric equations found in Example 4. FIGURE 8 FIGURE 9 


EXAMPLE 5 Find a parametric representation for the cylinder 
x+y =4 O<zs<l 


SOLUTION The cylinder has a simple representation r = 2 in cylindrical coordinates, 
so we choose as parameters 0 and z in cylindrical coordinates. Then the parametric 
equations of the cylinder are 


x = 2cos 0 y= 2sin 0 ZZ 
where 0 < 9 < 27 and 0 < z < 1. In vector notation, 
r(0, z) = 2 cos Oi + 2 sin 0j + zk 
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FIGURE 10 


and the vector function r maps the parameter domain 
D = {(0,z)|0 <0 <27,0<z< 1} 


to a cylinder, as shown in Figure 10. 


El 

EXAMPLE 6 Find a vector function that represents the elliptic paraboloid 
z =x? + 2y?, 
SOLUTION If we regard x and y as parameters, then the parametric equations are 
simply 

=x y=y z=x + 2y? 
and the vector equation is 

r(x, y) = xi + yj + (x? + 2y°)k a 


In general, a surface given as the graph of a function of x and y, that is, with an equa- 
tion of the form z = f(x, y), can always be regarded as a parametric surface by taking x 
and y as parameters and writing the parametric equations as 


a= x yy z= f(x, y) 


Parametric representations (also called parametrizations) of surfaces are not unique. 
The next example shows two ways to parametrize a cone. 


EXAMPLE 7 Find a parametric representation for the surface z = 24/x? + y?, that is, 
the top half of the cone z? = 4x? + 4y’. 


SOLUTION 1 One possible representation is obtained by choosing x and y as 
parameters: 
x=x y=y z= 2x2 +y? 


So the vector equation is 
r(x, y) =xi+ yj +2/x +y? k 


SOLUTION 2 Another representation results from choosing as parameters the polar 
coordinates r and 0. A point (x, y, z) on the cone satisfies x = r cos 0, y = r sin 0, and 
z = 2,/x? + y? = 2r. So a vector equation for the cone is 


r(r, 0) = rcosĝi + rsinðj + 2rk 


where r = Oand 0 <0 S 27. a 
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For some purposes the parametric representations in Solutions | and 2 of Example 7 
are equally good, but Solution 2 might be preferable in certain situations. If we are inter- 
ested only in the part of the cone that lies below the plane z = 1, for instance, all we have 
to do in Solution 2 is change the parameter domain to 


D={(r,6)|0<r<},0 <0 <2n} 


Then the vector function r maps the region D to the half-cone shown in Figure 11. 


FIGURE 11 


E Surfaces of Revolution 


Z Surfaces of revolution can be represented parametrically. For instance, let’s consider the 
surface § obtained by rotating the curve y = f(x), a S x < b, about the x-axis, where 
f(x) = 0. Let 6 be the angle of rotation as shown in Figure 12. If (x, y, z) is a point on S, 
then 


[3] x=x y = f(x) cos0 z = f(x) sind 


Therefore we take x and 0 as parameters and regard Equations 3 as parametric equations 
of S. The parameter domain is given by a S x S b,0 <0 < 27. 


EXAMPLE 8 Find parametric equations for the surface generated by rotating the curve 
y = sin x, 0 < x < 27, about the x-axis. Use these equations to graph the surface of 
revolution. 


FIGURE 12 , , ; 
SOLUTION From Equations 3, the parametric equations are 


x=x y = sin x cos z = sin x sind 


and the parameter domain is 0 S x S 27,0 < 0 < 2r. Using a computer to plot these 
equations, we obtain the graph in Figure 13. a 


FIGURE 13 We can adapt Equations 3 to represent a surface obtained through revolution about the 
y- or z-axis (see Exercise 30). 


E Tangent Planes 


We now find the tangent plane to a parametric surface S traced out by a vector function 
r(u, v) = x(u, v)i + y(u, v) j + z(u, v) k 


at a point Po with position vector r(uo, vo). If we keep u constant by putting u = uo, then 
r(uo, v) becomes a vector function of the single parameter v and defines a grid curve C; 
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lying on S. (See Figure 14.) The tangent vector to C; at Po is obtained by taking the par- 
tial derivative of r with respect to v: 


Ox . 0 ; dz 
[4] rs = —— (uo, vo)i + Z (w, vo)j + -> (uo, vo) k 
ðv ov dv 


FIGURE 14 


Similarly, if we keep v constant by putting v = vo, we get a grid curve C2 given by 
r(u, vo) that lies on S, and its tangent vector at Po is 
Ox P oy . ðZ 
[5] | (uo, vo) i t= (uo, vo) j t= (uo, vo) k 
ou ou ðu 
If r, X r, is never 0, then the surface § is called smooth (it has no “corners”). For a 
smooth surface, the tangent plane is the plane that contains the tangent vectors r, and r,, 
and the vector r, X r, is anormal vector to the tangent plane. 


Figure 15 shows the self-intersecting EXAMPLE 9 Find the tangent plane to the surface with parametric equations x = uw’, 
surface in Example 9 and its tangent y =v, z =u + 2vat the point (1, 1, 3). 
plane at (1, 1, 3). 


FIGURE 15 


SOLUTION We first compute the tangent vectors: 


Zz 
r, = i+ j+ k = 2ui + k 
ðu ðu ðu 


Ox , Oy , Oz : 
r= —it+ —j+—k=20j+2k 
ov ðv ðv 


Thus a normal vector to the tangent plane is 


i j k 
rX r,=|2u 0 1) = —2vi-— 4uj + 4w k 
0 2w 2 


Notice that the point (1, 1, 3) corresponds to the parameter values u = 1 and v = 1, so 
the normal vector there is 
—2i-4j+4k 


Therefore an equation of the tangent plane at (1, 1, 3) is 
—2(x — 1) — 4(y — 1) + 4z- 3) = 0 
or x+2y—-2z+3=0 E 
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E Surface Area 


Now we define the surface area of a general parametric surface given by Equation 1. For 
simplicity we start by considering a surface S whose parameter domain D is a rectangle, 
and we divide it into subrectangles R;;. Let’s choose (u*, v;*) to be the lower left corner 
of Rij. (See Figure 16.) 


DA ZA 


Rij 


ot 
fg 


J 
u 


FIGURE 16 (i. 2) 
The image of the 0 u 
subrectangle R;j is the patch S;;. 


The part S; of the surface S that corresponds to R;; is called a patch and has the point 
P;; with position vector r(u*, v) as one of its corners. Let 


ră = r, (uš, vř) and ry = r,(uř, vř) 


be the tangent vectors at P;; as given by Equations 5 and 4. 

Figure 17(a) shows how the two edges of the patch that meet at P;; can be approxi- 
mated by vectors. These vectors, in turn, can be approximated by the vectors Au ri and 
Av r* because partial derivatives can be approximated by difference quotients. So 
we approximate S;; by the parallelogram determined by the vectors Au rž and Av rž. 


p= This parallelogram is shown in Figure 17(b) and lies in the tangent plane to S at P;;. The 
4 (a) area of this parallelogram is 
| (Au r¥) X (Av r#)| = | rž x r#| Au Av 


and so an approximation to the area of S is 


m n 


> X |r x r| Au Av 


i=1 j=1 


Our intuition tells us that this approximation gets better as we increase the number of 
(b) subrectangles, and we recognize the double sum as a Riemann sum for the double inte- 
gral ||, |r. X r,| du dv. This motivates the following definition. 


FIGURE 17 
Approximating a patch by a 


parallelogram [6] Definition If a smooth parametric surface S is given by the equation 


r(u, v) = x(u, v)i + y(u, v) j + z(u, v) k (u,v) € D 


and S is covered just once as (u, v) ranges throughout the parameter domain D, 
then the surface area of S is 


A(S) = ff |r, X r,| dA 
D 
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EXAMPLE 10 Find the surface area of a sphere of radius a. 
SOLUTION In Example 4 we found the parametric representation 
x =asing cos 6 y =asing sind z=acosh 
where the parameter domain is 
D={(¢,0) |0 <6 <7, 0 <6 < 27} 


We first compute the cross product of the tangent vectors: 


i j k 
ox dy az i j k 
ro X ro = ap ap ap =| acos cos acoso sind —a sin 
ox dy öz —asing sinô asing cos @ 0 
ao «000 


=a’sin*d cos 0i + a’sin’d sin 0j + a’sind cos p k 


Thus 


|r X ro| = vatsinth cos?ð + a‘sin’d sin?0 + atsin?h cos? 


= Ja*sinth + atsin? cos*h = a?ysin?hp = a? sin p 


since sing = 0 for 0 < ġ < r. Therefore, by Definition 6, the area of the sphere is 


A= [| [re raļda = |" [" asin & dẹ ad 
D 


= 42 2m T , — 72 — 2 
a i do f sind db = a*(27)2 = 4ra | 


E Surface Area of the Graph of a Function 


For the special case of a surface S with equation z = f(x, y), where (x, y) lies in D and f 
has continuous partial derivatives, we take x and y as parameters. The parametric equa- 
tions are 


x=x y=y 2=f9) 


0 ð 
so n=i+(2)x p=j+(2)k 
Ox : oy 


and 

ij k 
of 

l1 0 — ð a 

Xr = Ox = ee ine 

af Ox oy 

ol = 
y 


Thus we have 


xol- (2) TORRT (2) 
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Notice the similarity between the 
surface area formula in Equation 9 
and the arc length formula 


from Section 8.1. 


FIGURE 18 
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and the surface area formula in Definition 6 becomes 


[9] ats) = {| i+ (2) + (2) dA 


EXAMPLE 11 Find the area of the part of the paraboloid z = x? + y? that lies under 
the plane z = 9. 


SOLUTION The plane intersects the paraboloid in the circle x? + y? = 9, z = 9. 
Therefore the given surface lies above the disk D with center the origin and radius 3. 
(See Figure 18.) Using Formula 9, we have 


eG) Ga) 


= ff Vi + (2x)? + Oy)? dA = {| VJI + 4(2 + y?) dA 
D D 


Converting to polar coordinates, we obtain 
A= [" | VEFA rdrdo =|" a0 | rT + 4r dr 


= mh + 4r°)°* = 2 (3737 = 1) z 


The question remains whether our definition of surface area (6) is consistent with the 
surface area formula from single-variable calculus (8.2.4). 

We consider the surface S obtained by rotating the curve y = f(x), a S x < b, about 
the x-axis, where f(x) = 0 and f' is continuous. From Equations 3 we know that para- 
metric equations of S are 


x=x y = f(x) cos 6 z = f(x) sind axx<b 050527 
To compute the surface area of S we need the tangent vectors 
r, =i + f(x) cos 0j + f(x) sin 0 k 


ro = —f(x) sin 0 j + f(x) cos 0k 


Thus 
i j k 
r, Xro=/l1  f'(x)cosé  f'(x) sin é 
0 -—f(x)sin@ f(x) cos 0 
= f(x) f'(x) i — f(x) cos 0 j — f(x) sin 0 k 
and so 


r: X re] = [ISOPOR + IFF cos’ + [f] sin26 
= AFP + [FOP] = f@)v1 + FOP 
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because f(x) = 0. Therefore the area of S is 


flex ro | dA 
D 


= |" [FOV + TWF ax do 


A 


= 2r | FVII + FOF dx 


This is precisely the formula that was used to define the area of a surface of revolution in 
single-variable calculus (8.2.4). 


16.6 | Exercises 


1-2 Determine whether the points P and Q lie on the given 14. r(u, v) = uv’ i + wvj + (u? — v’) k 
surface. 


15. r(u, v) = (u? — u)i + v? j + u’ k 


1. r(u, v) = (u +0, u — w,3 + u — v} 
P(4, —5, 1), Q(0, 4, 6) 16. x = (1 — u)(3 + cos v) cos 4r u, 
2. r(u, v) = (1 + u — v, u + v’, u? — v’) y = (1 — u)(3 + cos v) sin 4mru, 
P(1,2, 1), Q(2, 3, 3) z = 3u + (1 — u) sin v 


17. x = cos*u cos*v, y= sin*u cos*v, z = sin*v 


3-6 Identify the surface with the given vector equation. 


3. r(u, v) = (u + v)i + (33 —v)j + (1 + 4u + 5v)k 


18. x= sinu, y=cosusinv, z= sinv 


H z 


4. r(u, v) = u°’ i + ucosvj + u sin vk 
5. r(s, t) = (s cos t, s sin t, s) 
6 


. r(s, t) = (3 cos t, s, sin t}, -l<s<1 


[Ñ 7-12 Use a computer to graph the parametric surface. Indicate 
on the graph which grid curves have u constant and which have v 
constant. 


7. r(u, v) = (u’,v?,u + v), 
-IlsuSl1, -IlsSv1 


8. r(u, v) = (u, v7, —v), 
—2Sus2, —-2<s<v<2 
9. r(u, v) = lu’, u sin v, u cos v), 


-l1<u<1,0<v<27 


10. r(u, v) = (u, sin(u + v), sin v), 
-—T Sus, -TSVST 


11. x=sinv, y = cosu sin4v, z = sin 2u sin 4v, 
0<uS27, -T/2 < v< T/2 
12. x= cosu, y= sinu sinv, z = COS v, 


x 
0OS<uS27, 0Sv S27 


13-18 Match the equations with the graphs labeled I-VI and 
give reasons for your answers. Determine which families of grid 
curves have u constant and which have v constant. 


13. r(u, v) = ucosvi + usinvj + vk 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


19-26 Find a parametric representation for the surface. 

19. The plane through the origin that contains the vectors i — j 
andj — k 

20. The plane that passes through the point (0, — 1, 5) and 
contains the vectors (2, 1, 4) and (—3, 2,5) 


@ The part of the hyperboloid 4x? — 4y? — z? = 4 that lies in 
front of the yz-plane 


22. The part of the ellipsoid x? + 2y? + 3z? = 1 that lies to 
the left of the xz-plane 


@) The part of the sphere x? + y? + z? = 4 that lies above 
the cone z = yx? + y? 

24. The part of the cylinder x* + z? = 9 that lies above the 
xy-plane and between the planes y = —4 and y = 4 


(3 The part of the sphere x? + y? + z? = 36 that lies between 
the planes z = 0 and z = 3/3 


26. The part of the plane z = x + 3 that lies inside the 
cylinder x? + y? = 1 


27-28 Use a computer to produce a graph that looks like the 


given one. 


27. 
3 


28. 


[Ñ 29. Find parametric equations for the surface obtained by 


rotating the curve y = 1/(1 + x’), —2 <x < 2, about 
the x-axis and use them to graph the surface. 


[Ñ 30. Find parametric equations for the surface obtained by 


rotating the curve x = 1/y, y = 1, about the y-axis and 
use them to graph the surface. 


FY 31. (a) What happens to the spiral tube in Example 2 (see Fig- 


ure 5) if we replace cos u by sin u and sin u by cos u? 
(b) What happens if we replace cos u by cos 2u and sin u 
by sin 2u? 


PÑ 32. The surface with parametric equations 


x = 2cos 6 + rcos(6/2) 
y = 2 sin 0 + rcos(@/2) 
z = r sin(0/2) 


where —} < r < and 0 < 0 < 27, is called a Möbius 
strip. Graph this surface with several viewpoints. What is 
unusual about it? 


SECTION 16.6 Parametric Surfaces and Their Areas 1181 


33-36 Find an equation of the tangent plane to the given 
parametric surface at the specified point. 


@.- utv, y=3u, z=u-—v; (2,3,0) 
30x=W4+1, y=v4+1, z=utv; (5,2,3) 


G r(u, v) = u cos vi + usinvj + vk; u= 1, v=7/3 


36. r(u, v) = sinui + cos u sinvj + sin v k; 
u = 7/6, v = 7/6 


[Ħ 37-38 Find an equation of the tangent plane to the given 


parametric surface at the specified point. Graph the surface and 
the tangent plane. 


37. r(u, v) = Wi + 2usinvj + ucosvk; u=1,v=0 


38. r(u, v) = (1 — uv’? — v°)i — vj — uk; (—1,-1,-1) 


39-50 Find the area of the surface. 


39. The part of the plane 3x + 2y + z = 6 that lies in the 
first octant 


40. The part of the plane with vector equation 
r(u, v) = (u + v, 2 — 3u, 1 + u — v) that is given by 


0<u<2,-1<v<1 


41. The part of the plane x + 2y + 3z = 1 that lies inside the 
cylinder x? + y? = 3 


42. The part of the cone z = yx? + y? that lies between the 
plane y = x and the cylinder y = x? 


43. The surface z = § (x°? + y¥”), O<x<1,0<y<1 


44. The part of the surface z = 4 — 2x° + y that lies above the 
triangle with vertices (0, 0), (1, 0), and (1, 1) 


@) The part of the surface z = xy that lies within the 
cylinder x? + y? = 


46. The part of the surface x = z* + y that lies between the 
planes y = 0, y = 2, z = 0, and z = 2 


47. The part of the paraboloid y = x? + z? that lies within the 
cylinder x? + z* = 16 


48. The helicoid (or spiral ramp) with vector equation 
r(u, v) = ucosvi + usinvj +vk, O<uS1, 


OSST 


49. The surface with parametric equations x = u*, y = uv, 
z=% 0Sus1],0Sv=2 


50. The part of the sphere x? + y? + z? = p’ that lies inside the 
cylinder x? + y? = a’, where 0 < a < b 


51. If the equation of a surface S is z = f(x, y), where 
x? + y? < R?, and you know that | f| < 1 and | f,| < 1, 
what can you say about A(S)? 
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52-53 Find the area of the surface correct to four decimal 
places by first simplifying an expression for area to one in terms 
of a single integral and then evaluating the integral numerically. 


52. 


53. 


The part of the surface z = cos(x? + y?) that lies inside the 
cylinder x? + y? = 1 
The part of the surface z = ln (x? + y? + 2) that lies above 
the disk x? + y? <1 


54. 


55. 


59. 


Use a computer algebra system to find, to four 
decimal places, the area of the part of the surface 
z = (1 + x?)/(1 + y°) that lies above the square 
|x| + |y| < 1. Ilustrate by graphing this part of 
the surface. 


(a) Use the Midpoint Rule for double integrals (see Sec- 
tion 15.1) with six squares to estimate the area of the 
surface z = 1/1 + x? + y?),0<x<6,0<y<4. 

(b) Use a computer algebra system to approximate the 
surface area in part (a) to four decimal places. Compare 
with the answer to part (a). 


. Use a computer algebra system to find the area of the sur- 


face with vector equation 
r(u, v) = (cos*u cos*v, sin*u cos*v, sin*v) 


0 <u S<7,0 Sv S 27. State your answer correct to four 
decimal places. 


. Use a computer algebra system to find the exact area of the 


surface z = 1 + 2x + 3y + 4y7,1<x<4,0<y<1. 


. (a) Set up, but do not evaluate, a double integral for 


the area of the surface with parametric equations 
x = au cos v, y = bu sin v, z = u?,0 <u S 2, 
0<vS 27. 

(b) Eliminate the parameters to show that the surface is an 
elliptic paraboloid and set up another double integral 
for the surface area. 

(c) Use the parametric equations in part (a) with a = 2 and 
b = 3 to graph the surface. 

(d) For the case a = 2, b = 3, use a computer algebra 
system to find the surface area correct to four decimal 
places. 


(a) Show that the parametric equations x = a sin u cos v, 
y = b sin u sin v, z = c cosu, 0 Su ST, 
0 < v < 27, represent an ellipsoid. 

(b) Use the parametric equations in part (a) to graph the 
ellipsoid for the case a = 1, b = 2, c = 3. 

(c) Set up, but do not evaluate, a double integral for the 
surface area of the ellipsoid in part (b). 


16.7 | Surface Integrals 


60. (a) Show that the parametric equations x = a cosh u cos v, 


mx] 


y = b cosh u sin v, z = c sinh u, represent a hyperbo- 
loid of one sheet. 

(b) Use the parametric equations in part (a) to graph the 
hyperboloid for the case a = 1, b = 2, c = 3. 

(c) Set up, but do not evaluate, a double integral for the 
surface area of the part of the hyperboloid in part (b) 
that lies between the planes z = —3 and z = 3. 


61. Find the area of the part of the sphere x? + y? + z* = 4z 


that lies inside the paraboloid z = x? + y?. 


62. The figure shows the surface created when the cylinder 


y? + z* = | intersects the cylinder x? + z* = 1. Find the 
area of this surface. 


A m 
w v 


63. Find the area of the part of the sphere x? + y? + z* = a? 


that lies inside the cylinder x? + y* = ax. 


64. (a) Find a parametric representation for the torus obtained 


mx] 


by rotating about the z-axis the circle in the xz-plane 
with center (b, 0, 0) and radius a < b. [Hint: Take as 
parameters the angles 0 and a shown in the figure.] 

(b) Use the parametric equations found in part (a) to graph 
the torus for several values of a and b. 

(c) Use the parametric representation from part (a) to find 
the surface area of the torus. 


The relationship between surface integrals and surface area is much the same as the rela- 
tionship between line integrals and arc length. Suppose f is a function of three variables 
whose domain includes a surface S. We will define the surface integral of f over S in such 
a way that, in the case where f(x, y, z) = 1, the value of the surface integral is equal 
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FIGURE 1 


We assume that the surface is 
covered only once as (u, v) ranges 
throughout D. The value of the sur- 
face integral does not depend on 
the parametrization that is used. 


SECTION 16.7 Surface Integrals 1183 


to the surface area of S. We start with parametric surfaces and then deal with the special 
case where S is the graph of a function of two variables. 


E Parametric Surfaces 
Suppose that a surface S has a vector equation 
r(u, v) = x(u, v)i + y(u, v) j + z(u, v) k (u,v) E D 


We first assume that the parameter domain D is a rectangle and we divide it into subrect- 
angles Ri; with dimensions Au and Av. Then the surface S is divided into corresponding 
patches Sj; as in Figure 1. 


We evaluate f at a point P* in each patch, multiply by the area AS;; of the patch, and 
form the Riemann sum 


1 


3 


n 


JPF) AS; 
1 


i=1 j= 


Then we take the limit as the number of patches increases and define the surface inte- 
gral of f over the surface S as 


m n 


i] [fœ yds = lim > > SPH As; 
S 


m,n 


i=1 j=l 


Notice the analogy with the definition of a line integral (16.2.2) and also the analogy with 
the definition of a double integral (15.1.5). 

To evaluate the surface integral in Equation 1 we approximate the patch area AS;; by 
the area of an approximating parallelogram in the tangent plane. In our discussion of 
surface area in Section 16.6 we made the approximation 


AS; = |ru x r, | Au Av 


Ox , oy , Oz Ox , oy , Oz 
where r, = —i+—j+—k r = —it+—j+—k 

ðu ðu ðu ðv ðv ov 
are the tangent vectors at a corner of S;j. If the components are continuous and r, and r, 
are nonzero and nonparallel in the interior of D, it can be shown from Definition 1, even 
when D is not a rectangle, that 


[2] Jre y, z) dS = li f(r(u, v)) |r, X r,|dA 
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Here we use the identities 
cos? = 5 (1 + cos 26) 
sind = 1 — cos’ 


Instead, we could use Formulas 64 
and 67 in the Table of Integrals. 


This should be compared with the formula for a line integral: 


f. f(x, y, z) ds = y FEW) |r" | dt 


Observe also that 


ff tas = ff |r. x r| dA = ACS) 


S D 


Formula 2 allows us to compute a surface integral by converting it into a double inte- 
gral over the parameter domain D. When using this formula, remember that f(r(u, v)) is 
evaluated by writing x = x(u, v), y = y(u, v), and z = z(u, v) inthe formula for f(x, y, z). 


EXAMPLE 1 Compute the surface integral ff, x° dS, where S is the unit sphere 
x? + y? +7 =1, 
SOLUTION As in Example 16.6.4, we use the parametric representation 
x=sind cos y=sind snd z=cos6 OSdSa7 O0SO60527 
that is, r(d, 0) = sind cosi + sind sind j + coso k 
As in Example 16.6.10, we can compute that 
|ry X ra| = sing 


Therefore, by Formula 2, 


ff x’ dS = ff (sing cos0} |r X re|dA 
S D 


— 2a fr , 2 2 ` = 2m 2 T . 3 
=f f sin“ cos™0 sing do dé f cos*0 d0 f sin“ db 


= [7 }(1 + cos 20) do i (sind — sind cos*d) do 


=! + 4sin20]"[-cos + £ cos'e); = 7 . 


Surface integrals have applications similar to those for the integrals we have previ- 
ously considered. For example, if a thin sheet (say, of aluminum foil) has the shape of a 
surface S and the density (mass per unit area) at the point (x, y, z) is p(x, y, z), then the 
total mass of the sheet is 


m = |f p(x, y, 2) ds 
S 
and the center of mass is (x, y, Z), where 
B 1 ll _ 1 
x= — f| pya dS 7 = — |Í yo y, 2) ds z= — faoa 
S S S 
Moments of inertia can also be defined as before (see Exercise 41). 


E Graphs of Functions 
Any surface S with equation z = g(x, y) can be regarded as a parametric surface with 
parametric equations 

x=x yy z=g(x,y) 
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0 ð 
and so we have r=i+ (2) k r,=j+ (z) k 
Ox oy 
Thus 
ð ð 


2 2 
and Jr. X ry| = a + (2) +i 
x Y 


Similar formulas apply when it is more convenient to project S onto the yz-plane or 
xz-plane. For instance, if S is a surface with equation y = h(x, z) and D is its projection 
onto the xz-plane, then 


[J re, y, z) dS = |) 70s h(x, z), z) VORO dA 


S 


EXAMPLE 2 Evaluate ||, y dS, where S is the surface z = x + y°,0 S x < 1, 
0 <S y S 2. (See Figure 2.) 

SOLUTION Since 

ðZ 


ðZ 
—=1 and = 2y 
Ox oy 


a (Joes [fot (2) + (SY a 
= i} MESET dy dx 
= i dx v2 |" yv1 + 2y? dy 
13/2 


3 


Formula 4 gives 


= Z0 + 2] = 


If S is a pilecewise-smooth surface, that is, a finite union of smooth surfaces $1, S2, ..., 
S, that intersect only along their boundaries, then the surface integral of f over S is 
defined by 


[| fe. y, z) dS = [| Fe. y,z) dS + +++ + IEG y, z) dS 
S Si 


Sn 


EXAMPLE 3 Evaluate |f; z dS, where S is the surface whose sides Sı are given by the 


cylinder x” + y? = 1, whose bottom S2 is the disk x? + y* < 1 in the plane z = 0, and 
whose top $3 is the part of the plane z = 1 + x that lies above S2. 
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ZA SOLUTION The surface S is shown in Figure 3. (We have changed the usual posi- 
SESLE tion of the axes to get a better look at S.) For Sı we use 0 and z as parameters (see 
\ Example 16.6.5) and write its parametric equations as 
y x = cos0 y= sind = 7 
N MS, (x? +y?=1) where 
\ 
— O<@<27 and OSz<1+x=1+ 0080 
a al — x 
I J Therefore 
< A 
a i j k 
ro X r-=|-—sin@ cos@ 0|= cosĝi + sind j 
FIGURE 3 0 0 1 


and |ro X r.| = ycos?ð + sin’?@ = 1 


Thus the surface integral over S| is 


ff zas = ff z| xo x r-|dA 
S D 


i {eo z dz dð = [7 11 + cos 6)? d0 


II 


= e [1 + 2cos@ + $(1 + cos 26)| do 


Qa 3 
= [žo + 2sino + £ sin 20|" = = 


Since S; lies in the plane z = 0, we have 


a 


The top surface $3 lies above the unit disk D and is part of the plane z = 1 + x. So, 
taking g(x, y) = 1 + x in Formula 4 and converting to polar coordinates, we have 


asse EN 4 (=) + (=) dA 


= ("| (1 + rcos@)/1 + 1+ 0 rdrdé 


= v2 |" [" (r + r°cos@) dr dé = v2 |" (5 + } cos 0) d0 


J0 


Ə sing |” 
- [$+ | = fon 
0 


3 


Therefore 
ff zas = ff zas + ff zas + ff zas 
S Si S; S3 


_ 3m 


= +0+V2a= (3+ V2)m E 
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FIGURE 4 


A Möbius strip 


7 


\ | Ax 


n 
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FIGURE 5 
Constructing a Möbius strip 


x 


FIGURE 6 


ey 
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E Oriented Surfaces 


To define surface integrals of vector fields, we need to rule out nonorientable surfaces such 
as the Möbius strip shown in Figure 4. [It is named after the German geometer August 
Mobius (1790-1868).] You can construct one for yourself by taking a long rectangular 
strip of paper, giving it a half-twist, and taping the short edges together as in Figure 5. If 
an ant were to crawl along the Mobius strip starting at a point P, it would end up on the 
“other side” of the strip (that is, with its upper side pointing in the opposite direction). 
Then, if the ant continued to crawl in the same direction, it would end up back at the same 
point P without ever having crossed an edge. (If you have constructed a Möbius strip, try 
drawing a pencil line down the middle.) Therefore a Möbius strip really has only one side. 
You can graph the Mobius strip using the parametric equations in Exercise 16.6.32. 


B c B P 
A Ei a 


From now on we consider only orientable (two-sided) surfaces. We start with a sur- 
face S that has a tangent plane at every point (x, y, z) on S (except at any boundary point). 
There are two unit normal vectors n; and nz = ~n: at (x, y, z). (See Figure 6.) 

If it is possible to choose a unit normal vector n at every such point (x, y, z) so that n 
varies continuously over S, then S is called an oriented surface and the given choice of 
n provides S with an orientation. For any orientable surface, there are two possible ori- 
entations (see Figure 7). 


n 
n 
/ i 
A E 
A 
a 
Ky 
FIGURE 7 ; n 


The two orientations w "i 
of an orientable surface 


For a surface z = g(x, y) given as the graph of g, we use Equation 3 to associate with 
the surface a natural orientation given by the unit normal vector 


= EA 


Since the k-component is positive, this gives the upward orientation of the surface. 
If S is a smooth orientable surface given in parametric form by a vector function 
r(u, v), then it is automatically supplied with the orientation of the unit normal vector 


[6] 


_ Ty x Yr, 
[re X r| 
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and the opposite orientation is given by —n. For instance, in Example 16.6.4 we found 
the parametric representation 


r(ġ, 0) = asing cosbi + asino sind j + a cos k 
for the sphere x? + y? + z? = a’. Then in Example 16.6.10 we found that 


ro X rọ = a’sin’h cosh i + a’sin’ sind j + a°sin o cosh k 


and |r X ro| = a? sing 
So the orientation induced by r(¢, 0) is defined by the unit normal vector 


ro XT : PE T E 1 
=?" = sino cosĝð i + sind sind j + coso k = —r(ġ¢, 0) 

| ro X To | a 
Observe that n points in the same direction as the position vector, that is, outward from 
the sphere (see Figure 8). The opposite (inward) orientation would have been obtained 
(see Figure 9) if we had reversed the order of the parameters because rọ X ry = —ro X ro. 


N 
N 


Sa 


ORM 


FIGURE 8 FIGURE 9 


Positive orientation Negative orientation 


For a closed surface, that is, a surface that is the boundary of a solid region E, the 
convention is that the positive orientation is the one for which the normal vectors point 
outward from E, and inward-pointing normals give the negative orientation (see Fig- 
ures 8 and 9). 


E Surface Integrals of Vector Fields; Flux 


Suppose that S is an oriented surface with unit normal vector n, and imagine a fluid with 
density p(x, y, z) and velocity field v(x, y, z) flowing through S. (Think of S as an imagi- 
nary surface that doesn’t impede the fluid flow, like a fishing net across a stream.) Then 
the rate of flow (mass per unit time) per unit area is given by the vector field pv. (See 
Figure 10.) 


ZA 
F = pv 
n 
ae 
S 
e 
a y 
FIGURE 10 FIGURE 11 
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If we divide S into small patches Sj;, as in Figure 11 (compare with Figure 1), then Sj 
is nearly planar and so we can approximate the mass of fluid per unit time crossing Sj; in 
the direction of the normal n by the quantity 


(pv ° n)A(S;) 


where p, v, and n are evaluated at some point on Sy. (Recall that the component of 
the vector pv in the direction of the unit vector n is pv - n.) By summing these quantities 
and taking the limit we get, according to Definition 1, the surface integral of the function 
pv - nover S: 


ff pv: ndS = ff p(x, y, z)v(x, y, z) © n(x, y, z) dS 
S S 


and this is interpreted physically as the rate of flow through S. 
If we write F = pv, then F is a vector field on R° and the integral given in Equation 7 
becomes 


f F-nds 
s 


A surface integral of this form occurs frequently in physics, even when F is not pv, and 
is called the surface integral (or flux integral) of F over S. 


Definition If F is a continuous vector field defined on an oriented surface S 
with unit normal vector n, then the surface integral of F over S is 


{Baas jp Mens 


S 


This integral is also called the flux of F across S. 


In words, Definition 8 says that the surface integral of a vector field over S is equal to 
the surface integral of its normal component over S (as previously defined). 

If S is given by a vector function r(u, v), then n is given by Equation 6, and from Defi- 
nition 8 and Equation 2 we have 


peed nape rere 


S 
Yu x Yr, 
E {| Fire v))° exe] | Yu X r, | dA 
D u v 


where D is the parameter domain. Thus we have 


Compare Equation 9 to the similar 
expression for evaluating line inte- 
grals of vector fields in Definition 


isl F-dS=((F-(r, x1r,)dA 
E - dr = i FCO) - r'(0) dt [2] ji ji 


Formula 9 assumes the orientation of S induced by r, X r,, as in Equation 6. For the 
opposite orientation, we multiply by — 1. 
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EXAMPLE 4 Find the flux of the vector field F(x, y, z) = zi + yj + x k across the 
unit sphere x? + y? + 27 = 1. 


Figure 12 shows the vector field F in SOLUTION As in Example 1, we use the parametric representation 
Example 4 at points on the unit 
sphere. r(¢, 0) = sing cosi + sing sin 0 j + cos ọ k 0<¢<7 0<60<27 


Then F(r(¢, 0)) = coshi+t sing sinédj + sing cosék 
and, from Example 16.6.10, 
ry X ro = sin’ cosi + sin*d sind j + sind cosh k 


(You can check that these vectors correspond to the outward orientation of the sphere.) 
Therefore 


F(r(, 0)) © (te X re) = cos sin*d cos + sin’d sin’@ + sin*d cos cos 6 


FIGURE 12 and, by Formula 9, the flux is 
ff E- as = f| F > (ro X re) aa 
S D 
= W [> (2 sin’ coso cos6 + sin* sin’@) do dé 


= T. a 2m T . 3 2m . 2 
a sin-d cos d dh f cos do + |; sin’d do i sin“0 dé 


I 


0+ iM sin’ db (i sin’@ do (snc i cos 6 dð = o) 


4T 


3 


by the same calculation as in Example 1. E 


If, for instance, the vector field in Example 4 is a velocity field describing the flow of a 
fluid with density 1, then the answer, 47/3, represents the rate of flow through the unit 
sphere in units of mass per unit time. 

In the case of a surface S given by a graph z = g(x, y), we can think of x and y as 
parameters and use Equation 3 to write 


ð 0 
P(x) = (Pi + 0j +R + (2i = +4) 
Í Ox oy 


Thus Formula 9 becomes 


fjr -as= ff P- 9% p) 


D 


This formula assumes the upward orientation of S; for a downward orientation we multi- 
ply by — 1. Similar formulas can be worked out if S is given by y = A(x, z) or x = k(y, z). 
(See Exercises 37 and 38.) 
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EXAMPLE 5 Evaluate ff, F + dS, where F(x, y, z) = yi + xj + z k and S is the 
boundary of the solid region E enclosed by the paraboloid z = 1 — x? — y? and 
the plane z = 0. 


SOLUTION S consists of a parabolic top surface S, and a circular bottom surface Sz. 
(See Figure 13.) Since S is a closed surface, we use the convention of positive (outward) 
orientation. This means that S| is oriented upward and we can use Equation 10 with D 
being the projection of S, onto the xy-plane, namely, the disk x? + y? < 1. Since 


P(x, y, 2) =y Q(x, y, z) =x R(x, y,z) =z= 1- x- y’ 
y 
0 0 
on Sı and J ay “F = py 
Ox oy 
FIGURE 13 we have 
0 0 
ifr-as= ff (2 o8 +k) a 
x Ox oy 


D 
= ffr y(—2x) — x(—2y) + 1 — x” — y°]dA 
D 


ff (1 + 4xy — x? — y°)dA 
D 
2m f1 ; : 
— i f (1 + 4r’cos@ sin@ — r°)r dr d0 
2m fl , 
\ l, (r — r° + 4r°cos6@ sin0) dr dO 


T 


= 7 G + cos0 sin 0) dd = (27) +0= A 


The disk S, is oriented downward, so its unit normal vector is n = —k and we have 
ff E- as = [fF -( k) ds = || ( z) dA = || 0dA =0 
So So D D 


since z = 0 on S». Finally, we compute, by definition, i) s F > dS as the sum of the 
surface integrals of F over the pieces Sı and S2: 


T 


O Beas | eas, 0 = = 


II 


Although we motivated the surface integral of a vector field using the example of fluid 
flow, this concept also arises in other physical situations. For instance, if E is an electric 
field (see Example 16.1.5), then the surface integral 


ees 


is called the electric flux of E through the surface S. One of the important laws of electro- 
statics is Gauss’s Law, which says that the net charge enclosed by a closed surface S is 


mT] Q = o [| E - as 
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where sois a constant (called the permittivity of free space) that depends on the units used. 
(In the SI system, £o = 8.8542 X 10°? C’/N-m?.) Therefore, if the vector field F in 
Example 4 represents an electric field, we can conclude that the charge enclosed by S is 


Q= treo. 

Another application of surface integrals occurs in the study of heat flow. Suppose the 
temperature at a point (x, y, z) in a body is u(x, y, z). Then the heat flow is defined as the 
vector field 

F = —K Vu 


where K is an experimentally determined constant called the conductivity of the sub- 
stance. The rate of heat flow across the surface S in the body is then given by the surface 


integral 
|[F- as = -x || Vu - as 
S S 


EXAMPLE 6 The temperature u in a metal ball is proportional to the square of the 
distance from the center of the ball. Find the rate of heat flow across a sphere S of 
radius a with center at the center of the ball. 


SOLUTION Taking the center of the ball to be at the origin, we have 
u(x, y, z) = C(x? + y? + 2°) 
where C is the proportionality constant. Then the heat flow is 
F(x, y, z) = —K Vu = —KC(2xi + 2yj + 2zk) 


where K is the conductivity of the metal. Instead of using the usual parametrization of 
the sphere as in Example 4, we observe that the outward unit normal to the sphere 
x? + y? + 2? = a’ at the point (x, y, z) is 


Doak ‘ 
n=—(xi+ yj + zk) 
a 


2KC 
and so F-n=- (x? + y? + z’) 
a 
But on S we have x? + y? + 7° = a’, so F + n = —2aKC. Therefore the rate of heat 


flow across S is 


ff E -as = f] F- nas = —2aKc |] as 
S S S 
= —2aKCA(S) = —2aKC(4ra?) = —8KCra? E 
16.7 | Exercises 
1. Let S be the surface of the box enclosed by the planes x = +1, 2. A surface S consists of the cylinder x? + y? = 1, 

y = £1,z = +1. Approximate ||, cos(x + 2y + 3z) dS by —1 < z < 1, together with its top and bottom disks. Suppose 
using a Riemann sum as in Definition 1, taking the patches Sj you know that f is a continuous function with 
to be the squares that are the faces of the box S and the points 
Př to be the centers of the squares. f(+1, 0,0) = 2 f(O, £1, 0) = 3 f(0,0, +1) =4 
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Estimate the value of ||, f(x, y, z) dS by using a Riemann 
sum, taking the patches Sj; to be four quarter-cylinders and 
the top and bottom disks. 


3. Let H be the hemisphere x? + y? + z? = 50, z = 0, and 
suppose f is a continuous function with f(3, 4, 5) = 7, 
£3, —4, 5) = 8, f(—3, 4, 5) = 9, and f(—3, —4, 5) = 12. 
By dividing H into four patches, estimate the value of 
[fa FQ y, z) dS. 


4. Suppose that f(x, y, z) = g(./x? + y? + z? ), where g is a 
function of one variable such that g(2) = —5. Evaluate 
[Ís f(x, y, z) dS, where S is the sphere x? + y? + 2? = 


5-20 Evaluate the surface integral. 


5. ffs (x + y + 2) dS, 
Sis the parallelogram with parametric equations x = u + v, 
y=u-v,27=14+2u+7,0Sus2,0S081 


ZA 


=y 


6. |f, xyz dS, 
Sis the cone with parametric equations x = u cos v, 
y=usinv,z=u,0SuS1,0S0S 7/2 


7. fs ydS, Sis the helicoid with vector equation 
r(u, v) = (ucosv,usinv,v),0O<u<10<v<7 
8. [f (x? + y?) dS, 
S is the surface with vector equation 
r(u, v) = (2w, uw — v, wW + 0°), u +o <1 


9. |[,x?yz dS, Sis the part of the plane z = 1 + 2x + 3y that 
lies above the rectangle [0, 3] x [0, 2] 


10. Is xz dS, Sis the part of the plane 2x + 2y + z = 4 that 
lies in the first octant 
11. [fs xdsS, 
S is the triangular region with vertices (1, 0, 0), (0, —2, 0), 
and (0, 0, 4) 
12. ff; yds, 
S is the surface z = $ (x°? + y*”),0<x<1,0<y<1 
13. ff; z? dS, 
S is the part of the paraboloid x = y* + z? given 
byO0<x<1 
14. |f; y’z? dS, 
S is the part of the cone y = yx? + z? given byO0 <y <5 
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15. [fs xds, 
S is the surface y = x? + 4,0 <Sx<1,052z<1 


16. [fs y? dS, 
S is the part of the sphere x? + y? + z? = 1 that lies above 


the cone z = yx? + y? 
€ Il, œz + yz) ds, 


S is the hemisphere x* + y? + 27 =4,z > 0 
18. |f (x + y + z2)dS, 
S is the part of the half-cylinder x? + z* = 1, z = 0, that lies 
between the planes y = 0 and y = 2 
19. [fs xz dS, 
Sis the boundary of the region enclosed by the cylinder 
y? + z? = 9 and the planes x = Oandx + y = 5 


x+y=5 


20. [fs (x? + y? + z°)dS, 
S is the part of the cylinder x? + y? = 9 between the planes 
z = Oand z = 2, together with its top and bottom disks 


21-32 Evaluate the surface integral fs F - dS for the given vector 
field F and the oriented surface S. In other words, find the flux of F 
across S. For closed surfaces, use the positive (outward) orientation. 


@ Fo, y, 2) = ze i — 3ze" j + xyk, 
S is the parallelogram of Exercise 5 with upward orientation 
22. F(x, y,z) =zi+yj+xk, 
S is the helicoid of Exercise 7 with upward orientation 
@ F(x, y, 2) = xyi + yzj + zxk, Sis the part of the 
paraboloid z = 4 — x? — y* that lies above the square 
0 <x <1,0<y <1, and has upward orientation 
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24. 
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F(x, y,z) = —xi — yj + z°k, Sis the part of the cone 


z = yx? + y? between the planes z = 1 and z = 3 with 
downward orientation 


E F(x, y, 2) =xi+yjt2?k, Sis the sphere with radius 1 


26. 


27. 


28. 


and center the origin 


F(x, y,z) =yi-—xj+t2zk, Sis the hemisphere 
x? + y’ + z? = 4, z = 0, oriented downward 


F(x, y, z) = yj — zk, 
S consists of the paraboloid y = x? + 7,0 Sy <1, 
and the disk x? + 7? < 1,y = 1 


F(x, y, z) = yzi + zxj + xyk, Sis the surface 
z=xsiny,0 <x < 2,0 < y < 7, with upward orientation 


@® Fx y, z) = xi + 2yj + 3zk, 


30. 


31. 


32. 


S is the cube with vertices (+1, +1, +1) 


F(x, y,z) =xi+yj+5k, Sis the boundary of the 
region enclosed by the cylinder x? + z* = 1 and the planes 
y=Oandx+y=2 


F(x, y, z) =x?i+ y?j + z°k, Sis the boundary of the 
solid half-cylinderO Sz S y1 —y?,0Sx<2 


F(x, y,z) = yi + (z — y)j + xk, 
S is the surface of the tetrahedron with vertices (0, 0, 0), 
(1, 0, 0), (0, 1, 0), and (0, 0, 1) 


6) 


(4) 


5) 


33. 


34. 


35. 


Use a computer algebra system to evaluate 
ffs (x? + y? + 2°) dS correct to four decimal places, where 
Sis the surface z = xe’,OSx<1,0SyS<l. 


Use a computer algebra system to find the exact value of 
[f xyzdS, where S is the surface z = x°y’°, 0 < x < 1, 
O<y2. 


Use a computer algebra system to find the value of 
{].,x?y?z? dS correct to four decimal places, where S is the 
part of the paraboloid z = 3 — 2x* — y? that lies above the 
xy-plane. 


. Use a computer algebra system to find the flux of 


F(x, y, z) = sin(xyz)i + x?yj + 2e*?k 


across the part of the cylinder 4y? + z* = 4 that lies above 
the xy-plane and between the planes x = —2 and x = 2 
with upward orientation. Illustrate by graphing the cylinder 
and the vector field on the same screen. 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


45. 


46. 


47. 


48. 


49. 


Find a formula for ff, F + dS similar to Formula 10 for the 
case where S is given by y = h(x, z) and n is the unit nor- 
mal that points toward the left (when the axes are drawn in 
the usual way). 


Find a formula for ff, F + dS similar to Formula 10 for the 
case where S is given by x = k(y, z) and n is the unit nor- 
mal that points forward (that is, toward the viewer when the 
axes are drawn in the usual way). 


Find the center of mass of the hemisphere 
x? + y? + 2° =a’,z = 0, if it has constant density. 


Find the mass of a thin funnel in the shape of a cone 
z= J/x?+ y?,1 < z < 4, if its density function 
is p(x, y, z) = 10 — z. 


(a) Give an integral expression for the moment of inertia J, 
about the z-axis of a thin sheet in the shape of a surface 
S if the density function is p. 

(b) Find the moment of inertia about the z-axis of the 
funnel in Exercise 40. 


Let S be the part of the sphere x? + y? + z? = 25 that lies 
above the plane z = 4. If S has constant density k, find 

(a) the center of mass and (b) the moment of inertia about 
the z-axis. 


A fluid has density 870 kg/m’ and flows with velocity 

v =zi + y’j + x’k, where x, y, and z are measured in 
meters and the components of v in meters per second. 
Find the rate of flow outward through the cylinder 
erty=40<z<1. 


. Seawater has density 1025 kg/m/* and flows in a velocity field 


v = yi + xj, where x, y, and z are measured in meters and 
the components of v in meters per second. Find the rate of flow 
outward through the hemisphere x? + y? + z? = 9, z = 0. 


Use Gauss’s Law to find the charge contained in the solid 


hemisphere x? + y? + z? < a’, z = 0, if the electric field is 


E(x, y,z) =xi+ yj +2zk 


Use Gauss’s Law to find the charge enclosed by the cube 
with vertices (+1, +1, +1) if the electric field is 


E(x, y,z) =xit+yjt+zk 


The temperature at the point (x, y, z) in a substance with 
conductivity K = 6.5 is u(x, y, z) = 2y? + 22°. Find the 
rate of heat flow inward across the cylindrical surface 
yt+27=60<5x<4. 


The temperature at a point in a ball with conductivity K is 
inversely proportional to the distance from the center of the 
ball. Find the rate of heat flow across a sphere S of radius a 
with center at the center of the ball. 


Let F be an inverse square field, that is, F(r) = cr/|r |? for 
some constant c, where r = xi + yj + zk. Show that the 
flux of F across a sphere S with center the origin is indepen- 
dent of the radius of S. 
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FIGURE 1 


George Stokes 


Stokes’ Theorem is named after the 
Irish mathematical physicist Sir 
George Stokes (1819-1903). Stokes 
was a professor at Cambridge Univer- 
sity (in fact he held the same position 
as Newton, Lucasian Professor of 
Mathematics) and was especially 
noted for his studies of fluid flow and 
light. What we call Stokes’ Theorem 
was actually discovered by the Scot- 
tish physicist Sir William Thomson 
(1824-1907, known as Lord Kelvin). 
Stokes learned of this theorem in a 
letter from Thomson in 1850 and 
asked students to prove it on an 
examination at Cambridge University 
in 1854. We don't know if any of those 
students was able to do so. 


16.8 
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Stokes’ Theorem 


Stokes’ Theorem can be regarded as a higher-dimensional version of Green’s Theorem. 
Whereas Green’s Theorem relates a double integral over a plane region D to a line inte- 
gral around its plane boundary curve, Stokes’ Theorem relates a surface integral over a 
surface S to a line integral around the boundary curve of S (which is a space curve). 
Figure 1 shows an oriented surface with unit normal vector n. The orientation of S 
induces the positive orientation of the boundary curve C shown in the figure. This 
means that if you walk in the positive direction around C with your head pointing in the 
direction of n, then the surface will always be on your left. 


Stokes’ Theorem Let S be an oriented piecewise-smooth surface that is bounded 
by a simple, closed, piecewise-smooth boundary curve C with positive orientation. 
Let F be a vector field whose components have continuous partial derivatives on 


an open region in R° that contains S. Then 


f E- ar = f] cul F - ds 
S 


Since 


[.Fear=| F-Tas and ff curi F - as = ff curl F - nas 
S S 


Stokes’ Theorem says that the line integral around the boundary curve of S of the tangen- 
tial component of F is equal to the surface integral over S of the normal component of the 
curl of F. 

The positively oriented boundary curve of the oriented surface S is often written as 
dS, so Stokes’ Theorem can be expressed as 


m] ff cui F -as = f F - ar 
S 


There is an analogy among Stokes’ Theorem, Green’s Theorem, and the Fundamental 
Theorem of Calculus. As before, there is an integral involving derivatives on the left side 
of Equation 1 (recall that curl F is a sort of derivative of F) and the right side involves the 
values of F only on the boundary of S. 

In fact, in the special case where the surface S is flat and lies in the xy-plane with 
upward orientation, the unit normal is k, the surface integral becomes a double integral, 
and Stokes’ Theorem becomes 


f E -ar = ff curi F - as = ff (curl F) -k dA 
Ss Ss 


This is precisely the vector form of Green’s Theorem given in Equation 16.5.12. Thus we 
see that Green’s Theorem is really a special case of Stokes’ Theorem. 

Although Stokes’ Theorem is too difficult for us to prove in its full generality, we can 
give a proof when S is a graph and F, S, and C are well behaved. 


PROOF OF A SPECIAL CASE OF STOKES’ THEOREM We assume that the equation of 
Sis z = g(x, y), (x, y) E D, where g has continuous second-order partial derivatives and 
D is a simple plane region whose boundary curve Cı corresponds to C. If the orientation 
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ZA of S is upward, then the positive orientation of C corresponds to the positive orientation 
of Cı. (See Figure 2.) We are also given that F = Pi + Qj + Rk, where the partial 
derivatives of P, Q, and R are continuous. 

Since S$ is a graph of a function, we can apply Formula 16.7.10 with F replaced by 
curl F. The result is 


[2] if curl F - dS 


-ff (z 2) (z a8, (20 PN | aa 
y oy oz } Ox Oz ox j doy Ox oy 


where the partial derivatives of P, Q, and R are evaluated at (x, y, g(x, y)). If 


FIGURE 2 


x=) yeyQ 25758 
is a parametric representation of C), then a parametric representation of C is 
x=xQ yy) z=gG),yO) asxt<b 
This allows us, with the aid of the Chain Rule, to evaluate the line integral as follows: 


f E a= f pogo an jg 
l 2 dt dt dt 


h dx dy dz dx dz dy 
=| |P—+O—+R + dt 
á dt dt ox dt dy dt 


C gaa 
= Q +R —|P+R—]|dA 
Ox oy oy Ox 


where we have used Green’s Theorem in the last step. Then, using the Chain Rule again 
and remembering that P, Q, and R are functions of x, y, and z and that z is itself a func- 
tion of x and y, we get 


ðQ ðQ dz OR dz ~~ OR Oz Oz oz 
| E-ar= = + = — + —— + ——— +R 
c Ox oz Ox Ox oy dz Ox dy Ox oy 
D 


dP ðP dz , OR dz | OR Az Az az 
T + “+ +R dA 
oy oz oy Oy Ox 0z Oy Ox Oy Ox 


Four of the terms in this double integral cancel and the remaining six terms can be 
arranged to coincide with the right side of Equation 2. Therefore 


| E- ar = f| curi F + as a 
S 
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EXAMPLE 1 Evaluate fe F - dr, where F(x, y, z) = —y*i+ xj + zk and C is the 
curve of intersection of the plane y + z = 2 and the cylinder x? + y? = 1. (Orient C to 
be counterclockwise when viewed from above.) 


ZA SOLUTION The curve C (an ellipse) is shown in Figure 3. Although fo F - dr could be 
evaluated directly, it’s easier to use Stokes’ Theorem. We first compute 


i j k 
0 0 ð 
curl F = = (1 + 2y)k 
Ox Oy oz 
~y? x 72 


Stokes’ Theorem allows us to choose any (oriented, piecewise-smooth) surface with 
boundary curve C. Among the many possible such surfaces, the most convenient 
choice is the elliptical region S in the plane y + z = 2 that is bounded by C. If we 
orient S upward, then C has the induced positive orientation. The projection D of S 
onto the xy-plane is the disk x? + y? < 1 and so using Equation 16.7.10 with 

z = g(x, y) = 2 — y, we have 


FIGURE 3 


f| E- dr = ff cui F -as = ff a + 2y) dA 
Ss D 


= ("| (1 + 2r sin 0) r dr d0 
0 0 


1 


2m | r? Poa Qn . 
| | +2 3 sno | d = | (4 + 2sin 0) do 


o L2 0 
=;2n)+0=7 oO 


NOTE Stokes’ Theorem allows us to compute a surface integral simply by knowing the 
values of F on the boundary curve C. This means that if we have another oriented surface 
with the same boundary curve C, then we get exactly the same value for the surface 
integral. In general, if Sı and Sz are oriented surfaces with the same oriented boundary 
curve C and both satisfy the hypotheses of Stokes’ Theorem, then 


[3] ff curi F dS =| F - dr = f | curi F + as 
Sı S2 


This fact is useful when it is difficult to integrate over one surface but easy to integrate 
over the other. 


EXAMPLE 2 Use Stokes’ Theorem to compute the integral ff; curl F - dS, where 
F(x, y, z) = xzi + yz j + xy k and S is the part of the sphere x? + y? + z’ = 4 that 
lies inside the cylinder x? + y? = 1 and above the xy-plane. (See Figure 4.) 


SOLUTION 1 To find the boundary curve C we solve the equations x? + y? + z7=4 
and x? + y? = 1. Subtracting, we get z? = 3 and so z = y3 (since z > 0). Thus C is 
the circle given by the equations x? + y? = 1,z = V3. A vector equation of C is 


r(t) = cos ti + sintj + /3k 0<t<2n 


FIGURE 4 so r(t) = —sin ti + costj 
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Also, we have 


F(r(t)) = V3 cos ti + 
Therefore, by Stokes’ Theorem, 


3 sin tj + cost sin t k 


Í f curl F + dS = f £ -dr = i FCO) + rÀ dt 
S 
= {°° (-v3 cos r sin t + /3 sin t cos t) dt = V3 | oar =0 


SOLUTION 2 Let S, be the disk in the plane z = /3 inside the cylinder x? + y? = 1, as 
shown in Figure 5. Since S, and S have the same boundary curve C, it follows by 
Stokes’ Theorem that 


i} curl F - dS = ff curl F - dS 
s Sı 


Because S; is part of a horizontal plane, its upward normal is k. We calculate that 
curl F = (x — y)i + (x — y)j, so 


FIGURE 5 


ff curl F - aS = ff curl F - as = ff curi F - n as 
S Sı Sı 
= ff Iæ- yi + œ- yi]: kas = ff oas = 0 m 
Sı Sı 


We now use Stokes’ Theorem to shed some light on the meaning of the curl vector. 
Suppose that C is an oriented closed curve and v represents the velocity field in fluid 
flow. Consider the line integral 


f v-ar = f v: Tas 


and recall that v - T is the component of v in the direction of the unit tangent vector T. 
This means that the closer the direction of v is to the direction of T, the larger the value 
of v + T. (Recall that if v and T point in generally opposite directions, then v - T is nega- 
tive.) Thus fe v » dr is a measure of the tendency of the fluid to move around C in the 
same direction as the orientation of C, and is called the circulation of v around C. (See 


Figure 6.) 
SNN >S oZ ZZY a Pa a 
NNN > > 7 7” Se. N `> 
VY \ NX x f po * 
£ f o£ =O OA y 
Pa E E ass hrs. ea 
a a =o 2 Se a ee ae 
£y d4 NIN «© © 4 4 4 æ 
, FIGURE 6 w~ 4 Jl Ara YN YO NO 
|, Y + dr > 0, positive circulation a Se Aig ce en, ee Oy ee 
[year <0, negative circulation ~, N NS NNN 
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Imagine a tiny paddle wheel placed in 


the fluid at a point P, as in Figure 7; 
the paddle wheel rotates fastest when 
its axis is parallel to curl v. 


curl v 


SECTION 16.8 Stokes’ Theorem 1199 


Now let Po(xo, yo, Zo) be a point in the fluid and let S, be a small disk with radius a and 
center Po. Then (curl F)(P) ~ (curl F)(Pp) for all points P on S, because curl F is contin- 
uous. Thus, by Stokes’ Theorem, we get the following approximation to the circulation 
around the boundary circle C4: 


= S I curl v + dS = ff curi v -ndS 
5 S. 
= {| curl v(Po) + n(Po) dS = curl v(Po) + n(Po)7a* 
S. 


This approximation becomes better as a — 0 and we have 


1 
[a] curl v(Po) © n(Po) = lim —, i v-dr 
a—0 Tra Ca 


Equation 4 gives the relationship between the curl and the circulation. It shows that 
curl v - n is a measure of the rotating effect of the fluid about the axis n. The curling 
effect is greatest about the axis parallel to curl v. 


Finally, we mention that Stokes’ Theorem can be used to prove Theorem 16.5.4 
(which states that if curl F = 0 on all of R?, then F is conservative). From our previous 
work (Theorems 16.3.3 and 16.3.4), we know that F is conservative if le F - dr = 0 for 
every closed path C. Given C, suppose we can find an orientable surface § whose bound- 
ary is C. (This can be done, but the proof requires advanced techniques.) Then Stokes’ 


FIGURE 7 Theorem gives 
[E - ar = || curl F -as = ff 0 - as = 0 
i s S 
A curve that is not simple can be broken into a number of simple curves, and the integrals 
around these simple curves are all 0. Adding these integrals, we obtain |. F - dr = 0 for 
any closed curve C. 
16.8 | Exercises 
1. A disk D, a hemisphere H, and a portion P of a paraboloid 2-6 Use Stokes’ Theorem to evaluate | if curl F - dS. 


are shown. Suppose F is a vector field on R? whose compo- 


nents have continuous partial derivatives. Explain why this 
statement is true: 


2. F(x, y, z) =x*sinzit+ y?j + xyk, 
S is the part of the paraboloid z = 1 — x? — y’ that lies 
above the xy-plane, oriented upward 


ff curt F -dS = ff curl F - as = ff curl F -dS 3. F(x, y, z) = zeři + xcos yj + xz sin yk, 
D H P 


S is the hemisphere x? + y? + z? = 16, y = 0, oriented in 
the direction of the positive y-axis 


4. F(x, y, z) = tan '(x? yz?) i + x*yj + x’z’ k, 
S is the cone x = Jy? + z?,0 <x < 2, oriented in the 
direction of the positive x-axis 


5. F(x, y, z) = xyzi + xy j + x’yzk, 
S consists of the top and the four sides (but not the bottom) 
of the cube with vertices (+1, +1, +1), oriented outward 
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6. F(x, y, z) =e” i + e7 j + x°zk, 13. F(x, y, z) = x°yi + x?’ j + e* tan 'zk, 
S is the half of the ellipsoid 4x? + y* + 4z? = 4 that lies C is the curve with parametric equations x = cos t, y = sin t, 
to the right of the xz-plane, oriented in the direction of the z=sint,0O<t<27 


positive y-axis 


4x°+y?+47=4 


14. F(x, y, z) = (x? — z, xy, y + z’), Cis the curve of intersec- 
tion of the paraboloid z = x? + y? and the plane z = x 


7-14 Use Stokes’ Theorem to evaluate |, F + dr. In each case C ZA 
is oriented counterclockwise as viewed from above, unless 
otherwise stated. 


@ Fix, y, z2) = (x + y’)i + (y +2)j + (z +x’)k, 
C is the triangle with vertices (1, 0, 0), (0, 1, 0), and 
(0, 0, 1) 


8. F(x, y, z) =i + (x + yz) j + (xy — vz )k, 
C is the boundary of the part of the plane 3x + 2y +z = 1 
in the first octant 


@ Fx, y, 2) = xyi + yzj + zxk, 
C is the boundary of the part of the paraboloid 


. 15. (a) Use Stokes’ Theorem to evaluate fe F - dr, where 
z = 1l — x? — y’ in the first octant 


F(x, y, z) = x°zit+ xy’ j + 2°k 


#4 and C is the curve of intersection of the plane 
x + y + z= l and the cylinder x? + y? = 9, oriented 
counterclockwise as viewed from above. 

M (b) Graph both the plane and the cylinder with domains 
chosen so that you can see the curve C and the surface 
that you used in part (a). 

(c) Find parametric equations for C and use them to 
graph C. 


16. (a) Use Stokes’ Theorem to evaluate fg F - dr, where 
F(x, y, z) =x? yi + 4x°j + xy k and C is the curve of 
intersection of the hyperbolic paraboloid z = y* — x? and 
the cylinder x? + y? = 1, oriented counterclockwise as 


10. F(x, y,z) = 2yi + xzj + (x + y)k, viewed from above. 
C is the curve of intersection of the plane z = y + 2 and the M (b) Graph both the hyperbolic paraboloid and the cylinder 
cylinder x? + y? = 1 with domains chosen so that you can see the curve C and 
the surface that you used in part (a). 


11. F(x, y, z) = (—yx?, xy’, e”), C is the circle in the xy-plane M (c) Find parametric equations for C and use them to graph C. 
of radius 2 centered at the origin 


17-19 Verify that Stokes’ Theorem is true for the given vector 


12. F(x,y, z) = zei + (z y)j Pte = Vie field F and surface S. 
C is the circle y* + z* = 4, x = 3, oriented clockwise as 17. F(x, y,z) = —yi + xj — 2k, 
viewed from the origin S is the cone z? = x? + y*,0 < z < 4, oriented downward 
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18. F(x, y, z) = —2yzi+ yj + 3xk, 


S is the part of the paraboloid z = 5 — x? — y’ that lies 


SECTION 16.9 The Divergence Theorem 1201 


under the influence of the force field 


F(x, y, z) = 27 + 2xyj + 4y’ k 


above the plane z = 1, oriented upward 


T F(x, y,2) =yitzj + xk, 


S is the hemisphere x? + y? + z? = 1, y = 0, oriented in the 


direction of the positive y-axis 


Find the work done. 
22. Evaluate 


i (y + sin x) dx + (z? + cos y) dy + x° dz 


20. Let C be a simple closed smooth curve that lies in the plane 
x + y + z = 1. Show that the line integral 23 


[24x — 2x dy + 3ydz 


depends only on the area of the region enclosed by C and not 
on the shape of C or its location in the plane. 


ze A particle moves along line segments from the origin to the 
points (1, 0, 0), (1, 2, 1), (0, 2, 1), and back to the origin 


16.9 


The Divergence Theorem is some- 
times called Gauss’s Theorem after 
the great German mathematician 
Karl Friedrich Gauss (1777-1855), who 
discovered this theorem during his 
investigation of electrostatics. In 
Eastern Europe the Divergence Theo- 
rem is known as Ostrogradsky’s 
Theorem after the Russian mathe- 
matician Mikhail Ostrogradsky 
(1801-1862), who published this 
result in 1826. 


where C is the curve r(t) = (sin t, cos t, sin 2t), 0 < t < 27. 
[Hint: Observe that C lies on the surface z = 2xy.] 


. If Sis a sphere and F satisfies the hypotheses of Stokes’ 
Theorem, show that ff ç curl F - dS = 0. 


24. Suppose S and C satisfy the hypotheses of Stokes’ Theorem 
and f, g have continuous second-order partial derivatives. Use 
Exercises 26 and 28 in Section 16.5 to show the following. 
(a) | (f Vg) + dr = ffs (Vf X Vg) + dS 
(b) |. (f Vf) + dr =0 
© fef Vg + gVf) + dr = 0 


The Divergence Theorem 
In Section 16.5 we rewrote Green’s Theorem in a vector version as 


fE -nds = ff div F(x, y) dA 
D 


where C is the positively oriented boundary curve of the plane region D. If we were seek- 
ing to extend this theorem to vector fields on R*, we might make the guess that 


m || F- nas = fff div FO y, 2) av 
S E 


where S is the boundary surface of the solid region E. It turns out that Equation 1 is true, 
under appropriate hypotheses, and is called the Divergence Theorem. Notice its similar- 
ity to Green’s Theorem and Stokes’ Theorem in that it relates the integral of a derivative 
of a function (div F in this case) over a region to the integral of the original function F 
over the boundary of the region. 

At this stage you may wish to review the various types of regions over which we were 
able to evaluate triple integrals in Section 15.6. We state and prove the Divergence Theo- 
rem for regions £ that are simultaneously of types 1, 2, and 3 and we call such regions 
simple solid regions. (For instance, regions bounded by ellipsoids or rectangular boxes 
are simple solid regions.) The boundary of E is a closed surface, and we use the conven- 
tion, introduced in Section 16.7, that the positive orientation is outward; that is, the unit 
normal vector n is directed outward from E. 


The Divergence Theorem Let E be a simple solid region and let S be the bound- 
ary surface of E, given with positive (outward) orientation. Let F be a vector field 
whose component functions have continuous partial derivatives on an open region 


that contains £. Then 


lica eit zy 
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FIGURE 1 


Thus the Divergence Theorem states that, under the given conditions, the flux of F 
across the boundary surface of E is equal to the triple integral of the divergence of 
F over E. 


PROOF Let F = Pi + Qj + Rk. Then 


oP a ð 
div F = e+ 
Ox ðZ 


so jean pewj sav S 


If n is the unit outward normal of S, then the surface integral on the left side of the Diver- 
gence Theorem is 


|[F- as = || F -nas = || (Pi+ Qj + RK- nas 
S S S 


= |f Pi-nds + ff Qj-nds + fÍ Rk -nas 
S S Ss 


Therefore, to prove the Divergence Theorem, it suffices to prove the following three 
equations: 


[2] era Wore 
a (formas [jj a 
[a] yee ndS = Wore 


To prove Equation 4 we use the fact that Æ is a type | region: 


= {(x, y, 2) | (x3) E D, m(x, y) © z < m(x, y)} 
where D is the projection of E onto the xy-plane. By Equation 15.6.6, we have 


Wa w= ji ie y, 2) | dA 


and therefore, by the Fundamental Theorem of Calculus, 
a We: “av= i) [R(x y, u(x, y)) = R(x, y, u(x, y))] aA 


The boundary surface S consists of three pieces: the bottom surface S, the top 
surface S2, and possibly a vertical surface $3, which lies above the boundary curve of D. 
(See Figure 1. It might happen that S3 doesn’t appear, as in the case of a sphere.) Notice 
that on S3 we have k : n = 0, because k is vertical and n is horizontal, and so 


f| Rk-nas= ff oas=0 
S3 S3 
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Notice that the method of proof of 
the Divergence Theorem is very 
similar to that of Green’s Theorem. 


The solution in Example 1 should 
be compared with the solution in 
Example 16.7.4. 


a jaie 
| ii oe 
| 
a 
lá pe s 
ol 
i “eS 
(1 0, 0) JA " \ (0, 2, 0) 
> y 
a R 
z=1-x 
FIGURE 2 
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Thus, regardless of whether there is a vertical surface, we can write 
[6] f] Rk- nas =|[Rk-nds + || Rk- nas 
S Si S2 


The equation of Sz is z = u2(x, y), (x, y) E D, and the outward normal n points 
upward, so from Equation 16.7.10 (with F replaced by R k) we have 


ff Rk-ndS = ff R(x, y, ux(x, y)) dA 
So D 


On S, we have z = u(x, y), but here the outward normal n points downward, so we 
multiply by —1: 


ff Rk -ndS = =f R(x, y, u(x, y)) dA 
s; D 


Therefore Equation 6 gives 


ff Rk-ndS = ff [R(x y, uz(x, y)) — R(x, y, u(x, »)] dA 
5 D 


Comparison with Equation 5 shows that 
ðR 
ff Rk- nas = fff av 
ðz 
S E 
Equations 2 and 3 are proved in a similar manner using the expressions for E as a 
type 2 or type 3 region, respectively. E 
EXAMPLE 1 Find the flux of the vector field F(x, y, z) = zi + yj + xk over the unit 
sphere x? + y? +7 = 1. 
SOLUTION First we compute the divergence of F: 


ð ð ð 
div F = F + =1 
WF= 2 @+ SO + 5 @ 


The unit sphere S is the boundary of the unit ball B given by x? + y? + z? < 1. Thus 
the Divergence Theorem gives the flux as 


[JE -as = ff] aiv £ av = fff 1 av = væ) = $ra) == , 
AY B B 


EXAMPLE 2 Evaluate ||, F - dS, where 


F(x, y, z) = xyi + (y? + e**)j + sin(xy) k 


and S is the surface of the region E bounded by the parabolic cylinder z = 1 — x* and 
the planes z = 0, y = 0, and y + z = 2. (See Figure 2.) 


SOLUTION It would be extremely difficult to evaluate the given surface integral 
directly. (We would have to evaluate four surface integrals corresponding to the four 
pieces of S.) Furthermore, the divergence of F is much less complicated than F itself: 


ð ð CEE 
div F = — (xy) + — (y? + e*™”) + — (sin xy) = y + 2y = 3y 
Ox oy Oz 
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Therefore we use the Divergence Theorem to transform the given surface integral into a 
triple integral. The easiest way to evaluate the triple integral is to express E as a type 3 
region: 


E = {(x, y, 2) | -1sx<1, 05z5<1-x, 05y<2-z} 


Then we have 


D a | layer 


=3 L (= {ry dy dz dx = 3 ‘a Pe mee 7 z) dz dx 


T | panj" an 
=— -— dx = —5 | [(x? + 1}? — 8] dx 
2 ={ 3 0 1E 
184 
=-[ (5 + 3x4 + 3x? a oO 
0 35 


Although we have proved the Divergence Theorem only for simple solid regions, it 
can be proved for regions that are finite unions of simple solid regions. (The procedure is 
similar to the one we used in Section 16.4 to extend Green’s Theorem.) 

For example, let’s consider the region E that lies between the closed surfaces S, and 
S2, where S, lies inside S2. Let n; and n, be outward normals of Sı and S2. Then the 
boundary surface of E is S = S, U Sz and its normal n is given by n = —n, on S, and 
n = m on S2. (See Figure 3.) Applying the Divergence Theorem to S, we get 


I) eae |) asi [mines 


f| F- (mas + || F -mas 
S; 


Sı 2 
-ff F -as + ff F -as 
Sı So 


EXAMPLE3 In Example 16.1.5 we considered the electric field 


FIGURE 3 


£2 


MAS Tap 


X 


where the electric charge Q is located at the origin and x = (<x, y, z} is a position vector. 
Use the Divergence Theorem to show that the electric flux of E through any closed 
surface S that encloses the origin is 


|| E - aS = 470 
S 


SOLUTION The difficulty is that we don’t have an explicit equation for S because it is 
any closed surface enclosing the origin. Let Sı be a sphere centered at the origin with 
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FIGURE 4 
The vector field F = x*i + y’j 
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radius a, where a is chosen to be small enough so that S; is contained within S. Let £ 
be the region that lies between S; and S. Then Equation 7 gives 


Nseries | Mee 


You can verify that div E = 0. (See Exercise 25.) Therefore from (8) we have 


fE -as = [[E-as 


S Sı 


The point of this calculation is that we can compute the surface integral over Sı because 
S; is a sphere. The normal vector at x is x/|x|. Therefore 


_ €Q ; x _ €Q ee €Q £Q 
KE ABRI k k @ 


E'n 


since the equation of S; is |x| = a. Thus we have 


ff E -as = ff E - nas = — ffas = 22 Alsi) = — 4ra? = Ate 
5S Sı Sı 


This shows that the electric flux of E is 47reQ through any closed surface S that 
contains the origin. [This is a special case of Gauss’s Law (Equation 16.7.11) for a 
single charge. The relationship between « and sois € = 1/(47r&0).] o 


Another application of the Divergence Theorem occurs in fluid flow. Let v(x, y, z) be 
the velocity field of a fluid with constant density p. Then F = pv is the rate of flow per 
unit area. If Po(xo, yo, Zo) is a point in the fluid and B, is a ball with center Pp and 
very small radius a, then div F(P) ~ div F(Po) for all points P in B, since div F is con- 
tinuous. We approximate the flux over the boundary sphere S, as follows: 


{| F-dS = fif div F dV ~ fl div F(P)) dV = div F(P))V(By) 
Sa Ba Ba 


This approximation becomes better as a — 0 and suggests that 


; a 1 
[9] div F(Py) = lim VEJ ji F + dS 


Equation 9 says that div F (Po) is the net rate of outward flux per unit volume at Po. (This 
is the reason for the name divergence.) If div F(P) > 0, the net flow is outward near P 
and P is called a source. If div F(P) < 0, the net flow is inward near P and P is called a 
sink. 

For the vector field in Figure 4, it appears that the vectors that end near P, are shorter 
than the vectors that start near P,. Thus the net flow is outward near P;, so div F(P,;) > 0 
and P; is a source. Near P2, on the other hand, the incoming arrows are longer than the 
outgoing arrows. Here the net flow is inward, so div F(P) < 0 and P; is a sink. We 
can use the formula for F to confirm this impression. Since F = x*i + y’j, we have 
div F = 2x + 2y, which is positive when y > —x. So the points above the line y = —x 
are sources and those below are sinks. 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


1206 CHAPTER 16 Vector Calculus 


16.9 | Exercises 


1-4 Verify that the Divergence Theorem is true for the vector 
field F on the region E. 


1. F(x, y, z) = 3xi + xyj + 2xzk, 
E is the cube bounded by the planes x = 0, x = 1, y = 0, 
y=1,z=0,andz=1 


2. F(x, y, z) = yz’ i + 2yzj + 427k, 
E is the solid enclosed by the paraboloid z = x? + y? and the 
plane z = 9 


3. F(x, y, z) = (z, y, x), 
E is the solid ball x? + y? + z? < 16 


4. F(x, y, z) = (x’, —y, Z}, 
E is the solid cylinder y? + z7><9,0<x<2 


5-17 Use the Divergence Theorem to calculate the surface 
integral ff; F + dS; that is, calculate the flux of F across S. 
@ F(x y, z) = xyi + xyz’ j — yek, 
S is the surface of the box bounded by the coordinate planes 
and the planes x = 3, y = 2, and z = 1 


6. F(x, y, z) = x°yzi + xy’zj + xyz’ k, 
S is the surface of the box enclosed by the planes x = 0, 
x =a, y = 0, y = b, z = 0, and z = c, where a, b, and c are 
positive numbers 


@ Fx y, 2) = 3xy i + xej + 2k, 
S is the surface of the solid bounded by the cylinder 
y? + 7° = | and the planes x = —1 and x = 2 


8. F(x, y, z) = (x? + y)it (y? + z) j + (z? + x°) k, 
S is the sphere with center the origin and radius 2 


9. F(x, y, z) = xei + (z — e*)j — xyk, 
S is the ellipsoid x? + 2y* + 3z? = 4 


10. F(x, y, z) = e’ tanzi + x’y j + e*cosyk, 
S is the surface of the solid that lies above the xy-plane and 
below the surface z = 2 — x — y? -1 Sx < l, 


-lsys<l 


@B F(x. y. 2) = (2x? + yi + (y? + 23)j + 3y7zk, 
S is the surface of the solid bounded by the paraboloid 
z = 1l — x? — y*and the xy-plane 


12. F(x, y, z) = (xy + 2xz)i + (x? + y°)j + (xy — z’°)k, 
S is the surface of the solid bounded by the cylinder 
x? + y? = 4 and the planes z = y — 2 and z = 0 


13. F(x, y, z) =x°zit+ xzî°j + y ln(x + I)k, 
S is the surface of the solid bounded by the planes 
x + 2z = 4, y = 3, x = 0, y = 0, and z = 0 


14. E(x, y, z) = (xy — z?)i + x3 Vzj + (xy + z°)k, 
S is the surface of the solid bounded by the cylinder x = y? 
and the planes x + z = 1 and z = 0 


15. F(x, y, z) = zit yj + zxk, 
S is the surface of the tetrahedron enclosed by the coordinate 
planes and the plane 
xy 
c + Naaa 
a b 


16. F = |r |’r, where r = xi + yj + zk, 
S is the sphere with radius R and center the origin 
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17. F =|r|r, wherer = xi + yj + zk, 


S consists of the hemisphere z = y1 — x? — y? and the 
disk x? + y? < 1 in the xy-plane 


18. Plot the vector field 
F(x, y, z) = sin x cos*yi + sin*y cos*zj + sin*z cos*x k 


in the cube cut from the first octant by the planes x = 7/2, 
y = 1/2, and z = 7/2. Then use a computer algebra sys- 
tem to compute the flux across the surface of the cube. 


A) Use the Divergence Theorem to evaluate [Ís E © dS, where 
F(x, y, z) = 2xit Gy? + tan™'z) j + (x22 + y?)k 


and S is the top half of the sphere x? + y? + 7 = 1. 
[Hint: Note that S is not a closed surface. First compute 
integrals over Sı and S2, where S; is the disk x? + y* < 1, 
oriented downward, and S: = S$ U S}.] 


20. Let F(x, y, z) = ztan '(y*)i + z’ ln(x? + 1)j + zk. 
Find the flux of F across the part of the paraboloid 
x? + y? + z = 2 that lies above the plane z = 1 and is 
oriented upward. 


21. A vector field F is shown. Use the interpretation of diver- 
gence derived in this section to determine whether the 
points P; and P} are sources or sinks. 


22. (a) Are the points P; and Pz sources or sinks for the vector 
field F shown in the figure? Give an explanation based 
solely on the picture. 

(b) Given that F(x, y) = (x, y*), use the definition of 
divergence to verify your answer to part (a). 


FÑ 23-24 Plot the vector field and guess where div F > 0 and 
where div F < 0. Then calculate div F to check your guess. 


23. F(x, y) = (xy, x + y’) 24. F(x, y) = (x’, y’) 
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£Q 
|x]? 


25. Verify that div E = 0 for the electric field E(x) = x. 


26. Use the Divergence Theorem to evaluate 


ji (2x + 2y + z°) dS 
s 


where S is the sphere x? + y? + 7° = 1. 


27-32 Prove each identity, assuming that S and E satisfy the 
conditions of the Divergence Theorem and the scalar functions 
and components of the vector fields have continuous second- 
order partial derivatives. 


27. Í a+ nas =0, where ais a constant vector 

28. i = sff E - dS, where F(x, y,z) = xi +yj+zk 

29. aa 30. fÍ Da fas = fff Vrav 
5 s È 

31. J] Aa -nas = if (f Vg + Vf- Vg) dV 


32. |f (¢Vg — gVf) nas = fÍ] (£V'9 — gV*f) av 
Ss E 


33. Suppose S and E satisfy the conditions of the Divergence 
Theorem and f is a scalar function with continuous partial 
derivatives. Prove that 


|] a dS = I) VfdVv 


These surface and triple integrals of vector functions are 
vectors defined by integrating each component function. 
[Hint: Start by applying the Divergence Theorem to F = fe, 
where ¢ is an arbitrary constant vector. ] 


34. A solid occupies a region E with surface S and is immersed 
in a liquid with constant density p. We set up a coordinate 
system so that the xy-plane coincides with the surface of the 
liquid, and positive values of z are measured downward into 
the liquid. Then the pressure at depth z is p = pgz, where g 
is the acceleration due to gravity (see Section 8.3). The total 
buoyant force on the solid due to the pressure distribution is 
given by the surface integral 


F = -ff pnas 
S. 


where n is the outer unit normal. Use the result of Exer- 
cise 33 to show that F = — Wk, where W is the weight of 
the liquid displaced by the solid. (Note that F is directed 
upward because z is directed downward.) The result is 
Archimedes’ Principle: the buoyant force on an object 
equals the weight of the displaced liquid. 
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16.10 | Summary 


The main results of this chapter are all higher-dimensional versions of the Fundamental 
Theorem of Calculus. To help you remember them, we collect them together here (with- 
out hypotheses) so that you can see more easily their essential similarity. Notice that in 
each case we have an integral of a “derivative” over a region on the left side, and the right 
side involves the values of the original function only on the boundary of the region. 


Curves and their boundaries (endpoints) 


b LS 
Fundamental Theorem of Calculus i F'(x) dx = F(b) — F(a) a b 
r(b) 
Fundamental Theorem for Line Integrals Í Vf: dr = fir(b)) — f(r(a)) ee eal 
c 
Surfaces and their boundaries 
C 
aQ aP 
Green’s Theorem [f dA = f P dx + Q dy 
Ox oy c 
D 


Stokes’ Theorem ff curl F - dS = f F-:dr f S F 
S Se. 9 
CŒ 


Solids and their boundaries 


Divergence Theorem 


M |p 
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EJ review 


CONCEPT CHECK 


CHAPTER 16 Review 1209 


Answers to the Concept Check are available at StewartCalculus.com. 


1. What is a vector field? Give three examples that have physical 
meaning. 


2. (a) What is a conservative vector field? 
(b) What is a potential function? 


3. (a) Write the definition of the line integral of a scalar func- 
tion f along a smooth curve C with respect to arc length. 

(b) How do you evaluate such a line integral? 

(c) Write expressions for the mass and center of mass of a 
thin wire shaped like a curve C if the wire has linear 
density function p(x, y). 

(d) Write the definitions of the line integrals along C of a 
scalar function f with respect to x, y, and z. 

(e) How do you evaluate these line integrals? 


4. (a) Define the line integral of a vector field F along a smooth 
curve C given by a vector function r(t). 
(b) If F is a force field, what does this line integral represent? 
(c) If F = (P, Q, RY, what is the connection between the line 
integral of F and the line integrals of the component 
functions P, Q, and R? 


5. State the Fundamental Theorem for Line Integrals. 


6. (a) What does it mean to say that fe F - dr is independent 
of path? 
(b) If you know that fe F - dr is independent of path, what 
can you say about F? 


7. State Green’s Theorem. 


8. Write expressions for the area enclosed by a curve C in terms 
of line integrals around C. 


9. Suppose F is a vector field on R°. 
(a) Define curl F. (b) Define div F. 


TRUE-FALSE QUIZ 


10. 


11. 


12. 


13. 


14 


15 


16. 


(c) If F is a velocity field in fluid flow, what are the physical 
interpretations of curl F and div F? 


IfF = Pi + Q j, how do you determine whether F is conser- 
vative? What if F is a vector field on R*? 


(a) What is a parametric surface? What are its grid curves? 
(b) Write an expression for the area of a parametric surface. 
(c) What is the area of a surface given by an equation 


(a) Write the definition of the surface integral of a scalar 
function f over a surface S. 

(b) How do you evaluate such an integral if S is a parametric 
surface given by a vector function r(u, v)? 

(c) What if S is given by an equation z = g(x, y)? 

(d) If a thin sheet has the shape of a surface S, and the 
density at (x, y, z) is p(x, y, z), write expressions for the 
mass and center of mass of the sheet. 


(a) What is an oriented surface? Give an example of a non- 
orientable surface. 

(b) Define the surface integral (or flux) of a vector field F 
over an oriented surface § with unit normal vector n. 

(c) How do you evaluate such an integral if S is a parametric 
surface given by a vector function r(u, v)? 

(d) What if S is given by an equation z = g(x, y)? 


State Stokes’ Theorem. 
State the Divergence Theorem. 


In what ways are the Fundamental Theorem for Line Inte- 
grals, Green’s Theorem, Stokes’ Theorem, and the Diver- 
gence Theorem similar? 


Determine whether the statement is true or false. If it is true, 
explain why. If it is false, explain why or give an example that dis- 
proves the statement. 


1. If F is a vector field, then div F is a vector field. 
2. If F is a vector field, then curl F is a vector field. 


3. If f has continuous partial derivatives of all orders on Rê, 
then div(curl Vf) = 0. 


4. If f has continuous partial derivatives on R? and C is any 
circle, then |. Vf + dr = 0. 


If F = Pi + Qjand P, = Q, in an open region D, then F is 
conservative. 


J-e f(x, y) ds = -fe f(x, y) ds 
If F and G are vector fields and divF = divG, then F = G. 


The work done by a conservative force field in moving a 
particle around a closed path is zero. 


If F and G are vector fields, then 
curl(F + G) = curl F + curl G 
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10. 


11. 


If F and G are vector fields, then 
curl(F - G) = curl F + curl G 


If S is a sphere and F is a constant vector field, then 
JÍ E © dS = 0. 


EXERCISES 


12. There is a vector field F such that 
curl F =xi+yj+zk 


13. The area of the region bounded by the positively oriented, 


piecewise smooth, simple closed curve C is A = do y dx. 


1. 


A vector field F, a curve C, and a point P are shown. 
(a) Is fe F - dr positive, negative, or zero? Explain. 


(b) Is div F(P) positive, negative, or zero? Explain. 


2-9 Evaluate the line integral. 


2. 


. fey? dx + x? dy, Cis the arc of the parabola x = 1 — y 


fe xds, 
C is the arc of the parabola y = x? from (0, 0) to (J, 1) 


| fe yz cos x ds, 


C:x=t, y= 3 cost, z=3sint,OSt=7 


. foy dx + (x + y?) dy, Cis the ellipse 4x” + 9y? = 36 


with counterclockwise orientation 


2 


from (0, —1) to (0, 1) 


| fe vxy dx + e’ dy + xz dz, 


Cis givenbyr(t) = tti + e?rjyt+teko<r<1 


. [oxy dx + y? dy + yz dz, 


C is the line segment from (1, 0, —1), to (3, 4, 2) 


. {oF + dr, where F(x, y) = xyi + x° j and C is given by 


rif) = sinti + (1 +0j,0<t<7 


. [oF + dr, where F(x, y, z) = eři + xzj + (x + y) k and 


Cis given by r(A = Pit rj-—tkO<tr<1 


10. 


Find the work done by the force field 


F(x, y,z) =zit+xjt+yk 


in moving a particle from the point (3, 0, 0) to the point 
(0, 7/2, 3) along each path. 

(a) A straight line 

(b) The helix x = 3 cos t, y = t, z = 3 sin t 


11-12 Show that F is a conservative vector field. Then find a 
function f such that F = Vf. 


11. F(x, y) = (1 + xy)je” i + (e? + xe”) j 


12. F(x, y, z) = sin yi + xcos yj — sin z k 


13-14 Show that F is conservative and use this fact to evaluate 

[c E + dr along the given curve. 

13. F(x, y) = (4x°y? — 2xy°) i + (Qxty — 3x°y? + 4y°)j, 
C: r(t) = (t + sin wt)i + (2t + cos mtj, OS t<1 


14. F(x, y, z) = ei + (xe + e*)j + ye’k, 
C is the line segment from (0, 2, 0) to (4, 0, 3) 


15. Verify that Green’s Theorem is true for the line integral 
fe xy? dx — x° y dy, where C consists of the parabola y = x? 
from (—1, 1) to (1, 1) and the line segment from (1, 1) 
to (—1, 1). 


16. Use Green’s Theorem to evaluate 


{v1 + x3 dx + 2xydy 


where C is the triangle with vertices (0, 0), (1, 0), and (1, 3). 


17. Use Green’s Theorem to evaluate fe x°y dx — xy*dy, 
where C is the circle x? + y? = 4 with counterclockwise 
orientation. 


18. Find curl F and div F if 
F(x, y,z) = e~“ sinyi + e” sinzj + e” sinxk 
19. Show that there is no vector field G such that 
curl G = 2xi + 3yzj — xz’ k 


20. If F and G are vector fields whose component functions have 
continuous first partial derivatives, show that 


curl(F X G) = F div G — G div F + (G-: V)F — (F: V)G 


21. If C is any piecewise-smooth simple closed plane curve 
and f and g are differentiable functions, show that 
Jo f(x) dx + g(y) dy = 0. 
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22. 


23. 


24. 


25. 


26. 


27- 
27. 


28. 


29. 


30. 


If f and g are twice differentiable functions, show that 


V*(fg) =fV'9 + gV*f + 2VfF > Vg 


If f is a harmonic function, that is, V°f = 0, show that the 
line integral | jf; dx — fı dy is independent of path in any sim- 
ple region D. 


(a) Sketch the curve C with parametric equations 


x = cost y = sint z=sint 0<t<27 


(b) Find [.2xe?dx + (2x°e*” + 2y cot z) dy — y*csc*z dz. 


Find the area of the part of the surface z = x? + 2y that lies 
above the triangle with vertices (0, 0), (1, 0), and (1, 2). 


(a) Find an equation of the tangent plane at the point 
(4, —2, 1) to the parametric surface S given by 
r(u, v) = v’ i- uvj + u’ k 
O<uS3,-3 S03 
(b) Graph the surface S and the tangent plane found in 


part (a). 
(c) Set up, but do not evaluate, an integral for the surface 


area of S. 
(d) If 
z? x? y’ 
F i+ j + 
(x, y, z) rEg +y? l+7 


use a computer algebra system to find fs F - dS correct 
to four decimal places. 


30 Evaluate the surface integral. 


[fsz dS, where S is the part of the paraboloid z = x? + y? 
that lies under the plane z = 4 


[Ís (x°z + y?z) dS, where S is the part of the plane 
z = 4 + x + y that lies inside the cylinder x? + y? = 4 


[Í F © dS, where F(x, y, z) = xzi — 2yj + 3x k and Sis 
the sphere x? + y? + z* = 4 with outward orientation 


JÍ, E © dS, where F(x, y, z) = x°i + xyj + z k and S is the 
part of the paraboloid z = x? + y* below the plane z = 1 
with upward orientation 


31. 


32. 


Verify that Stokes’ Theorem is true for the vector field 

F(x, y, z) = x?i + y?j + z’k, where S is the part of the 
paraboloid z = 1 — x? — y’ that lies above the xy-plane and 
S has upward orientation. 


Use Stokes’ Theorem to evaluate ff curl F + dS, where 
F(x, y, z) = x?yzi+ yz?j + ze*’k, S is the part of the 
sphere x? + y? + z? = 5 that lies above the plane z = 1, 
and S is oriented upward. 


CHAPTER 16 Review 1211 


33. Use Stokes’ Theorem to evaluate fe F - dr, where 
F(x, y, z) = xyi + yzj + zx k and C is the triangle with 
vertices (1, 0, 0), (0, 1, 0), and (0, 0, 1), oriented counter- 
clockwise as viewed from above. 


34. Use the Divergence Theorem to calculate the surface inte- 
gral |f, F + dS, where F(x, y, z) = x°i + y°j + z°k and S 
is the surface of the solid bounded by the cylinder 
x? + y? = | and the planes z = 0 and z = 2. 


35. Verify that the Divergence Theorem is true for the vector 
field F(x, y, z) = xi + yj + zk, where £ is the unit ball 
Yey zai: 


36. Compute the outward flux of 


xi+yj+zk 
(x? Ae y? oh 77)? 


F(x, y, z) = 


through the ellipsoid 4x? + 9y* + 6z* = 36. 
37. Let 
F(x, y, z) 3y)i + 


Evaluate |. F + dr, where C is the curve with initial point 
(0, 0, 2) and terminal point (0, 3, 0) shown in the figure. 


(3x? yz (x¢z — 3x)j + (ty + 2z)k 


38. Let 


(2x3 + 2xy? 


2y)i + (2y? + 2x?y + 2x)j 
ety? 


F(x, y) 


Evaluate be F - dr, where C is shown in the figure. 


BY 
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39. Find ff; F © n dS, where F(x, y, z) = xi + yj + z k and Sis 40. If the components of F have continuous second partial deriva- 
the outwardly oriented surface shown in the figure (the tives and S is the boundary surface of a simple solid region, 
boundary surface of a cube with a unit corner cube removed). show that f|, curl F - dS = 0. 


41. If ais a constant vector, r = xi + yj + zk, and Sis an ori- 
ented, smooth surface with a simple, closed, smooth, posi- 
tively oriented boundary curve C, show that 


f 2a - as = f (a x r) + dr 


S 
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Problems Plus 


1. 


FIGURE FOR PROBLEM 1 


[vs 
crankshaft 


FIGURE FOR PROBLEM 6 


Let S be a smooth parametric surface and let P be a point such that each line that starts 

at P intersects S at most once. The solid angle O(S) subtended by S at P is the set of lines 
starting at P and passing through S. Let S(a) be the intersection of O(S) with the surface of 
the sphere with center P and radius a. Then the measure of the solid angle (in steradians) is 
defined to be 


area of S(a) 
a 


| Q(S)| = 


Apply the Divergence Theorem to the part of Q (S) between S(a) and S to show that 


19%) = ff 


where r is the radius vector from P to any point on S, r = |r 
directed away from P. 

This shows that the definition of the measure of a solid angle is independent of the radius a 
of the sphere. Thus the measure of the solid angle is equal to the area subtended on a unit 
sphere. (Note the analogy with the definition of radian measure.) The total solid angle sub- 
tended by a sphere at its center is thus 47 steradians. 


r 


“n 
= ds 


, and the unit normal vector n is 


Find the positively oriented simple closed curve C for which the value of the line integral 


[o — y) ax — 288 dy 
is a maximum. 


Let C be a simple closed piecewise-smooth space curve that lies in a plane with unit normal 
vector n = (a, b, c) and has positive orientation with respect to n. Show that the plane area 
enclosed by C is 


al. (bz — cy) dx + (cx — az) dy + (ay — bx) dz 


Investigate the shape of the surface with parametric equations x = sin u, y = sin v, 

z = sin(u + v). Start by graphing the surface from several points of view. Explain the 
appearance of the graphs by determining the traces in the horizontal planes z = 0, z = +1, 
andz==+ 5. 


Prove the following identity: 
V(F - G) =(F-V)G + (G: V)F + F X curl G + G X curl F 


The figure depicts the sequence of events in each cylinder of a four-cylinder internal combus- 
tion engine. Each piston moves up and down and is connected by a pivoted arm to a rotating 
crankshaft. Let P(t) and V(t) be the pressure and volume within a cylinder at time 

t, where a <S t < b gives the time required for a complete cycle. The graph shows how P and 
V vary through one cycle of a four-stroke engine. 

During the intake stroke (from ® to @) a mixture of air and gasoline at atmospheric pres- 
sure is drawn into a cylinder through the intake valve as the piston moves downward. Then 
the piston rapidly compresses the mix with the valves closed in the compression stroke (from 
© to ®) during which the pressure rises and the volume decreases. At ® the sparkplug ignites 
the fuel, raising the temperature and pressure at almost constant volume to ®. Then, with 
valves closed, the rapid expansion forces the piston downward during the power stroke (from 
® to ©). The exhaust valve opens, temperature and pressure drop, and mechanical energy 
stored in a rotating flywheel pushes the piston upward, forcing the waste products out of the 


1213 
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ZA 


FIGURE FOR PROBLEM 7 


1214 


exhaust valve in the exhaust stroke. The exhaust valve closes and the intake valve opens. 
We’re now back at @ and the cycle starts again. 
(a) Show that the work done on the piston during one cycle of a four-stroke engine is 

W = |. P dV, where C is the curve in the PV-plane shown in the figure. 

[Hint: Let x(t) be the distance from the piston to the top of the cylinder and note that 
the force on the piston is F = AP (f) i, where A is the area of the top of the piston. Then 
W= fe F - dr, where C; is given by r(f) = x(t) i, a S t < b. An alternative approach is 
to work directly with Riemann sums. ] 

(b) Use Formula 16.4.5 to show that the work is the difference of the areas enclosed by the 
two loops of C. 


. The set of all points within a perpendicular distance r from a smooth simple curve C in R° 


form a “tube,” which we denote by Tube (C, r); see the figure at the left. (We assume that r is 
small enough that the tube does not intersect itself.) It may seem that the volume of such a 
tube would depend on the twists and turns of C, but in this problem you will find a formula 
for the volume of Tube(C, r) which, perhaps surprisingly, depends only on r and the length of 
C. We assume that C is parameterized with respect to arc length s as r(s), where a S s < b, 
so the arc length of C is L = b — a. 

(a) Show that the surface of Tube(C, q) is parameterized by 


X(u, v) = r(u) + q cos v N(u) + q sin v B(u) axuxb,0<v<27 
where N and B are the unit normal and binormal vectors for C. 
(b) Use the Frenet-Serret Formulas (Exercises 13.3.71—72) and the Pythagorean Theorem for 
vectors (Exercise 12.3.66) to show that 
| X,(u, v) X X,(u, v)| = q[1 — Ku) q cos v] 
and so the surface area of Tube(C, q) is 


S(q) = i r | X,(u, v) X X,(u, v) | dv du = 2mqL 


(c) Consider a thin tubular shell of radius q and thickness Aq along C, a cross-section of 
which is shown in the figure. 


Observe that the volume of the shell is approximately Aq S(q) and conclude that the 
volume of Tube (C, r) is 


N S(q) dq = mr’L 


(d) Find the volume of a tube of radius r = 0.2 around the helix r(t) = (cos t, sin t, t}, 
0O<t S47. 
(e) Find the volume of the torus in Example 8.3.7. 


Source: Adapted from A. Gray, Tubes, 2nd ed. (Basel; Boston: Birkhauser, 2004). 
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algebraic vector, 839 
allometric growth, 628 
alternating harmonic series, 767, 770 
alternating series, 765, 768, 769 
Alternating Series Estimation Theorem, 
768, 769 
Alternating Series Test, 766, 768, 780 
Ampeéere’s Law, 1144 
analytic geometry, A11 
angle, A24 
between curves, 277 


linear, 254, 976, 980 

by the Midpoint Rule, 391, 530 

by Newton’s method, 351 

by an nth-degree Taylor 
polynomial, 258 

polynomial, 260 

quadratic, 260 

by Riemann sums, 386 

by Simpson’s Rule, 534, 535 

tangent line, 254 

by Taylor polynomials, 811, 812 

by Taylor’s inequality, 812, 814 

by the Trapezoidal Rule, 531 


arrow diagram, 9 
astroid, 215, 673 
asymptote(s), 321, 322 

in graphing, 321 

horizontal, 127, 128, 321 

of a hyperbola, 706, A20 

slant, 321, 326 

vertical, 89 90, 321 
asymptotic curve, 329 
autonomous differential equation, 616 
average blood alcohol 

concentration (BAC), 208 

average cost function, 346 


of deviation, 289 

negative, A25 

between planes, 869 

positive, A25 

standard position, A25 

between vectors, 848, 849 
angular momentum, 925 
angular speed, 918 
antiderivative, 356, 357 
antiderivatives, graphing, 360 
antidifferentiation formulas, 358 
aphelion, 716 
apolune, 709 
application(s) 

areas between curves, 441 


Archimedes, 97, 418 
Archimedes’ Principle, 481, 1207 
arc length 
of a curve, 560 
of a parametric curve, 676 
of a polar curve, 697 
of a space curve, 904 
arc length contest, 567 
arc length formula, 561 
arc length formula for a space 
curve, 904 
arc length function, 563, 905 
arc length function for a parametric 
curve, 678 
arcsine function, 62 


average productivity, 238 

average rate of change, 146, 225 

average speed of molecules, 551 

average value of a function, 473, 594, 1047 
over a solid region, 1095 

average velocity, 4, 80, 143, 226 

axes, coordinate, 830, All 

axes of an ellipse, A19 

axis of a parabola, 703 


bacterial growth, 631, 636 
Barrow, Isaac, 3, 97, 152, 399, 404, 418 
base of a cylinder, 447 
base of a logarithm, 57, A51 
change of, 60 
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baseball and calculus, 476 
basis vectors, 841 
Bernoulli, James, 621, 646 
Bernoulli, John, 311, 319, 621, 796, 800 
Bernoulli differential equation, 646 
Bessel, Friedrich, 791 
Bessel function, 216, 791 
Bézier, Pierre, 684 
Bézier curves, 666, 684 
binomial coefficients, 803 
binomial series, 803 
discovery by Newton, 811 
binomial theorem, 175, 526, 811, RP1 
binormal vector, 909, 911 
biology, rates of change in, 230 
bird, minimizing energy of, 350 
blackbody radiation, 820 
blood flow, 232, 348, 588 
body mass index (BMI), 949, 965 
Bohr radius, 599 
boundary curve 
in double integrals, 1052 
positively oriented, 1154, 1195 
bounded sequence, 732, 733 
bounded set, 1014 
Boyle’s Law, 236, 253 
brachistochrone problem, 667 
Brahe, Tycho, 921 
branches of a hyperbola, 706, A20 
Buffon’s needle problem, 604 
bullet-nose curve, 206 


C! transformation, 1109 
cable (hanging), 262 
calculator, graphing with 329, 690 
calculus, 8 
differential, 4 
integral, 3 
invention of, 8 
calculus of rainbows, 289 
cancellation equations 
for inverse functions, 56 
for inverse trigonometric functions, 
58, 62 
for logarithms, 57 
can, minimizing manufacturing cost 
of, 349 
Cantor, Georg, 750 
Cantor set, 750 
capital formation, 591 
cardiac output, 589 
cardioid, 215, 688 


carrying capacity, 238, 301, 318, 607, 633 


Cartesian coordinate system, 684, 
688, All 
relationship to polar coordinates, 686 


Cartesian plane, A11 
Cassini, Giovanni, 694 
catenary, 262, 566, 846 
Cauchy, Augustin-Louis, 109, 1044, 
1111, A47 
Cauchy principal value of an 
integral, 551 
Cauchy-Schwarz Inequality, 854, 1028 
Cauchy’s Mean Value Theorem, A47 
Cavalieri, 535 
Cavalieri’s principle, 459 
center of curvature, 910 
center of gravity, 578. See also center 
of mass 
center of mass, 558, 578, 1070, 
1071, 1134 
of a lamina, 1071 
of a plate, 581 
of a solid, 1091 
of a surface, 1184 
of a wire, 1134 
centripetal acceleration, 930 
centripetal force, 930 
centroid, 580 
of a curve, 586 
of a plane region, 562 
of a solid, 1091 
Chain Rule, 199, 200, 201, 205 
for several variables, 985, 
987, 988 
change of base, formula for, 60 
change of variable(s) 
in a double integral, 1109, 1112 
in integration, 419 
in a triple integral, 1097, 1098, 1104, 
1114, 1115 
chaotic behavior of a sequence, 738 
charge, electric, 228, 1070, 1091 
charge density, 1070, 1091 
chemical reaction, 229 
circle, A16 
area of, 502 
equation of, A17 
osculating, 910 
circle of curvature, 910 
circular cylinder, 447 
circular paraboloid, 880 
circulation of a velocity field, 1198 
cissoid of Diocles, 215, 671, 693 
Clairaut, Alexis, 967 
Clairaut’s Theorem, 967, A2 
Clarke, Author C., 926 
Clarke geosynchronous orbit, 926 
clipping planes, 874 
closed curve, 1146 
closed interval, A3 


Closed Interval Method, 282 
for a function of two variables, 
1014, 1015 
closed set, 1014 
closed surface, 1188 
Cobb, Charles, 936 
Cobb-Douglas production function, 937, 
943, 973, 1027 
graph of, 938 
level curves for, 943 
cochleoid, 720 
coefficient(s) 
binomial, 803 
of friction, 198, 288 
of inequality, 445 
leading, 25 
of a polynomial, 25 
of a power series, 782 
of a series, 782 
of static friction, 887 
coffee cups as surfaces of 
revolution, 587 
collision and intersection 
of particles, 671 
of particles in space, 897 
collision point, 671 
combinations of functions, 40 
comets, orbits of, 718 
common polar curves, 691 
common ratio of a geometric series, 742 
comparison properties of the integral, 393 
comparison test for improper 
integrals, 548 
Comparison Test for series, 760, 779 
Comparison Theorem for 
integrals, 548 
Completeness Axiom, 734 
component of b along a, 851 
component function, 890, 1125 
components of acceleration, 919 
components of a vector, 838, 851, 919 
composition of functions, 41, 200 
continuity of, 121, 958 
derivative of, 201 
compound interest, 241, 317 
compressibility, 230 
concavity, 300 
Concavity Test, 300, A47 
concentration, 229, 289 
conchoid, 668, 693 
conditionally convergent series, 769, 
770, 774 
conductivity (of a substance), 1192 
conductivity, thermal, 629 
cone, 702, 879 
parametrization of, 1174 
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conic section, 702, 711 
directrix, 703, 711 
eccentricity, 711 
focus, 703, 704, 711 
in polar coordinates, 711 
polar equation, 713 
shifted, 707, A21 
unified description, 711 
vertex (vertices), 703 
conics, 702 
connected region, 1113 
conservation of energy, 1150 
conservative vector field, 1129, 1147, 
1148, 1163 
constant force, 852 
constant function, 174 
Constant Multiple Law of limits, 
95, 728 
Constant Multiple Rule, 177 
constant spring, 468 
constraint, 1020, 1025 
consumer surplus, 587 
continued fraction expansion, 738 
continuity 
of a function, 115 
of a function of three variables, 959 
of a function of two variables, 957 
on an interval, 118 
from the left or right, 117 
of a vector function, 891 
continuous function, 98, 115 
integration of, 520 
continuous random variable, 592 
contour curves, 939 
contour map, 939, 940 
convergence 
absolute, 774 
conditional, 774 
of an improper integral, 543, 546 
interval of, 783 
radius of, 783 
of a sequence, 726 
of a series, 740 
convergent improper integral, 
546, 549 
convergent sequence, 726, 740 
convergent series, 740 
properties of, 728, 746 
conversion of coordinates 
cylindrical to rectangular, 1096 
rectangular to cylindrical, 1096 
rectangular to spherical, 1102 
spherical to rectangular, 1102 
cooling tower, hyperbolic, 881 
coordinate axes, 830, All 
coordinate planes, 830 


coordinate system, A2 

Cartesian, A11 

cylindrical, 1096 

polar, 684 

rectangular, A11 

spherical, 1102 

three-dimensional rectangular, 830, 831 
coplanar vectors, 860 
Coriolis acceleration, 929 
corner reflector, 846 
Cornu’s spiral, 682 
cosine function, A26 

derivative of, 194 

graph of, 30, A33 

power series for, 800, 802 
cost, marginal, 233 
cost function, 233, 341 
Coulomb’s constant, 819 
Coulomb’s Law, 328 
critical number, 282, 284 
critical point(s), 1009, 1019 
cross product, 855 

direction of, 857 

geometric characterization of, 858 

length of, 857 

magnitude of, 858 

properties of, 857, 859 
cross-section, 447 
cross-section of a surface, 875 
cubic function, 26 
curl of a vector field, 1161, 1162 
current, 228 
curvature, 683, 906, 907, 908, 911 
curvature of a plane parametric 

curve, 914 

curve(s), 664 

angle between, 277 

area between, 436 

asymptotic, 328 

Bézier, 666, 684 

boundary (see boundary curve) 

bullet-nose, 206 

cissoid of Diocles, 693 

closed, 1146 

contour, 939 

Cornu’s spiral, 682 

demand, 587 

devil’s, 213 

dog saddle, 949 

Ebbinghaus forgetting curve, 239 

epicycloid, 673 

equipotential, 949 

families of implicit, 217 

grid, 1172 

helix, 892, 900 

learning, 234, 612, 647 
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length of, 560, 904 
level, 939 
longbow, 670 
monkey saddle, 949 
orientation of, 1136, 1154 
orthogonal, 216 
ovals of Cassini, 694 
parametric, 662 
piecewise-smooth, 1133 
polar, 691 
serpentine, 190 
simple, 1147 
smooth, 560, 906 
space, 891 
strophoid, 700, 721 
swallowtail catastrophe, 672 
toroidal spiral, 893 
trochoid, 670 
twisted cubic, 894 
witch of Maria Agnesi, 671 
curve fitting, 23 
curve-sketching 303, 
procedure for, 320 
cusp, 673 
cycloid, 666 
cylinder, 4, 832, 875 
parabolic, 875 
parametrization of, 1173 
rulings of, 875 
cylinders, intersection of, 1101 
cylindrical coordinate system, 1096 
conversion equations for, 1096 
triple integrals in, 1097 
cylindrical coordinates, 1096 
cylindrical shell, 460, 463 
cylindrical shells, method of, 460 


decay, exponential, 239 
decay, law of natural, 239 
decay, radioactive, 241 
decreasing function, 16, 17 
decreasing sequence, 732 
definite integral, 384 
evaluating, 387 
properties of, 391 
review of, 1038 
Substitution Rule for, 423 
of a vector function, 901 
definite integration 
by parts, 486, 487, 488, 489 
by substitution, 423 
degree of a polynomial, 25 
del (V), 997, 999 
delta (A) notation, 146 
demand curve, 341, 587 
demand function, 341, 587 
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density 
of a lamina, 1069 
linear, 228, 413 
liquid, 576 
mass vs. weight, 576 
of a solid, 1091 
dependent variable, 9, 934, 987 
derivative(s), 140, 144 
of a composite function, 200 
of a constant function, 174 
directional (see directional derivative) 
domain of, 153 
of an even function, 165 
of exponential functions, 174, 204, 
A56 
as a function, 153 
higher, 159 
higher partial, 966 
of hyperbolic functions, 261, 263 
of an increasing or decreasing 
function, 297 
of an integral, 399 
of an inverse function, 217 
of an inverse hyperbolic function, 265 
of inverse trigonometric functions, 
217, 220, 223 
left-hand, 165 
of logarithmic functions, 217, A57 
of natural exponential function, 180 
normal, 1169 
notation, 156, 963 
of an odd function, 165 
partial, 961 
of a polynomial, 174 
of a power function, 174 
of a power series, 789 
of a product, 185, 186 
of a quotient, 187 
as arate of change, 140 
right-hand, 165 
second, 159, 900 
second directional, 1007 
second partial, 967 
and the shape of a graph, 296 
as the slope of a tangent, 140, 147 
third, 160 
of trigonometric functions, 191, 194 
of a vector function, 898, 900 
Descartes, René, Al 1 
descent of aircraft, determining 
start of, 209 
determinant, 855, 856 
deviation, angle of, 289 
devil’s curve, 215 
Difference Law of Limits, 95, 728 
difference quotient, 10 


Difference Rule, 178 
difference of vectors, 838 
differentiable function, 156 
failure to be, 158 
of two variables, 977 
differential, 254, 256, 420, 979, 981 
differential calculus, 4 
differential equation, 183, 239, 359, 605, 
606, 608, 609 
autonomous, 616 
Bernoulli, 646 
family of solutions, 606, 607, 610 
first-order, 608 
general solution of, 610 
linear, 642 
logistic, 633 
modeling population growth with, 606 
order of, 608 
partial, 968 
second-order, 608 
separable, 621 
solution of, 608 
differentiation, 156, 173 
formulas for, 189, RPS 
formulas for vector functions, 900 
implicit, 209, 210, 966, 990 
as an inverse process of integration, 405 
logarithmic, 220 
partial, 961, 962, 963, 966 
of a power series, 788 
term-by-term, 788 
of a vector function, 898, 900 
differentiation operator, 156 
diffusion equation, 972 
Direct Comparison Test, 760 
Direct Substitution Property, 98 
directed line segment, 836, 839 
direction angles, 850 
direction cosines, 850 
direction field, 612, 613 
direction of most rapid decrease, 1006 
direction numbers, 866 
directional derivative, 994, 995, 
996, 999 
maximum value of, 1000 
second, 1007 
of a temperature function, 994, 996 
directrix, 703, 711 
discharge (flux), 589 
discontinuity, 115, 116 
discontinuous function, 115 
discontinuous integrand, 546 
disk method for approximating 
volume, 449 
disks and washers vs. cylindrical shells, 
computing volume by, 463 


dispersion, 289 
displacement, 143, 413 
displacement vector, 836, 837, 852 
distance 
between parallel planes, 871, 874 
between point and line in space, 
854, 863 
between point and plane, 863, 
870, 871 
between points in a plane, A11 
between points in space, 833 
between real numbers, A7 
between skew lines, 871 
distance formula, A12 
in three dimensions, 833 
distance problem, 379 
distinct linear factors, 508 
divergence 
of the harmonic series, 750 
of an improper integral, 543, 546 
of an infinite series, 740 
of a sequence, 726 
of a vector field, 1165 
Divergence, Test for, 744, 779 
Divergence Theorem, 1201, 1208 
divergent improper integral, 543, 546 
divergent sequence, 726 
divergent series, 740 
division of power series, 807 
DNA, helical shape of, 892 
dog saddle, 949 
domain, determining in curve sketching, 
320, 322 
domain convention, 13 
domain of a function, 8 
of three variables, 944 
of two variables, 934 
of a vector function, 890 
domain sketching, 934 
doomsday equation, 640 
Doppler effect, 993 
dot product, 847 
in component form, 847 
properties of, 848 
in vector form, 848 
double-angle formulas, A29 
double helix, 892 
double integral(s), 1038, 1040 
applications of, 1069 
change of variables in, 1063, 
1109, 1112 
over general regions, 1051 
Midpoint Rule for, 1042 
in polar coordinates, 1063, 
1064, 1065 
properties of, 1058, 1059 
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over rectangles, 1038 
volumes and, 1038 
double Riemann sum, 1041 
Douglas, Paul, 936 
drug response curve, 308 
dye dilution method, 589 


e (the number), 50, 180, A54 

as a limit, 221 

as a sum of an infinite series, 800 
Ebbinghaus, Hermann, 239 
Ebbinghaus forgetting curve, 239 
eccentricity, 711 
economic applications, rates of 

change in, 233 
Einstein’s theory of special 
relativity, 815 

electric charge, 1070, 1091 
electric circuit, 620, 623, 644 
electric current to a pulse laser, 79 
electric field (force per unit charge), 1128 
electric field E, 895, 1204 
electric flux, 1191, 1204 
electric force, 1128 
element of a set, A3 
elementary function, integrability of, 521 
elimination of a parameter, 663 
ellipse, 215, 704, 711, A19 

area, 501 

directrix, 711 

eccentricity, 711 

foci, 704, 711 

major axis, 705, 716 

minor axis, 676 

polar equation, 713, 716 

reflection property, 705, 710 

rotated, 216 

vertices, 705 
ellipsoid, 877, 879 
elliptic paraboloid, 879 

parametrization of, 1174 
elusive limit, evaluation of, 810 
empirical model, 23 
end behavior of a function, 139 
endpoint extreme values, 281 
energy 

conservation of, 1150 

kinetic, 477, 1151 

potential, 1151 
epicycloid, 672, 673 
epistola posterior, 811 
epistola prior, 811 
epitrochoid, 682, 722 
equation(s) 

cancellation, 56 

of a circle, A17 


of degree n, 213 
diffusion, 972 
of an ellipse, 705, 713, 716, A19 
of a graph, A16, A17 
heat conduction, 972 
of a hyperbola, 706, 707, 713, A20 
integral, 627 
Laplace’s, 968, 1112 
of a line, A12, A13, A14, A16 
of a line in space, 865 
of a line through two points, 866 
linear, A14 
linear, of a plane, 868 
logistic difference, 738 
logistic differential, 607 
Lotka-Volterra, 649 
nth-degree, 213 
of a parabola, 703, 713, A18 
parametric, 662, 865, 891 
of a plane, 868 
of a plane through three points, 869 
point-slope, A12 
polar, 687, 713 
predator-prey, 649 
second-degree, A16 
of a space curve, 891 
of a sphere, 833 
slope-intercept, A13 
symmetric, 866 
two-intercept form, A16 
van der Waals, 972 
vector, of a line, 865, 867 
wave, 968 
equilateral hyperbola, A21 
equilibrium point, 651 
equilibrium solution, 607, 650 
equipotential curves, 949 
equivalent vectors, 836 
error 
in approximate integration, 532, 533 
percentage, 258 
relative, 258 
in Taylor approximation, 812 
error bounds, 531, 533 
error estimate 
for alternating series, 768 
for the Midpoint Rule, 532, 533 
for Simpson’s Rule, 537 
for the Trapezoidal Rule, 532, 533 
error function, 408 
error tolerance, 106 
escape velocity, 551 


estimate of the sum of a series, 755, 763, 


768, 775 
of an alternating series, 768, 775 
Euclid, 97 
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Eudoxus, 2, 97, 418 
Euler, Leonhard, 52, 279, 618, 752, 
759, 1121 
Euler’s method, 612, 616, 617 
evaluating definite integrals, 387 
even function, 16, 320 
expected values, 1076, 1077 
exponential decay, 239 
exponential function(s), 31, 48, 179, 204, 
A53, A55, RP4 
with base b, A55 
derivative, of 174, 201, A55 
graphs of, 45 
integration of, 389, 419, 420, 805, 806 
limits of, 127, A54 
power series for, 796 
properties of, A54, A56 
exponential graph, 44 
exponential growth, 239, 636 
exponents, laws of, 47, A54, A56 
extended product rule for three 
functions, 191 
extrapolation, 25 
extreme value, 280 
Extreme Value Theorem, 281, 1014 


family 
of epicycloids and hypocycloids, 
672, 673 
of exponential functions, 45 
of functions, 27, 333, 334 
of implicit curves, 217 
of parametric curves, 667 
of polar curves, 694 
of solutions, 606, 607 
fat circles, 214, 567 
Fermat, Pierre, 3, 152, 282, 418, A11 
Fermat’s Principle, 347 
Fermat’s Theorem, 282, 283 
Fibonacci, 725, 737 
Fibonacci sequence, 725, 737 
field 
conservative, 1129, 1147, 1148, 1163 
electric (force per unit charge), 1128 
force, 1124, 1128 
gradient, 1128 
gravitational, 1128, 1145 
incompressible, 1166 
irrotational, 1164 
scalar, 1125 
vector (see vector field) 
velocity, 1124, 1164 
First Derivative Test, 298 
for Absolute Extreme Values, 339 
first-degree Taylor polynomial, 1019 
first octant, 830 
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first-order linear differential equation, 608, 


641, 642 
first-order optics, 817 
fixed point of a function, 172, 296 
floor function, 101 
flow lines, 1131 
fluid flow, 1127, 1164, 1165, 1166, 
1198, 1205 
flux, 589, 1189, 1191 
flux integral, 1189 
FM synthesis, 333 
foci, 704, 706 
focus, 704, 711 
of a conic section, 711 
of an ellipse, 704, 705, 711 
of a hyperbola, 706, 711 
of a parabola, 703, 711 
folium of Descartes, 210, 721 
force, 467 
centripetal, 930 
constant, 852 
exerted by fluid, 577 
resultant, 842 
torque, 861, 925 
force field, 1124, 1128 
Fourier, Joseph, 234 
Fourier series, finite, 500 
four-leaved rose, 689 
fractions (partial), 507, 508 
Frenet-Serret formulas, 915 
Fresnel, Augustin, 402 
Fresnel function, 402 
friction, coefficient of, 198 
frustum, 457, 458 
Fubini, Guido, 1044 
Fubini’s Theorem 
for double integrals, 1044 
for triple integrals, 1083 
function(s), 8 
absolute value, 14 
Airy, 794 
algebraic, 29 
arc length, 560, 905 
arcsine, 62 
area, 398 
arrow diagram of, 9 
average cost, 346 


average value of, 473, 594, 1047, 1095 


Bessel, 216, 791 


Cobb-Douglas production function, 937, 


938, 943, 973, 1027 
combinations of, 40 
component, 890, 1125 
composite, 41, 199, 958 
constant, 174 
continuity of, 115, 891, 957, 959 


continuous, 891, 957, 959 

continuous, integration of, 520 

continuous properties, 117 

cost, 233, 341 

cubic, 26 

decreasing, 16 

demand, 341, 587 

derivative of, 144, 153 

differentiability of, 156, 977 

discontinuous, 115 

domain of, 8, 890, 934, 944 

elementary, 521 

empirical, 23 

end behavior of, 139 

epicycloids, 672 

error, 408 

escape velocity, 629 

even, 16, 165, 320 

exponential, 31, 45, 48, 51, 179, A53, 
A55, RP4 

extreme values of, 280 

family of, 27, 333, 334 

fixed point of, 172, 296 

Fresnel, 402, 408 

Gompertz, 638, 641 

gradient of, 997, 999 

graph of, 9, 937 

greatest integer, 101 

harmonic, 968, 1169 

Heaviside, 45 

homogeneous, 993 

hyperbolic, 263 

implicit, 209 

increasing, 16, 17 

integrable, 1040 

inverse, 54, 55 

inverse cosine, 63 

inverse hyperbolic, 264 

inverse sine, 62 

inverse tangent, 63 

inverse trigonometric, 61, 64, 222, 223 

joint density, 1074, 1091 

limit of, 83, 105, 951, 952, 959 

linear, 22, 937 

logarithmic, 31, 57, A51, A56 

machine diagram of, 11 

marginal cost, 233, 341, 413 

marginal profit, 341 

marginal revenue, 341 

maximum and minimum values of, 
280, 1008 

of n variables, 945 

natural exponential, 51, 180, A53 

natural logarithmic, 59, A51 

nondifferentiable, 158 

normal density, 308 


odd, 16, 165, 320 
one-to-one, 54 
periodic, 321 
piecewise defined, 14 
polynomial, 25 
polynomial, of two variables, 955 
position, 142 
potential, 1129 
power, 27, 174 
power series representation for, 791 
probability density, 592, 1074 
profit, 336 
quadratic, 25 
ramp, 45 
range of, 8 
range, of two variables 934 
rational, 29, 518 
rational, of two variables 955 
reciprocal, 28 
reflected, 37 
representation as a power series, 787 
representation by a Taylor series, 797 
representations of, 8, 10 
revenue, 341 
root, 27 
rules for defining, 13 
of several variables, 934, 944, 
945, 966 
shifted, 37 
signum, 103 
sine integral, 408 
smooth, 560 
step, 16 
stretched, 37 
symmetric, 424 
tabular, 11 
of three variables, 944, 966 
transcendental, 30 
transformation of, 36 
translation of, 37 
trigonometric, 30, A26 
of two variables, 934 
value of, 8, 9 
vector, 890 
function notation, 8 
Fundamental Theorem of Calculus, 
399, 405 
for double integrals, 1154 
for line integrals, 1144 
Part 1, 399, 400 
Part 2, 402, 403 
summary of higher-dimensional 
versions, 1208 
for surface integrals, 1195 
for vector functions, 902 
future value of income, 591 
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G (gravitational constant), 236, 472 
Gabriel’s horn, 551, 574 
Galileo, 667, 676, 703 
Galois, Evariste, 213 
Gause, G. F., 636 
Gauss, Karl Friedrich, 817, 1201, A37 
Gaussian optics, 817 
Gauss’s Law, 1191, 1205 
Gauss’s Theorem, 1201 
general region, integration over, 1052 
geometric series, 742, 779 
geometric vector, 836, 839 
geometry of a tetrahedron, 864 
geosynchronous orbit, 926 
Gibbs, Josiah Willard, 842 
Gini, Corrado, 445 
Gini coefficient, 445 
Gini index, 445 
global maximum and minimum, 280 
Gompertz function, 638, 641 
grad f, 997, 999 
gradient, 997, 999 
gradient, velocity, 732 
gradient vector, 997, 998, 999, 1004 
gradient vector field, 1004, 1128 
graph(s) 
of an equation, A16, A17 
of equations in three dimensions, 
831, 832 
of exponential functions, 46, 179, RP4 
of a function, 9 
of a function of two variables, 937 
of logarithmic functions, 61, 62 
of a parametric curve, 662 
of a parametric surface, 1184 
polar, 687, 691 
of power functions, 27, RP3 
of a sequence, 730 
of a surface, 1184 
of trigonometric functions, 30, A32, RP2 
gravitation law, 236, 472 
gravitational acceleration, 467 
gravitational field, 1128, 1145 
great circle, 1107 
greatest integer function, 101 
Green, George, 1155 
Green’s identities, 1169 
Green’s Theorem, 1154, 1208 
extended versions, 1157 
for a union of simple regions, 
1157, 1158 
vector forms, 1167 
Gregory, James, 200, 497, 535, 
790, 796 
Gregory’s series, 790 
grid curves, 1172 


ground state, 599 
growth, exponential, 239 
growth, law of natural, 239, 631 
growth, population, 240 
growth rate, 239, 413 
relative, 240, 632 
guidelines for curve sketching, 320 
guidelines for integration, 517 


half-angle formulas, A30 
half-life, 48, 241 
half-space, 944 
Halley, Edmund, 931 
Hamilton, Sir William Rowan, 855 
hare-lynx system, 653 
harmonic function, 968, 1169 
harmonic series, 744, 754 
harmonic series, alternating, 767 
heat conduction equation, 972 
heat conductivity, 1192 
heat equation, 972 
heat flow, 1192 
heat index, 961 
Heaviside, Oliver, 86 
Heaviside function, 45 
helix, 892, 900 
hidden line rendering, 875 
higher derivatives, 159 
higher partial derivatives, 967 
homogeneous function, 993 
Hooke’s Law, 468, 607 
horizontal asymptote, 127, 321 
horizontal line, equation of, A13 
Horizontal Line Test, 54 
horizontal plane, 831 
horizontal shift of a function, 37 
Hubble space telescope, 287 
humidex, 947, 961 
Huygens, Christiaan, 667 
hydrostatic pressure and force, 576 
hydro-turbine optimization, 1030 
hyperbola, 215, 706, 711, A20 
asymptotes, 706, A20 
branches, 706, A20 
directrix, 711 
eccentricity, 711 
equation, 706, 707, 713, A20 
equilateral, A21 
foci, 706 711 
polar equation, 713 
reflection property, 710 
vertices, 706 
hyperbolic cosine, 261 
hyperbolic function(s), 261 
derivatives of, 263 
inverse, 264, 265 
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hyperbolic identities, 262 
hyperbolic paraboloid, 878, 879 
hyperbolic sine, 261 

hyperbolic substitution, 503, 504 
hyperboloid, 878, 879, 880, 881 
hypersphere, volume of, 1095 
hypervolume, 1089 
hypocycloid, 672 


i (standard basis vector), 841 
I/D Test, 297 
ideal gas law, 232, 972 
identities 
hyperbolic, 262 
product, for trigonometric integrals, 498 
trigonometric, 500, A28 
image of a point, 1109 
image of a region, 1109 
implicit differentiation, 209, 210, 966, 990 
implicit function, 209, 210 
Implicit Function Theorem, 990, 991 
improper integral, 543, 546 
comparison test for, 548 
convergence or divergence of, 544, 546 
impulse of a force, 477 
incompressible velocity field, 1166 
Increasing/Decreasing Test, 321 
increasing function, 16 
increasing sequence, 732 
increment, 146, 981 
indefinite integral(s), 409 
Substitution Rule for, 419 
table of, 410 
independence of path, 1145, 1146 
independent random variable, 1076 
independent variable, 9, 934, 987 
indeterminate difference, 314 
indeterminate forms of limits, 309, 
313, 314 
indeterminate powers, 315 
indeterminate product, 313 
index of summation, A36 
inequalities, rules for, A4 
inequality, coefficient of, 445 
inertia, moment of. See moment of inertia 
infinite discontinuity, 116 
infinite interval, 542, 543 
infinite limit, 89, 112, 133 
of a sequence, 728 
infinite sequence. See sequence 
infinite series. See series 
inflection point, 301, 321 
initial condition, 610 
initial point 
of a parametric curve, 663 
of a vector, 836 
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initial value of a growth function, 240 
initial-value problem, 610, 632 
inner product, 847 
input of a function machine, 9 
instantaneous rate of change, 80, 
146, 225 
instantaneous rate of growth, 230 
instantaneous rate of reaction, 229 
instantaneous velocity, 81, 143, 226 
integer, A2 
integrable function, 384, 1040 
integral(s) 
approximations to, 390 
change of variables in, 419, 1064, 
1097, 1103 
comparison properties of, 393 
conversion to cylindrical coordinates, 
1097, 1098 
conversion to polar coordinates, 1064 
conversion to spherical 
coordinates, 1103 
definite, 384 
definite, review of, 1038 
derivative of, 400 
double (see double integral(s)) 
equation, 627 
evaluation of, 387 
improper, 542 
indefinite, 409, 486 
iterated, 1043 
line (see line integral) 
patterns in, 528 
properties of, 391 
surface (see surface integral) 
of symmetric functions, 424 
table of, 485, 517, 523, RP6-10 
trigonometric, 493 
triple (see triple integral(s)) 
units for, 415 
integral calculus, 3 
integral equation, 627 
integral sign, 384 
Integral Test, 753, 780 
proof of, 757 
integrand, 384, 493 
discontinuous, 546 
integrating factor, 643 
integration, 384, 405 
approximate, 529 
of exponential functions, 
389, 422 
formulas, 485, 517, RP6—10 
indefinite, 409 
limits of, 384 
numerical, 538 
partial, 1043 


by partial fractions, 507 
by parts, 486, 487, 488, 489, 518 
of a power series, 788 
of powers of secant and tangents, 495 
of powers of sine and cosine, 493 
of rational functions, 507 
by a rationalizing substitution, 514 
with respect to x, 436 
with respect to y, 439 
reversing order of, 1043 
over a solid, 1084 
substitution in, 419 
with tables, 523 
techniques of, 485 
with technology, 523, 525 
term-by-term, 788 
of trigonometric functions, 493 
of a vector function, 901 
intercepts, 320, 322, A19 
interest compounded continuously, 243 
Intermediate Value Theorem, 122 
intermediate variable, 987 
interpolation, 25 
interpretations of a derivative, 234 
intersection 
of objects in space, 897 
of planes, 869 
of polar graphs, area of, 696 
of three cylinders, 1101 
intersection and collision of 
particles, 671 
intersection of sets, A3 
interval, A3 
interval of convergence, 783 
intervals of increase or decrease, 322 
invention of calculus, 8 
Newton and Leibniz, priority dispute 
between, 418 
inverse cosine function, 63 
inverse function(s), 54, 55 
inverse hyperbolic functions, 264 
inverse processes, differentiation and 
integration as, 405 
inverse sine function, 62 
inverse square field, 1153 
inverse square law, 28 
inverse tangent function, 63 
inverse transformation, 1110 
inverse trigonometric functions, 61, 62, 
217, 222, 223 
involute, 684 
irrational number, A2 
irreducible quadratic factor, 511 
repeated, 513 
irrotational vector field, 1164 
isobar, 940 


isothermal, 940 
isothermal compressibility, 230 
iterated integral, 1043 


j (standard basis vector), 841 
Jacobi, Carl Gustav Jacob, 1111 
Jacobian of a transformation, 1111 
jerk, 161 
joint density function 

of three variables, 1091 

of two variables, 1074 
joule, 467 
jump discontinuity, 116 


k (standard basis vector), 841 
kampyle of Eudoxus, 215 
Kepler, Johannes, 715, 921, 925 
Kepler’s Laws, 715, 921, 925 
kinetic energy, 477, 1151 
Kirchhoff’s laws, 614 


Lagrange, Joseph-Louis, 293, 294, 1021 
Lagrange multiplier, 1020 
with one constraint, 1020, 1021 
with two constraints, 1025 
Lagrange’s form of the remainder 
term, 799 
lamina, 580 
lamina (of variable density) 
center of mass of, 1071 
density at a point on, 1069 
moment about an axis, 1070, 1071 
moment of inertia about an axis, 1072 
radius of gyration about an axis, 1074 
laminar flow, law of, 232, 588 
Laplace, Pierre, 968 
Laplace operator, 1167 
Laplace transform, 552 
Laplace’s equation, 968, 1122, 1167 
lattice point, 278 
law, inverse square, 28 
law of conservation of angular 
momentum, 925 
Law of Conservation of Energy, 1151 
law of cooling, 242 
law of cosines, A31 
law of gravitation, 472 
law of laminar flow, 232, 588 
law of natural growth or decay, 239, 631 
Law of Universal Gravitation, 921, 926 
laws of exponents, 47, A53 
laws of logarithms, 58, A51 
leading coefficient, 25 
learning curve, 234, 612, 647 
least squares method, 24, 1018 
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least upper bound, 734 
left endpoint approximation, 530 
left-hand derivative, 165 
left-hand limit, 86, 110 
Leibniz, Gottfried Wilhelm, 3, 156, 399, 
418, 627, 811 
Leibniz formula for m, 790 
Leibniz notation, 156, 622 
lemniscate, 215 
length 
of a curve, 560 
of a line segment, A7, A12 
of a parametric curve, 676 
of a polar curve, 696 
of a space curve, 904 
of a vector, 839 
level curves, 939 
level surface, 945 
tangent plane to, 1002 
l Hospital, Marquis de, 311 
l’Hospital’s Rule, 309, 310, 311, 
319, A48 
origins of, 319 
libration point, 356 
limaçon, 690 
Limit Comparison Test, 762 
Limit Laws, 94, 95, 111, A41 
for functions of two variables, 955 
for sequences, 728 
limit(s), 2, 83 
calculating, 94 
e (the number) as, 221 
evaluation of, 97 
of exponential functions, 133, A54 
of a function, 83 
of a function of three variables, 959 
of a function of two variables, 951, 952 
graphical evaluation, 83 
infinite, 89, 112, 132 
at infinity, 127, 128, 130, 132, 134, 137 
of integration, 384 
intuitive definition, 83, 86 
left-hand, 86, 110 
of logarithmic functions, 91, A53 
one-sided, 86, 110 
precise definitions, 105, 106, 110, 113, 
134, 135, 137 
properties of, 94 
properties of, for vector functions, 898 
right-hand, 86, 110 
of a sequence, 5, 374, 726, 727 
involving sine and cosine functions, 
192, 193, 194 
of a trigonometric function, 195 
of a vector function, 890, 898 
limiting value, 81 


line integral 
Fundamental Theorem for, 1144 
of the normal component of F, 1168 
for a plane curve, 1131, 1132 
with respect to arc length, 1132, 
1135, 1137 
with respect to x and y, 1132, 1135 
for a space curve, 1137 
of the tangential component of F, 1167 
of vector fields, 1138, 1140, 1141 
work defined as, 1139 
line(s) in the plane, 78, A12 
equations of, A12, A13, A14 
horizontal, A13 
normal, 177 
parallel, A14 
perpendicular, A14 
secant, 78, 79 
slope of, A12 
tangent, 78, 79, 141 
line(s) in space, 863, 864 
equation of, through two points, 866 
normal, 1002 
parametric equations of, 865 
skew, 867 
symmetric equations of, 866 
tangent, 898 
vector equation of, 865 
linear approximation, 254, 976, 980 
linear density, 228, 413 
linear differential equation, 642 
linear equation, A14 
linear equation of a plane, 868 
linear function, 22, 937 
linear model, 22 
linear motion of an object, 360 
linear regression, 24 
linearization, 254, 976 
liquid force, 577 
Lissajous figure, 665, 672 
lithotripsy, 706 
local maximum and minimum, 280, 
321, 322, 1008 
logarithm(s), 31, 57, A56 
laws of, 58, A52 
natural, 59, A51 
notation for, 59 
logarithmic differentiation, 217 
logarithmic function(s), 31, 57, A51 
with base b, 60, A56 
derivatives of, 220, A52, A57 
graphs of, 58, 63 
limits of, 91, A53 
properties of, 58, A52 
logistic difference equation, 738 
logistic differential equation, 607, 633 
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logistic distribution, 598 
logistic equation, 318 
logistic model, 607, 632 

vs. natural growth model, 636 
logistic sequence, 738 
longbow curve, 670 
LORAN system, 709 
Lorenz curve, 445 
Lotka-Volterra equations, 649 
lower limit of integration, 384 
lower sum, 377 
LZR Racer, 984 


machine diagram of a function, 9 
Maclaurin, Colin, 796 
Maclaurin series, 795, 796, 802 
table of, 804 
magnetic field B, 961 
magnitude of a vector, 839 
major axis of ellipse, 705 
marginal cost function, 146, 233, 
341, 413 
marginal productivity of capital, 973 
marginal productivity of labor, 973 
marginal profit function, 341 
marginal propensity to consume or 
save, 749 
marginal revenue function, 341 
market equilibrium, 591 
mass 
of a lamina, 1069 
of a solid, 1090 
of a surface, 1184 
of a wire, 1134 
mass, center of. See center of mass 
mathematical induction, 71, 72, 734 
principle of, 71, 72, A38 
mathematical model, 11, 21 
maximum and minimum values, 
280, 1008 
mean life of an atom, 551 
mean of a probability density 
function, 595 
Mean Value Theorem, 290, 291, 293 
for double integrals, 1062 
for integrals, 474 
mean waiting time, 595 
median of a probability density 
function, 596 
method of cylindrical shells, 460 
method of exhaustion, 2, 97 
method of Lagrange multipliers 
with one constraint, 1020, 1021 
with two constraints, 1025 
method of least squares, 24, 1018 
method of partial fractions, 507 
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Midpoint Formula, A16 
for points in space, 835 
midpoint rule, 390, 530, 531 
for double integrals, 1042 
error in using, 532 
for triple integrals, 1093 
minor axis of ellipse, 705 
mixing problems, 625 
Mobius, August, 1187 
Mobius strip, 1181, 1187 
modeling 
with differential equations, 606 
motion of a spring, 607 
population growth, 48, 240, 606, 632, 
638, 657 
model(s), mathematical, 11, 21 
comparison of natural growth 
vs. logistic, 636 
of electric current, 614 
empirical, 23 
exponential, 31, 45 
Gompertz function, 638, 641 
linear, 22 
logarithmic, 31 
polynomial, 25 
for population growth, 240, 606, 
631, 638 
power function, 27 
predator-prey, 649 
rational function, 29 
seasonal-growth, 641 
trigonometric, 30, 31 
von Bertalanffy, 657 
moment(s) 
about an axis, 579, 1070 
of a lamina, 580, 1070 
of a mass, 579 
about a plane, 1090 
polar, 1073 
second, 1072 
of a solid, 1090 
of a system of particles, 579 
moment of inertia, 1072, 1091 
about axes, 1143 
about the origin, 1073 
momentum of an object, 477 
monkey saddle, 949 
monotonic sequence, 732 
Monotonic Sequence Theorem, 733, 752 
motion of a projectile, 918 
motion in space, 916 
movie theater seating, 478 
multiple integrals, 1037. See also 
double integral(s); triple 
integral(s) 
multiplication, scalar, 837, 840 


multiplication and division of power 
series, 807 
multiplier (Lagrange), 1020, 1021, 1025 
multiplier effect, 749 
natural exponential function, 51, 
179, A53 
derivative of, 177, A55 
graph of, 181 
power series for, 796 
properties of, A54 
natural growth law, 239, 631 
vs. logistic model, 636 
natural logarithm function, 59, 61, A51 
derivative of, 217, A52 
limits of, A53 
properties of, A52 
n-dimensional vector, 840 
negative angle, A25 
negative of a vector, 838 
net area, 385 
Net Change Theorem, 412 
net investment flow, 591 
newton (unit of force), 477 
Newton, Sir Isaac, 3, 8, 97, 152, 399, 
418, 811, 921, 926 
Newton’s discovery of the binomial 
series, 811 
Newton’s Law of Cooling, 242, 612 
Newton’s Law of Gravitation, 236, 472, 
922, 926, 1127 
Newton’s method, 351 
for functions of two variables, 1035 
Newton’s Second Law of Motion, 467, 
477, 918, 922, 926 
Newton-Raphson method, 351 
Nicomedes, 668 
nondifferentiable function, 158 
nonparallel planes, 870 
normal component 
of acceleration, 919, 920 
of F, line integral of, 1168 
normal derivative, 1169 
normal distribution, 597 
normal line, 177 
normal line to a surface, 1002 
normal plane, 910 
normal vector, 868, 909 
normally distributed random variable, 
probability density function of, 1077 
nth term of a sequence, 724 
nth-degree Taylor polynomial, 798 
n-tuple, 840 
nuclear reactor, cooling towers of, 881 
number 
integer, A2 
irrational, A2 


rational, A2 
real, A2 
numerical integration, 529 


O (origin), 830 
octant, 830 
odd function, 16, 320 
Ohm’s Law, 614 
one-sided limits, 86, 110 
one-to-one function, 54 
one-to-one transformation, 1109 
open connected region, 1146 
open interval, A3 
open interal, differentiability on, 56 
optics 

first-order, 817 

Gaussian, 817 

third-order, 817 
optimization problems, 280, 336 
orbit of a planet, 921 
orbital, 599 
order of a differential equation, 608 
order of integration, reversed, 1045 
ordered pair, A10 
ordered triple, 830 
Oresme, Nicole, 745 
orientation of a curve, 1136, 1154 
orientation of a surface, 1187 
oriented surface, 1187 
origin, 830, A2, A10 
orthogonal curves, 216 
orthogonal projection of a 

vector, 854 

orthogonal surfaces, 1008 
orthogonal trajectory, 216, 624 
orthogonal vectors, 849 
osculating circle, 910 
osculating plane, 910 
Ostrogradsky, Mikhail, 1201 
output of a function rule, 9 
ovals of Cassini, 694 


Pappus, Theorem of, 583 
Pappus of Alexandria, 583 
parabola, 703, 711, A18 
axis, 703 
directrix, 703 
equation, 675, 703 
focus, 703, 711 
polar equation, 713 
reflection property, 274 
vertex, 703 
parabolic cylinder, 875 
paraboloid, 277 
circular, 880 
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elliptic, 877 

hyperbolic, 878 
paradoxes of Zeno, 724 
parallel lines, A14 
parallel planes, 869 
parallel vectors, 838, 858 
parallelepiped, 447 

volume of, 860 
Parallelogram Identity, 854 
Parallelogram Law, 837 
Paramecium, 636, 637 
parameter, 662, 865, 891 
parametric curve, 662, 664, 667 

arc length of, 662 

area under, 675 

slope of tangent line to, 673 


parametric equations, 662, 865, 891 


of a line in space, 865 

of a space curve, 891, 905 

of a surface, 1170 

of a trajectory, 919 
parametric surface, 1170, 1183 

graph of, 1165, 1172 

smooth, 1176 

surface area of, 1177 

surface integral over, 1183 

tangent plane to, 1175 

given by a vector function, 1171 


parametrization of a space curve, 905 


with respect to arc length, 905 
smooth, 906 
paraxial rays, 256 
Pareto’s law of income, 592 
partial derivative(s), 961 
of a function of more than three 
variables, 966 
of a function of more than two 
variables, 966 


of a function of two variables, 961, 963 


interpretations of, 964 
at maximum and minimum 
values, 1009 

notations for, 963 

as a rate of change, 962 

with respect to x, 962, 963 

with respect to y, 963 

rules for finding, 963 

second, 967 

as slopes of tangent lines, 964 
partial differential equation, 968 


partial differentiation, 961, 962, 963, 966 


partial fractions, 507, 508 
partial integration, 486, 487, 488 

for double integrals, 1043 
partial sum of a series, 740 
particle, motion of, 916 


particular antiderivative, 526 

parts, integration by, 486, 487, 488 
pascal (unit of pressure), 576 

path, 1145 

patterns in integrals, 528 


pendulum, approximating the period 


of, 256, 260 
percentage error, 258 
perihelion, 709 
perilune, 681 
period, 321 
period of a particle, 930 
periodic function, 321 
perpendicular lines, A14 
perpendicular vectors, 849 
phase plane, 651 
phase portrait, 651 
phase trajectory, 651 
physics applications, 256, 815 
rates of change in, 226 
piecewise defined function, 14 
piecewise-smooth curve, 1133 
planar curve, 915 
Planck’s law, 820 
plane(s), 868 
angle between, 869 
coordinate, 830 
distance between, 874 
distance from point to, 870, 871 
equation of, 868 


equation of, through three points, 869 


horizontal, 831 

line of intersection, 869 

linear equation of, 868 

normal, 910 

osculating, 910 

parallel, 869 

scalar equation of, 868 

tangent to a surface, 974, 1175 

vector equation of, 868 

vertical, 831 
plane, descent of, 209 
plane, minimizing energy of, 350 
plane region of type I or type II, 

1053, 1054 

planetary motion, laws of, 715, 921 
planimeter, 1157 
point of inflection, 301, 321 
point(s) in space 

coordinates of, 830 

distance between, 833 

projection of, 831 
point-slope equation of a line, A12 
Poiseuille, Jean-Louis-Marie, 232 
Poiseuille’s Law(s), 260, 348, 589, 

592, 972 


INDEX 


polar axis, 685 


polar coordinate system, 684, 685, 1062 


arc length in, 697 
area in, 694 

calculus in, 694 
conic sections in, 711 


conversion of double integral to, 1063, 


1064, 1065 


conversion equations for Cartesian 


coordinates, 686 
relationship to Cartesian 
coordinates, 686 
tangents in, 698 
polar curve, 687, 694 
arc length of, 697 
of a conic, 713, 923 
graph of, 687 
graphing with technology, 690 
parametric equations for, 697 
polar equation(s), 686 
symmetry in, 689 
table of, 691 
tangent line to, 698 
polar equation(s), 686 
of a conic, 713, 923 
graph of, 687 
polar graph, 687 
using technology, 690 
polar moment of inertia, 1073 
polar rectangle, 1063 
polar region, area of, 694 
pole, 685 
polynomial, 25 
polynomial approximations, 260 
polynomial function, 25 
of two variables, 955 
population growth, 48, 240, 606 
of bacteria, 631, 636 
of insects, 516 
models, 631 
world, 49 
position function, 142 
position vector, 839 
positive angle, A25 
positive orientation 
of a boundary curve, 1195 
of a closed curve, 1154 
of a surface, 1188 
potential, 555 
potential energy, 1151 
potential function, 1129 
pound (unit of force), 467 
power, 148 
power function(s), 27 
derivative of, 174 
Power Law of Limits, 96, 729 
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Power Rule, 175, 176, 200, 220 
power series, 781, 782, 789 
coefficients of, 782 
for cosine and sine, 801 
differentiation of, 788 
division of, 807 
for exponential function, 800 
integration of, 788 
interval of convergence, 783 
multiplication of, 807 
radius of convergence, 783 
representations of functions as, 787 
predator-prey equation, 649 
predator-prey model, 238 
predator-prey systems, 649 
present value of income, 591 
pressure exerted by a fluid, 576 
prime notation, 144, 178 
principal unit normal vector, 909 
principle of mathematical induction, 
71, 72, 734, A38 
probability, 592, 1074 
probability density function, 592, 
593, 1074 
problem-solving principles, 70, 825 
carrying out a plan, 71 
introducing something extra, 70, 419 
looking back on a solution, 71, 249 
recognizing patterns, 70 
recognizing something familiar, 
70, 825 
taking cases, 70, 73, 291 
thinking of a plan, 70 
understanding the problem, 7 
uses of, 171, 363, 419, 432 
using analogy, 70 
problem-solving strategy, 249 
producer surplus, 591 
product 
cross, 855 (see also cross product) 
dot, 847 (see also dot product) 
scalar, 847 
scalar triple, 860 
triple, 860 
product identities, A29 
product identities for trigonometric 
integrals, 498 
Product Law of Limits, 95, 728 
Product Rule, 185, 186 
extended to three functions, 191 
profit function, 341 
projectile, path of, 672, 918 
projectile motion, 918 
parametric equations for, 919 
projection, 831, 851 
orthogonal, 854 


proof of the Chain Rule, 205 

properties of continuous functions, 117 

properties of convergent series, 746 

properties of a definite integral, 391 

properties of limits, 94 

p-series, 754, 779 

Pyramid, Great, of Khufu, 472 

Pythagorean Theorem, 501 
three-dimensional version of, 864 


quadrant, A11 
quadratic approximation, 260, 1019 
quadratic factor, 511 
quadratic function, 25 
quadratic model, 648 
quadric surface(s), 875, 876 
cone, 879 
ellipsoid, 877, 879 
elliptic paraboloid, 877, 879 
hyperbolic paraboloid, 878, 879 
hyperboloid, 878, 879 
paraboloid, 877 
standard form of equation for, 876 
table of graphs, 879 
quaternion, 843 
quotient, symmetric difference, 152 
Quotient Law of Limits, 95, 728 
Quotient Rule, 185, 187, 188 


radian measure, 30, 85, A24 
radiation from stars, 820 
radioactive decay, 241 
radiocarbon dating, 246 
radius of convergence 
of a Maclaurin series, 804 
of a power series, 783 
radius of gyration of a lamina, 1074 
rainbow, formation and location 
of, 289 
rainbow angle, 289 
ramp function, 45 
range of a function, 8 
of two variables, 934 
rate of change 
average, 146, 225 
derivative as, 140 
instantaneous, 81, 146, 225 
interpretations of, 234 
in natural science, 225 
in social sciences, s225 
rate of growth, 230, 413 
rate of reaction, 148, 229, 413 
rates, related, 247 
ratio, common, of a geometric 
series, 742 


Ratio Test, 774, 780 
rational function, 29, 518 
continuity of, 118 
integration of, 507 
of two variables, 955 
rational number, A2 
rationalizing substitution for 
integration, 514 
Rayleigh-Jeans law, 820 
real line, A3 
real number, A2 
rearrangement of a series, 771, 772 
reciprocal function, 28 
Reciprocal Rule, 191 
rectangular coordinate system, A11 
rectangular coordinate system, 
three-dimensional, 831 
conversion to cylindrical 
coordinates, 1096 
conversion to spherical 
coordinates, 1102 
rectangular parallelepiped, 447 
rectifying plane, 915 
recurrence relation, 734 
red blood cell loss during surgery, 247 
reduction formula, 489, 490, 494 
reflecting a function, 37 
reflection property 
of conics, 710 
of an ellipse, 705 
of a hyperbola, 711 
of a parabola, 274, 275 
region 
connected, 1146 
under a graph, 372, 377 
open, 1146 
plane (of type I or II), 1053, 1054 
simple plane, 1155 
simple solid, 1201 
simply-connected, 1148 
solid (of type 1, 2, or 3), 1084, 1086 
between two graphs, 436 
regression, linear, 24 
related rates, 247 
relationship between polar and Cartesian 
coordinates, 686 
relative error, 258 
relative growth rate, 240, 632 
remainder, 755 
remainder estimates 
for the Alternating Series, 768 
for the Integral Test, 755 
remainder of the Taylor series, 798 
removable discontinuity, 116 
repeated irreducible quadratic factor, 513 
repeated linear factors, 510 
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representation(s) of a function, 10, 11 
using geometric series, 787 
as a power series, 787 
resultant force, 842 
revenue function, 341 
reversing order of integration, 1043 
revolution, solid of, 449 
revolution, surface of, 567 
Riemann, Georg Bernhard, 385 
Riemann sum(s), 385, 530 
double, 1041 
triple, 1083 
right circular cylinder, 446 
right-hand derivative, 165 
right-hand limit, 86, 110 
right-hand rule, 830, 857 
Roberval, Gilles de, 404, 676 
rocket equation, 492 
rocket stages, determining optimal 
masses for, 1028 
Rolle, Michel, 290 
roller coaster, design of, 184 
roller derby, 1108 
Rolle’s Theorem, 290 
root function, 27 
Root Law of Limits, 96 
Root Test, 776, 777, 780 
ruled surface, 882, 883 
ruling of a surface, 876 
rumor, rate of spread, 234 


saddle point, 1010 
sample point, 377, 384, 1039 
satellite dish, parabolic, 881 
scalar, 837 
scalar equation of a plane, 868 
scalar field, 1125 
scalar multiple of a vector, 837, 840 
scalar product, 847 
scalar projection, 851 
scalar triple product, 860 
geometric characterization of, 860 
scatter plot, 11 
sea ice, 629 
seasonal-growth model, 620 
secant function, A33 
derivative of, 194 
graph of, A33 
secant line, 3, 78, 79, 81 
secant vector, 898 
second derivative, 159 
of an implicit function, 213 
of a vector function, 900 


second-degree Taylor polynomial, 1019 


Second Derivative Test, 302 
Second Derivatives Test, 1010, 1015 


second directional derivative, 1007 
second moment of inertia, 1072 
second partial derivative, 967 


second-order differential equation, 608 


Second Theorem of Pappas, 586 
sector of a circle, area of, 694 
sensitivity, 238 
separable differential equation, 621 
sequence, 5, 724 
bounded, 732, 733 
convergent, 726 
decreasing, 732 
divergent, 726 
Fibonacci, 725 
graph of, 730 
increasing, 732 
limit of, 5, 368, 726, 727 
logistic, 738 
monotonic, 732 
of partial sums, 740 
Squeeze Theorem for, 729 
term of, 724 
series, 6, 738 
absolutely convergent, 774 
alternating, 765, 780 
alternating harmonic, 7740, 773 
binomial, 803 
coefficients of, 782 
Comparison Test for, 779 
conditionally convergent, 774 
convergent, 740, 760 
divergent, 740, 760 
geometric, 742, 779 
Gregory’s, 790 
harmonic, 744, 754 
infinite, 739 
Maclaurin, 795, 796, 802 
p-, 754, 779 
partial sum of, 740 
power, 781. 782, 789 
rearrangement of, 771 
strategy for testing, 779 
sum of, 740 
Taylor, 795, 796, 802 
term of, 739 
trigonometric, 782 
serpentine (curve), 190 
set, bounded or closed, 1014 
set notation, A3 
Shannon index, 1018 
shell method for approximating 
volume, 460 
shift of a function, 37 
shifted conic, 709, A21 
shifted logistic model, 640 
Sierpinski carpet, 751 
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sigma notation, 378, A36 
signum function, 103 
simple curve, 1147 
simple harmonic motion, 207 
simple plane region, 1155 
simple solid region, 1201 
simply-connected region, 1148 
Simpson, Thomas, 535, 1035 
Simpson’s Rule, 534, 535, 542 
error bounds for, 537 
sine function, A26 
derivative of, 193, 194 
graph of, 30, A33 
power series for, 801 
sine integral function, 408 
sink, 1205 
sketching curves, guidelines for, 320 
skew lines, 867 
slant asymptote, 316, 326 
slope, A12 
of a curve, 141 
slope field, 613 
slope-intercept equation of a 
line, A13 
smooth curve, 560, 906 
smooth function, 560 
smooth parametrization of a space 
curve, 906 
smooth surface, 1176 
Snell’s law, 347 
snowflake curve, 826 
solid, 466 
solid, volume of, 446, 447, 1040 
solid angle, 1213 
solid region (of type 1, 2, or 3), 1084, 1086 
solid of revolution, 449 
rotated on a slant, 575 
volume of, 454, 461, 575 
solution curve, 613 
solution of a differential equation, 608 
solution of predator-prey 
equations, 649 
source, 1205 
space, three-dimensional, 830 
space curve, 891 
arc length of, 904 
graph of, 893 
parametrization of, 893 
speed of a particle, 147, 678, 916 
Speedo LZR racer, 984 
sphere, 833 
equation of, 834 
flux across, 1190 
graph of, 1173 
parametrization of, 1173 
surface area of, 1178 
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spherical coordinate system, 1102 
conversion equations for, 1102 
triple integrals in, 1103 

spherical wedge, 1103 

spherical zones, 603 

spring constant, 468, 607 

Squeeze Theorem, 101, A44 
for sequences, 729 

standard basis vectors, 841 
properties of, 859 

standard deviation, 579 

standard position of an angle, A25 

stationary points, 1009 

stellar stereography, 551 

step function, 16 

Stiles-Crawford effect, 318 

Stokes, Sir George, 1195 

Stokes’ Theorem, 1195, 1208 

strategy 
for integration, 517, 518 
for optimization problems, 336, 

337, 338 
for problem solving, 70, 249 
for related rates, 247 
for testing series, 779 
for trigonometric integrals, 
495, 496 

streamlines, 1131 

stretching of a function, 37 

strophoid, 700, 721 

Substitution Rule, 419, 420, 423 
for definite integrals, 423 
for indefinite integrals, 420 

substitution, trigonometric, 500 

substitution, Weierstrass, 516 

subtraction formulas for sine and 

cosine, A29 

subtraction of vectors, 838, 840 

sum, 377 
of a geometric series, 742 
of an infinite series, 740 
lower, 377 
of partial fractions, 508 
Riemann, 386 
telescoping, 741 
upper, 377 
of vectors, 836, 837 

Sum Law of limits, 95, 111 
for sequences, 728 

Sum Rule, 178 

summation notation, A36 

supply function, 591 

surface(s), 831 
closed, 1188 
graph of, 1184 
level, 945 


oriented, 1187 
orthogonal, 1008 
parametric (see parametric surface) 
positive orientation of, 1188 
quadric, 876 
smooth, 1176 
traces of, 875 
surface area, 569, 679 
of a function of two variables, 
1079, 1080 
of a graph of a function, 
1178, 1179 
of a parametric surface, 679, 1177 
of a sphere, 1178 
surface integral, 1182 
over a parametric surface, 1183 
of a vector field, 1188, 1189 
surface of revolution, 567 
parametric representation of, 1175 
surface area of, 569 
swallowtail catastrophe curve, 672 
symmetric difference quotient, 152 
symmetric equations of a line, 866 
symmetric functions, integrals 
of, 424 
symmetry, 320, 332, 424 
in polar graphs, 689 
symmetry principle, 580 


T and T~! transformations, 1109, 1110 
table of antidifferentiation 
formulas, 358 
table of differentiation formulas, 
189, RPS 

table of integrals, 517, 523, RP6—10 

use of, 523 
table of trigonometric substitutions, 500 
tabular function, 11 
tangent function, A26 

derivative of, 193 

graph of, 32, A33 
tangent line(s), 140, 141 

to a curve, 3, 78, 141 

early methods of finding, 152 

to a parametric curve, 673, 674 

to a polar curve, 698 

to a space curve, 898 

vertical, 159 
tangent line approximation, 254 
tangent plane, 974, 975 

to a level surface, 1002 

to a parametric surface, 1175, 1176 

to a surface z = f(x, y), 974, 975 
tangent plane approximation, 976 
tangent problem, 3, 78, 144 
tangent vector, 898, 1176 


tangential component of acceleration, 
919, 920 
tangential component of F, line integral 
of, 1167 
tautochrone problem, 667 
Taylor, Brook, 796 
Taylor polynomial, 261, 798, 812, 1010 
applications of, 811 
Taylor remainder term, 799 
Taylor series, 795, 796, 802 
obtaining a new series, 805 
Taylor’s inequality, 798, 812, 814 
techniques of integration, summary, 518 
technology, graphing with 
function of two variables, 939 
gradient vector field, 1004 
level curves, 944 
parametric curves, 665 
parametric equations, 690 
parametric surface, 1172, 1173, 1176 
polar curve, 690 
space curve, 893, 894 ,895 
vector field, 1126, 1127 
technology, pitfalls of using, 88 
technology, using, 88, 540, 525, 555, 
665, 791 
for integration, 791 
telescoping sum, 741 
temperature-humidity index, 947 
term of a sequence, 724 
term of a series, 739 
term-by-term differentiation and 
integration, 788 
terminal point 
of a parametric curve, 663 
of a vector, 836 
terminal velocity, 628 
Test for Divergence, 744 
tests for convergence and divergence 
of series 
Alternating Series Test, 766 
Direct Comparison Test, 760 
Integral Test, 751 
Limit Comparison Test, 762 
Ratio Test, 774 
Root Test, 776, 777 
summary of tests, 779 
tetrahedron, 864 
thermal conductivity, 629 
third derivative, 160 
third-order optics, 817 
Thomson, William (Lord Kelvin), 
1155, 1195 
three-dimensional coordinate systems, 
830, 831 
three-dimensional vector, 839 
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TNB frame, 909 
toroidal spiral, 893 
torque, 861, 925 
Torricelli, Evangelista, 676 
Torricelli’s Law, 236 
torrid zone, 603 
torsion of a space curve, 911, 912, 913 
torus, 458, 583, 1182 
total differential, 979 
total electric charge, 1070, 1091 
total fertility rate, 170 
total surplus, 591 
trace of a surface, 875 
trajectories, orthogonal, 216 
trajectory, parametric equations for, 919 
transcendental function, 30 
transfer curve, 929 
transform, Laplace, 552 
transformation, 1109 
of a function, 36 
inverse, 1110 
Jacobian of, 1111 
one-to-one, 1109 
of a root function, 38 
translation of a function, 37 
Trapezoidal Rule, 530, 531 
error in, 532 
tree diagram, 987 
trefoil knot, 893, 897 
Triangle Inequality, 111, A8 
for vectors, 854 
Triangle Law, 836 
trigonometric forms of integrals, 524 
trigonometric functions, 30, 518, A26 
derivatives of, 191, 193 
graphs of, 30, 31, A32, A33 
integrals of, 409, 493 
inverse, 61, 222, 223 
limits involving, 195, 196 
trigonometric identities, 500, A28 
trigonometric integrals, 493 
strategy for evaluating, 495, 496 
trigonometric series, 782 
trigonometric substitutions, 500, 
503, 504 
table of, 500 
triple integral(s), 1082, 1083 
applications of, 1089 
change of order of integration 
in, 1088 
change of variables in, 1114, 1115 
in cylindrical coordinates, 1095, 
1097, 1098 
over a general bounded region, 1084 
Midpoint Rule for, 1093 
over a rectangular box, 1082, 1083 


in spherical coordinates, 1102, 1104 
over type I or type II plane region, 
1084, 1085 

type 1, 2, or 3 solid region, 1084, 1086 
volume in, 1089 

triple product, 860 

triple Riemann sum, 1083 

trochoid, 670 

Tschirnhausen cubic, 215, 444 

twisted cubic, 894 

type I or type II plane region, 1053, 1054 

type 1, 2, or 3 solid region, 1084, 1086 


ultraviolet catastrophe, 820 
unified description of conics, 711 
uniform circular motion, 930 
union of sets, A3 

unit normal vector, 909, 911 

unit tangent vector, 899, 911 

unit vector, 842 

upper limit of integration, 384 
upper sum, 377 


value, initial, 240 
value of a function, 8 
van der Waals equation, 216, 972 
variable(s) 
change of, 420 
continuous random, 592 
dependent, 9, 934, 987 
independent, 9, 934, 987 
independent random, 1076 
intermediate, 987 
variables, change of. See change of 
variable(s) 
vascular branching, 348 
vector(s), 836 
acceleration, 916 
addition of, 836, 840 
algebraic, 839 
angle between, 848, 849 
basis, 841 
binormal, 909, 911 
components of, 838 
coplanar, 860 
cross product of, 855 
difference, 838 
displacement, 836, 837, 852 
dot product, 847, 848 
equality of, 836 
geometric representation of, 836, 839 
gradient, 997, 998, 999, 1004 
gravitational force, 1127 
i, j, and k, 841 
length of, 839 
magnitude of, 839 
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multiplication of, 837, 840 
n-dimensional, 840 
normal, 868, 909 
orthogonal, 849 
orthogonal, projection of, 851 
parallel, 838, 858 
perpendicular, 849 
position, 839 
properties of, 840 
representation of, 839, 840 
scalar multiple of, 837, 840 
secant, 898 
standard basis, 841 
subtraction of, 838, 840 
tangent, 898, 1176 
three-dimensional, 839, 840 
triple product, 860 
two-dimensional, 840 
unit, 842 
unit normal, 909, 911 
unit tangent, 899, 911 
velocity, 916 
zero, 836 
vector equation 
of a line, 867 
of a plane, 868 
vector field, 1124, 1125 
component functions, 1125 
conservative, 1129, 1147, 
1148, 1163 
curl of, 1161, 1162 
divergence of, 1165 
electric flux of, 1191, 1204 
flux of, 1189, 1191 
force, 1124, 1128 
gradient, 997, 998, 999, 1128 
gravitational, 1128 
incompressible, 1166 
irrotational, 1164 
line integral of, 1138, 1139 
potential function, 1129 
surface integral of, 1188, 1189 
velocity, 1124, 1164 
vector function, 890 
component functions of, 890 
continuity of, 891 
differentiation of, 898, 900 
integration of, 901 
limit of, 890, 898 
second derivative, 900 
vector product, 855 
properties of, 857, 859 
vector projection, 851 
vector triple product, 861 
vector-valued function. See vector 
function 
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velocity, 3, 80, 142, 226, 413 
average, 4, 81, 143, 226 
escape, 551, 629 
instantaneous, 81, 143, 226 

velocity field, 1124, 1127 
airflow, 1124 
ocean currents, 1124 
wind patterns, 1124 

velocity gradient, 232 

velocity problem, 80, 143 

velocity vector, 916 

velocity vector field, 1124, 1164 

Verhulst, Pierre-Frangois, 607 

vertex of a parabola, 703 

vertical asymptote, 89, 90, 321 

vertical line, A13 

Vertical Line Test, 13 

vertical plate, 577 

vertical shift of a graph, 37 

vertical tangent line, 159 

vertical translation of a graph, 35 

vertices of an ellipse, 705 

vertices of a hyperbola, 706 

vibration of a drumhead, computer 

model for, 792 


visual representations of a function, 8, 10 
volume, 446 
by cross-sections, 454, 455, 589 
by cylindrical shells, 460 
definition of, 446, 448 
by disks, 449, 453 
by double integrals, 1038 
of a hypersphere, 1095 
of a parallelepiped, 860 
by polar coordinates, 1065 
of a solid, 446, 1040 
of a solid of revolution, 449, 575 
of a solid on a slant, 575 
by triple integrals, 1089 
by washers, 451, 453 
Volterra, Vito, 649 
von Bertalanffy model, 657 


Wallis, John, 3 

Wallis product, 492 

washer method, 451 

wave equation, 968 

wave height as a function of two 
variables, 947 

Weierstrass, Karl, 516 


Weierstrass substitution, 516 

weight (force), 467 

wind patterns in San Francisco Bay 

area, 1124 

wind-chill index, 935, 936 

witch of Maria Agnesi, 190, 671 

work (force), 467, 468, 852 
defined as a line integral, 1139 

Wren, Sir Christopher, 678 


x-axis, 830, A10 
x-coordinate, 830, A10 
x-intercept, A13, A19 
X-mean, 1077 


y-axis, 830, A10 
y-coordinate, 830, A10 
y-intercept, A13, A19 
Y-mean, 1077 


z-axis, 830 
z-coordinate, 830 
Zeno’s paradoxes, 724 
zero vector, 836 

zone of a sphere, 574 
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